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IIporoyog

To Ioveldnvio Xvvédpro Zratiotikic omotelel v kvpuo Emomuoviky Exdnimon otovg
KAGdovg g Zratiotikng kot tev [Tiboavottwv, oty EAALGda. Amd to 1985 10 Zuvédpio
oLVOOPYOVMVETAL 6€ €Tl Bdon amd to EAAnvikd Xtatiotikd Ivotitovto, 1o omoio givol
pérog ™c Opoomovdiog Evpomaikav EBvikov Ztotiotikov Etapeidv (FENStats), kot éva
EAAvikd Akadnpaiko Topopa.

H 1otopio tov Zvvedpiov eivar peydin kor omovdaio yoti Kataypdeel Tnv 16Topio NG
EMOTAUNG TNG ZTATIOTIKNG otV EALASG, avadeikviovTag TIC VEEG TAGELG TMV TEAELTOIMV
deKoeTIOV ot Bewpio, 0ALL KOl EQUPUOCUEVO TPOPANATE TOL ep@avifovtal cuVEXDS OE
GAdeg emothueg Ko avalntodv Avcelg otig [TiBavotteg ko ) Ltatiotikn. To Zvvédpro givan
emiong onuavtikd yoti divel P, apevoc og Katalmuévoug EpEVVITEG KOl EPEVVITPLEG, KoL
KON UATKOVC SOGKAAOVG, TOV HOpalovTal TV TOADTIUN YVOOT Kol TNV EUTELPIO TOVE KO,
OPETEPOV GE VEOLC KO VEEC MOV EEKIVODV TNV EMGTNHOVIKY KAPIEPO TOVS HE TIG TPATEG
OVOKOIWVMOELS TOVG 0T0 Xuvédplo. H emttuyio tov Zvvedpiov OAa ovtd To ¥povia givar
oLVOLOCHOG TG VYNANG TOLOTNTOG TNG EPEVVOC, TNG TOIKIANG TOV EMGTNHOVIKGOV OepdTmv
7oV Tapovctdlovral aAld kol Tov Oetikod KAipatog mov £xel kaAlepynOel avdueco 6Tovg
GUULETEYOVTEG.

To 34° Zuvédplo Sopyavabnke amd Kowvov amd 10 EAnvikd Xratiotikd Ivotitodto kol
10 Ivonitobto Zyediaouod kor Avaivong Iepouarwv tov ewmovikod Hoveriotnuiov ABnvav,
oV moAN g Abnvag, amd 19 émg 22 Madiov, 2022. To kuvpiapyo 0éua Tov 34°° Zuvedpiov
Ntav «Xranotiky kou lepopotixés Emotiues». H ev AMdym ekdAwon éoée ZTATIGTIKOVG,
MoBnpatikovg, Avarivtég Aedopévov, IIAnpopopikovg, Owovouétpeg, kabdg Kot EMGTAHOVES
omd To gupuTEPO MEdi0 TV TMEPANATIKOV ['ewmovikwv Emotmuov, émwg 1 Bloteyvoloyia, 1
Emomun Tpooipwv, k.a., i 6K0omd TNV aVTOALOYN WOEDV KOl T GL{ATNOT TOV TPOCPUTMV
eEeMEev oty gupvTEPN TTEPLOYN TNG ZTOTIGTIKNG EMOTUNG Ko TV EQUpUOYDY TG OTIS
Hewopoticéc Emotipec. H evapktipla tedeti] mephaufove Tig Keviplkés opthiec : tov
KaOnyynrip AeAdomopra I1, pe titho «O1 emavaoctdoels t¢ a Posteriori courepaouotoloyiocy,
tov KoOnyntn Tapovtidn 1IA, pe titho «H ovveiopopad TS OTATIOTIKNG WG «EPYOAEIOY aTnVy
emilvon mpofinudrtwv avleviikotyrog opiuwv, tov Kadnynth Noyd IT, ue titho «H emiotiun
TV GEOOUEVOV GTHY DIHPETIO. THS OTPTAELOS KO TOIOTHTO. TV TPOPiU®Vy, Kol Tov Kobnynth
Balakrishnan N, pe titho «Accelerated life testing of one-shot devices: Data collection and
analysisy. Kevipun opuhia édwoe kat o Kalyyntic Mauromoustakos A, pe titho «Good and bad
practices with examples from designs and analysis of experiments». £10 X0vEOPLo, OV €ixe Kol
oebv ovppetoyn pe 18 'EAXdnveg kot EEVOug MPOOKEKANUEVOLS OMANTES, GULULETEL OV
ouvolikd 159 ocbvvedpot, kot mapovoidotnkoy 110 epyacieg Kot avapTnuUEVES AVOKOIVMGELS.
Hopédinha dropyavddnke Exrardevtiks Empopootiks emvapio oto loyiopkd eStat, to
omoio ovvroviotnke oand tov Kabnyntm Kapaypnyopiov A., kot wapovcidotnke omd tov
Kovkovun X.

To Bpafeio Kaidtepng Epyaciog Néov "EAMva XTaTioTikov, To 0noio £xet dwpobetnoet o
Kabnynmg Balakrishnan (McMaster University, Canada), amovepnonke, petd and amdpoaon
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¢ Enttponrg Bpafeiov, otov k. Avastaoio Ayepnion ywo v epyacio «Stochastic Epidemic
Modelling of COVID-19», evd evenpog pveio 60nke oty ka. Maveyidte Toaptoakipn yo
mv gpyaocio «A new Conditional Auto-regressive Range model». H Emtponn amoteAeito amd
toug Kafnyntég Mnatoion A., Mrovpvéta A., kar Yappdxo I

Yt xépra oag kpatdte to [Ipaktikd tov Xvvedpiov ota omoia vrofAndiKav 16 epyaociec, kot
éywav dextég 14 epyaoieg.

H Entponn 'Exdoong [paktikdv tov EXI ekppalet Tig suyapiotieg g mpog Toug KPITée, K.K.,
Bovta 1., Evayyehdpa X., Kalavo ©., Kaping A., Avtpa O., Mépkata X, Mniiévo @.,
Mnlwvng A., Movoidon I, Ntlovepa I, Owovopov I1., ITlamactapoving 1., [Toiitng K.,
Yoo B, TCoPeird I'., Toakdion I'., ®ovokdakn A., Xolkidg M.,y v emueAnuévn Kot
TPOGEKTIKY AEI0AGYNGN TMV EPYOCIOV.

H oepa mopovciocng tov epyacidv 6Tov Tapdvta TOUo sival adgapfntikn pe Bdon to
EMAOVLLLO TOV TPMOTOV GLYYPOUPEQ.

O1 2vvrovietés Twv lpaxtik@y

Elevbéplog Ayyerng
MoABiva BapPaxdpn
AréEavdpoc Kapaypnyopiov
Yompio Maiepdxn
Xotproc Mrepoiung
Anpoc0évnc IMovayimtakog
I'eopyroc Yappdiog
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Tonwn Opyavotiky Emrpom)

BapPaxapn M., KaOnynrpuo, Xoporoneio [lovemoriuio.

Aa@vig Z., Akadnpaikog Yrnotpopog, I ewmoviko Hoveriotiuio AOnvav.
Evayyehapog X., Avaminpotic Kadnyntg, [avemorijuio Heipoidg.

Z®tog X., Yroynolog Adaktmp, I cwmoviko Hovemaoriuio AOnvav.
Korlyépng E.-N., Yroynolog Awdktmp, Havemotiuio Aryaiov.

KoivBag A., KaOnyntig, I ewmovixo [ovemotiuio AGnvav.

Kapaypnyopiov A., Kabnyntig, Iavemiotijuio Aryaiov.

Kotowépog A., E.ALIL, l'swmoviko Hoavemariuio AOvav.

Kmotomovrov K., KadOnyntpia, Iewmoviko Havemoriuio AOnvav.

Moaypuri E., Exikovpog Kabnyntpia, [ewmoviko avemothuio AGnvav.
MoaLréorog X., Enicovpog Kabnyntig, I cwroviko Hovemoriuio AOvav.
Monménnng M., E. AL, I'ewroviko Hovemaoriuio AOnvav.

Mnaévog ©., Emikovpog KabOnynrrg, [lavzeio lovemotiuio Kowvwvikav koi Ilolitikov
Emotnuwv.

Mrepoipng ., AvorAnpotmg Kabnynme, Havemotiuio eipaimg.

Movowaong X., Opotog Kabnyntng, Apiorotéleio Havemotiuio Ocooalovikng.
Ntotong K., Yrmoynoiog Awdaktop, [Havemarijuio Ayaiov.

Hoaveyiotaxoeg A., Kadnynmg, Xopokoneio [lavemotiuio.

Homadémovirog I'., Avarinpwtig KaOnyntig, [ ewmoviko Hovemotiuio AGnvav.
Yipov E., ETEIL, I'swroviko Hovemoriuio AOnvav.

Yommpdxoyrov K., KaOnyfrpuo, [ swmoviko Havemaorijuio AOvav.

Yappdaxog I'., Avaminpotg Kabnynmeg, HHaveriotiuio Heipaiang.

Emotnpovikn Emrpomi

Ayyemic E., KoOnyntig, Apiototéeio Hovemotiuio Osocolovikyg.
Bappoxapn M., Kadnyntpia, Xopokxoreio Iovemoriuio.
Baooékng B., Kabnyntc, Owovopuro Hovemiotiuio AGnvaov.
Aopavod X., Avarinpotmge Kabnyntig, Havemoriuio AGnpvav.
Aapwg ., Akadnuoikoc Yrotpoog, [ ewmoviko llavemotiuio AGnvav.
Evayyshapog X., Avaminpotic Kadnynmg, lHavemoriuio Hepoidg.
Zoypagog K., Kabnyntg, Havemiotiuio loavvivwv.
HMomovhog I'., Kabnyntig, Havemoariuio leipoudg.
Koaléava A., KaOnyntmg, Havemotiuio AI1O
Ko,apatiavod A., Opdtiun Kadnynepo, Iavesio Havemiotiuio Korvawvikov kor [olitikaov
Emortnuov.
Koivpag A., KaOnyntig, I ewmovixo [ovemotiuio AGnvav.
Kapaypnyopiov A., Kabnyntig, Haveriotiuio Aiyaiov.
KapMig A., Kabnyntig, Owovouuro lavemotiuio AGnvaov.
Katépn M., KaOnynrpia, RWTH Aachen University.
Koatowépog A., E.ALLL, l'ewmovixo oaveriotiuio AOnvav.
Kolvpa-Mayaipa @., Avaminpotpia Kabnyntpia, Havemotiuio Osooolovikyg.
Kouvvidag X., Opdtipog Kabnyntig, EOviko xar Karodiotpiaxo Ilavemotiuio AGnvav kou
Enitipog [Tp6edpog tov EX1.
Kovtpag M., Kabnyntg, HHaveriotijuio Heipoidg.
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Kmotomovrov K., KaOnyntpua, Iewmoviko Havemoriuio AOnvav.

Moaypwin E., Exikovpog Kabnyntpia, [ewmoviko Iavemotiuio AGnvav.
Moaxp1) @., KaOnynrpua, Havemorijuio Hotpov.

MoaLréorog X., Enicovpog Kabnyntig, I cwroviko Hovemariuio AOnvav.
More@axn X., Enikovpn Kabnyntpia, Havemoriuio Hotpdv.

Mnamévog ©., Emikovpog Kabnynrrg, [lavzeio Ilavemothiuio Kowvwvikav koi Ilolitikov
Emotqucov.

Mnamovng A., Kabnyntge, [avemotiuio Aryoiov

Mrnaoiaxog 1., Kabnyntmg, EOviko kar Karoodiotpioxo Hovemiotiuio AOnvav.
Mrnatoiong A., Avaminpotic Kabnyntg, lHavemotijuio Iwovvivaov.
Mrepoipng ., AvorAnpotg Kabnyntce, Havemotquio leipaimg.

Mmnovpvétag A., Kabnyntg, [lavemot o Adnvaov.

Mmnpayovdaxng Z., Epgovntg B, Tparelo s EAlados ko Emokéntng Kabnyntig, EOviko
xou Kamooiotproxo Hovemoriuio AOvav.

Movowaong X., Opotog Kabnyntg, Apiorotéleio avemotiuio Ocooalovikng.
Ntlovopag 1., Kabnyntig, Owovouixo lavemotiuio AGnvav.

Owovopov I1., Avarinpotg Kabnyntmcg, HHaveriotiuio Hotpwv.
Hoavoyiotaxoeg A., Kadnynmg, Xoporoneio llavemotiuio.

Homadémovrog I'., Avaminpwtig Kadnyntrg, I ewmoviko Hovemotiuio Adnvav.
Homoiodvvov T., Ouoétipoc Kabnynmg, Hovemotijuio Iepouws wor  Iavemotiuio
Iwovvivwv kot Enitipoc Ipdedpog tov EX1.

Homaotapoding I1., Kabnyntig, Owovouixo Iavemoriuio AGnvaov
MeTpémoviog K., Avaminpotic Kabnyntg, lHavemoriuio Hatpwv.

Paxuting A., Enikovpog KaOnyntng, lHavemoriuio Hepoiag.

Yvpoakoving K., Avaminpotc Kadnyntg, lavemorijuio Ocooaliog.
Xommpdaxoyiov K., KaOnyntpua, [ cwmoviko Hovemaorijuio AOnvav.
Tpuavragoirov 1., Enikovpog KaOnynrg, HHavemioriuio Hepoidg.

Toaxiiong I'., Kabnynme, Apiorotédeio Hovemoriuio Osooalovikyg.
®ovoxkdxng A., Kabnynmg, EOviké Metaofio Ilolvteyveio.

Xaparopmiong X.A., Opotog Kadnynme, Havemotiuio Anvav.
Xotinmoavremg 0., Kadnyntg, Apiorotédeio Hovemoriuio Ocooalovikyg.
Xpwotooiong T., Kabnynme, Havemotiuio Kdmpoo.

Yappaxog I'., Avaminpotg Kadnynmg, Havemotiuio lepaiag.
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MPOrPAMMA LYNEAPIOY/

Mépntn 19 Maiou 2022/Thursday May 19, 2022

13:00 - 14:00

Evypapn LuvéSpuwv/Conference Registration
Miavopn Divebpiakol Yhkol/Distribution of Conference Material

AiBouoa A/Room A
14:00 — 15:00

"Evap€n tou LuveSpiou — Xaipetiopoi/Opening Ceremony
Mpoe&peiofChairs: A. Kapaypnyopiou, I'. NMana&énoukos/
A. Karagrigoriou, G. Papadopoulos

AiBouoa A/Room A
15:00 — 17:40

Kevrpikés Opihies/Plenary Talks
Mpoebpeio/Chairs: E. Ayyehns, I'. Manadénouhos/E. Aggelis,
G. Papadopoulos

15:00 - 15:40

M. Aehhanépras
Or enavaotdoeis s g posteriori ouungpaoparoAoyias

15:40 - 16:20

M.A. Tapavtikns
H ouveiopopd s orauotikrs ws «epyaleion oy emiduon npofinudrov
auBevTikOINTas IpOQiLiov

16:20 - 17:00

r.-l. Nuxdas
H smiotipn twv SedSopdvwy oTnv UNNPECia s ao@dAeias kal noigtnta

TV IPO@ikoV

17:00 - 17:40

M. Balakrishnan, 2022 Inaugural Theo Cacoullos Memorial Lecture
Accelerated life testing of one-shot devices: Data collection and analysis

17:40 — 18:15

AIAAEIMMA - KA®EL/COFFEE BREAK

AiBouoa A/Room A
18:15 — 19:45

MpookexAnpévn Eidikfi Luvedpia I/Special Invited Session |
H cupfohn tns Lrauoukns oty avupetwnion s navénpias
Mpoebpeiewv/Chair: N. Aepipns/N. Demiris

18:15 — 18:45

B. Liwpa

Assessing the impact of vaccination prioritisation strategies and of non-
phamaceutical interventions on COVID- 12 pandemic using mathematical
models

18:45 - 19:15

I. Touholpn
Clinical Trials during COVID-19 pandemic: Challenges and lessons

19:15 = 19:45

A, Xarlnhéva
On the statistical analysis of freely available COVID-19 data

20:00

WELCOME COCKTAIL
Krnos Mewpyikou Movosiou/Garden of the Agricultural Museum
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Mapaokeufi 20 Mdiou 2022 /Friday May 20, 20222

Aifouoa A/Room A | Mpookekhnpévn Eidikn Luvedpia Il/Special Invited Session I

09:00 - 11:15 Wet lab vs dry lab scientists: avtinaAo! i oupnaiktes? Bio-paBnuatikd kai
Bio-otauotikn anc to Xwpdgi oto Ltopdx

Mpoedpeiwv/Chair: M. Lxav&apns/P. Skandamis

09:00 - 09:20 N.-K. Pepéhou

Ermﬂnpoq:oprm npooeyyion otn pEmBvoprxn yia auﬁmrxcmmfﬁomwm
tautonoinon tou eAaicAaSou: yoauuikes kai un yoauuikes ueBosor eni

uneppacpatikwv Sebopéviwv kai Sedopivwv GC-MS

09:20 - 09:40 E.Z. Navayou

BionAnpogopikn npocrq'yr-::rn ot pEmBvoprxn yia voBeia

Kai prxpoﬁroﬂoymn noIota twVv TPOPipwv: E-:;mq.royn YoaupiKe v Kal i
ypaupikwv peBoSwy pe xprion gacpatookonikwv Sedousvwv

09:40 - 10:00 M.N. Lkavbapns

Integrating omics in quantitative microbial risk assessment |: Ondootdaio
paBnuatikv ka1 CTATIOTIKAS OTNV UNNPedia s avdluors emrvSuvotnras

10:00 - 10:20 K. Manadnpntpiou

Integrating omics in quantitative microbial risk assessment Il:
BionAnpogopikn oe deSopéva nou npogpxovial ano opikes avaAUoe!s
aMnlouxicv Bropakpopopiwv (genomics — metagenomics — transcriptomics)
10:20 - 10:40 A. Bohoubdkns

Asbopéva peydAns kAipakas otnv ENICITICTIRT AOPAAEI TpOQiuwY —

H nepintwon tns npwtoyevous QUTIKNAS Napaywyns

10:40 - 11:15 Ltpoyyuhn Tpane{a/Round Table

Statistical power - it is necessary, but is it always feasible or what?

Let’s find a compromise

Luvtoviotns/Coordinator: M. Lxav&dpns/P. Skandamis
Lupperéxovres/Participants: A. Kapaypnyopiou, M.B. Koltpas,

®. Mnhigvos & OpiAntés tns Luvedpias/A.Karagrigoriou, M. V. Koutras,
F. Milienos & Session Participants

11:15 - 11:45 AIAAEIMMA — KAQEL/COFFEE BREAK
Aifouoa A/Room A | Mpookekhnpévn Luvedpia l/Invited Session |
11:45 - 14:15 Mpoedpeiwv/Chair: A. Kaphas/D. Karlis

11:45-12:15 S. Trevezas

Modeling plant growth with the Greenlab model of deterministic
organogenesis — Estimation strategies

12:15 - 12:45 E.-). Wagenmakers

Approximateobjectivebayesfactor fromp-valuesandsamplesize: The 3pvnrule

12:45 - 13:15 H. Ombao
Modeling spectral dependence and non-linear Granger causality

13:15 - 13:45 5. Eryilmaz
Statistical aspects of wind and hybrid power systems

13:45 - 14:15 ¥. Devrim, S. Eryilmaz
An overview and new challenges on reliability assessment of a fuel cell stack

system
14:30 - 17:30 MEPIHMHEEIE — ZENATHIEIL/GUIDED TOURS
20:30 EMIZHMO AEIMNO/CONFERENCE DINNER
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L&pBato 21 Maiou 2022/Saturday May 21, 2022

AiBouca A/Room A

Kevtpikn Opihia/Plenary Talk

09:00 - 09:40 Mpoedpeiwv/Chair: A. Mavayiwtikos/D. Panagiotakos
09:00 - 09:40 A. Mauromoustakos
Good and bad practices with examples from designs and analysis
of experiments
09:40 - 10:00 LYNTOMO AIAAAEIMA/SHORT BREAK
AiBouca A/Room A | EiBikn Luvedpia |/Special Session |
10:00-11:20 MiBavomtes kai Avahoyiopos/Probability and Actuarial

Mpoedpeiwv/Chair: . Wappakos/G. Psarrakos

10:00 - 10:20

A. KaveM\énouhos
Ltoxaotikéc SiatdEeis oUvBETWY YEWLETDIK Y KATaVOLIWGY

10:20 - 10:40 N. Buwpa, I'. Yappdkos
Meieis kar ehacuxdmta otabuiopsvey acpaliotpwv
10:40 - 11:00 K. Mohitns

MeAetn s evaicBnoias yia v niBavotta xpeokonias oto kAaciko
npowne s Bewpias kivSuvww

11:00-11:20

I. Wappakos, A. Toomaj, IN. Buopa
Mia cikoyevela petpewv petafAntotnas nou Bacidoviar omv aBooiotikn
uroAeinduevn eviponia kal ots otpefAds cuvaptioers

AiBouca B/Room B
10:00 - 11:20

Egappoopévn Lrauoukn I/Applied Statistics |
Mpoedpeiwv/Chair: E. Ayyehns/E. Aggelis

10:00 - 10:20

X. Evayyehdpas
Ixediaouoi yia nepduata Order-of-Addition

10:20 - 10:40 V. Chasiotis, D. Karlis
Subdata selection for big data regression: An improved approach
10:40 - 11:00 K. lewpyiou, K. Xappavas, N. Mnrttas, E. Ayyehns

AvdAuon natevi v urxavikns pdBnons: AfioAoynon tdoewy kai
EUprudTe v

11:00-11:20

I. MNanayewpyiou, L. Mnepaipns, M. Okovépou
TaEivounon pnwipdtwy NAEKTpoVIKOU TaXUSPOUEIoU XproLonolwvtas
pnxavikr pdénon

AiBouoa fRoom C
10:00 - 11:20

Ltoxaotikés Aladikaoies ka1 Egappoyés/Stochastic Processes
and Applications
Mpoedpetovoa/Chair: A. Kahapauavou/A. Kalamatianou

10:00 - 10:20

L.M. TZavivns
Mia texvikr) aAAayrs pegpou yia cuvBetes avavewtikes Siabikacies

Ka! epapuoyEs s otnv Bewpia xpeokonias

10:20 - 10:40 A. Avpneponouhos, N. Maxaipas
Mia yevikevon tns xprpatooikovopikns anotiunons s aopdiorns
10:40 - 11:00 P. Adxou, . Toakhidns

Kpugd avoixtd opoyevri MapkoBiavd cuctipata
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11:00 - 11:20 I. BaoiheiaSns
To ocpoyeves MaproBiavo cuotua Siakpitol xpovou LE TUXAIES
xwprrixotntes. Epappoyr om pedém oupds pe tuxaio apiBuo

eéunnpetn v

11:20 - 11:45 AIAAEIMMA — KA®EL/COFFEE BREAK

Aifouoca A/Room A | EiSikn Luvedpia |l/Special Session Il

11:45 - 13:25 Statistical modeling for plant growth and development — Case studies
Mpoedpeitwv/Chair: L. TpéBelas/S. Trevezas

11:45 - 12:05 K. Florakis, S. Trevezas

Prediction of water consumption of a drip irrigation system for
greenhouses — A case study in Nigrita, Serres

12:05 - 12:25 E. Panagiotopoulos, |. Oikonomidis, S. Trevezas
Large scale com phenological stage prediction with random forests —
The US corn belt

12:25 - 12:45 l. Oikonomidis, 5. Trevezas
Modeling the variability of an arabidopsis thaliana population with
the Greenlab model

12:45 - 13:05 N.A. MapiéAns, E.X. BAaxos, N.I'. Zavakns
Zuyrpiukr afiodoynon peBodwv napaywyikns otabepotntas oe kaAaunoki
kai Baufdri

13:05 - 13:25 A. Nanaddnouhos

Emimtedoers ms kApatkns aAAayrs om yovipdta tou edd@ous
AiBouoa B/Room B | Irauoukn |/Statistics |

11:45 - 13:45 MpoeSpevovoa/Chair: L. Makegdkn/S. Malefaki

11:45 - 12:05 A. Mnatoibns, S. Bar-Lev, ). Einbeck, X. Liu, P. Ren
EAeyxos kaAfs npocdpuoyns yia v OIKOYEVEID TwV QUOIKWV EKBETIKWV
KaTavouw v

12:05 - 12:25 M. Oixovépou, A. Mnaroibns, I'. T{aBeAas, A. MndyxaBos
Ltanoukol Eleyxol yia tn péon Tiu kal tn Siaomniopd Xproiuonokiveas
r-ueyeBous pepoAnntikd Seiyuata

12:25 - 12:45 M. Maoolpa, E. NikoAonoithou, L. Makepdkn

Mapdyovies nou ennpedlouv Ts exnounes tou Sioebiov tou dvBpara
kai v nepifaddovoikn noAitikn omv EE
12:45 — 13:05 X.®. Nakas, A.M. Franco-Pereira, M.C. Pardo, X.l. ABavagiou

EAeyxoi unobBegewy oe pr-povotoves Siatdfes Sicovupikay nocootawy
UE Epapoyn OTnv avBEKTIKOTTa EVIOUWY anoBnkwv o€ & 1aQPOpETIKES

booeis pwopins

13:05 - 13:25 K. Lxaphdatos, L. Mnepoipns, M. Oikovépou
Avixveuon onueicov aAdayns kar akpaiwv onpsiwy o noAubid otates poEs
Sedopsviv

13:25 - 13:45 L. Egidi, |. Ntzoufras

A unified Bayesian model for predicting volleyball games
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AiBouoa [fRoom C | Epappoopévn Lrauoukn |I/Applied Statistics Il

11:45 — 13:45 MNpoedpeiovoa/Chair: X. Mapnoiha/C. Parpoula

11:45 -12:05 M. Xahiias
Ixebiaopoi enavalapBavopeveov petprioewv: MNapabeiypata oxebiaouwv
yia 5 xpovikes nepioSous

12:05 -12:25 V. Polimenis
The lepto-variance of stock retums

12:25 - 12:45 X. Xatfnpixanh, B. Kapayidavvns

AvdAuon ouotdbwv otis emjoies Sandves ToU oUCTHUATOS UYEIgs
EMAEYLEVWV Xepwv TS EUpwnadikns eveers ano to 2004 ws kai
o 2018

12:45 - 13:05 ©. Mwuoiabns, A. Konapavns, K. Aianns, K. Pwravés,

l. Kotaiaviéns

Eéaropikeupévn npoAsyn otn xpovia Agupokuttapikn Acuxaiuia

13:05 - 13:25 l. AvBpedbns
H BiBAioBnkn ms R survey data quality

13:25 - 13:45 Ch. Meselidis, A. Karagrigoriou.
The use of the modified (®@,a) — power divergence family in statistical
inference

13:45 - 16:00 MELHMBPINH AIAKOIMH/MIDDAY BREAK

AiBouoa A/fRoom D | Exnaibeutiké Empopuwtiké Lepivapio eStat (Part A)/Training

15:00 - 17:40 Seminar eStat (Part A), Mpoedpedwv/Chair: A. Kapaypnyopiou/
A. Karagrigoriou

15:00 - 15:30 Xaipetiopoi/Welcome

* X. Xphorou, Kowomta ENAAK Aryaiou (fossaegean)
» H. BapAdpns, AL EEAAAK

» E. Ayyehns, MNpoedpos ELI

#|. ]. Lee, STAT

15:30 - 17:40 X. Koukoipns (Eionynths)
eStat Mépos AleStat Part A

AiBouoa A/fRoom A | Epappoopévn Lrauouki ous Mewnovikés Emotipes/Applied Statistics

16:00 - 17:40 in Agricultural Sciences, MpoeSpeiwv/Chair: K.Lwtnpakoyhou/
K.Sotirakoglou
16:00 - 16:20 A. Aviwvénouhos, O. Nolvapn, M. Xapidavns, K. Kapdvt{ahos

Xaproypdenon kdAuwns yns Sacikav HEAICCOKOUIKGY QUTLWV
ano Sopupopikd noAupacuatixd dedopsva

16:20 — 16:40 L. lTolOvapn, N. MNpodtoos, X.E. Zotes, LA. Aagvis,

.K. Nanadénoulos

H enibpacn petewpodoyikav napaycviwy otov BioAoyiko kukio
tou Marchalina Hellenica
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16:40 - 17:00 A. Nanaxpnotou, M. Koutgolhn, . Aahiwtns, A. Toanpailfs,
l. Medugorac, |. Mm{eAns

Avixveuon Siactaupwpéviy atdpwy ot nAnBudpous s Bpaxukgpatiks

puAis Pooeibwv
17:00-17:20 A. Kouvavn, N. Aapafes, A. Toipnipns, A. Bapodpns

Eviomouos gutkwv aoBeveldv pe texvikes BaBids pnxavikrs pdbnons
17:20 - 17:40 E. Zwibns, A.X. Mannds, M. Mkohopdtns, M. Liwtdns,

K. Ewtnpakoyhou, L. Taupidghou, I'. Aavédns, K. lewpyiou
EmbSpdosis ms Siatpogikns npocBikns pAaBovoabawv kal orepgpuAwy
xupioriolias noptokaAioy (citrus sinensis) oe ouykexkpipéva otoixeia
ToU auyouU UE XUEIOUETPIKT avdAuaT)

AiBouoa B/Room B | Lrauouxn II/Statistics I

16:00 - 17:40 Mpoe&peiwv/Chair: A. Mnoupvétas/A. Burnetas
16:00 - 16:20 A. Apsemidis, N. Demiris
Stochastic epidemic modelling of COVID-19
16:20 — 16:40 P. Tsamtsakiri, D. Karlis
A novel conditional autoregressive range model
16:40 - 17:00 X. Xarnpixanh, M. Mnatoiaka, N. ®appdakns
Ixibia SeryparoAnias xaunAou npolinoAoyiguol o unootvoda
tou emnédou R?
17:00-17:20 T. Tsiampalis, D.B. Panagiotakos

The identification, impact, and management of missing values in nutritional
epidemiology: Insights from the ATTICA epidemiological study

17:20-17:40 M. Toipoutidou, X. Kévoouhas
MeAém Bwnrotnuas kar voonpotntas nAnBuouwy Drosophila oe Sidpopa
po@ikd nepiBdAdovia
17:40 - 18:15 AIAAEIMMA — KAQEL/COFFEE BREAK
Aifouoa A/fRoom A | Mpookexhnpévn Luvedpia IlfInvited Session |1
18:15 - 20:45 Mpoedpeiwv/Chair: A. Aptepiou & K. Ntétons/A. Artemiou &K. Ntotsis
18:15 - 18:45 O. Jones
Synthesising data with missing values using generative adversarial
networks
18:45 - 19:15 A. Alzahrani, A. Artemiou
Projection-based classification
19:15 - 19:45 J. Noonan
Improving the power of a test for detecting «missing not at random”
19:45 -20:15 J. Gillard

Structured matrix completion and application to time series analysis

20:15 - 20:45 K. L. Tsui
Systems health monitoring and management
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Aidouoa A/Rocom D
08:30-11:15

ExknaiSevtikd Empopguwukd Lepivapio eStat (Part B)/Training
Seminar eStat (Part B)
Mpoedpeiwv/Chair: A. Kapaypnyopiou/A. Karagrigoriou

08:30-11:15

X. KoukolOpns (Eionyntis)
eStat Mépos B/eStat (Part B)

Aidouca E/Room E
08:30 - 11:00

MpookekAnpévn Luvedpia lll/Invited Session Il
MNpoedpevwv/Chair: |. TpiaviagiAhou/l. Triantafyllou

08:30 - 09:00

A. Mukherjee

On a more realistic way of comparing various extensions of EWMA with
Original EWMA in the light of current controversies — An illustration using
Lepage-type schemes

09:00 -09:30

V.S. Barbu
Testing statistical hypotheses for semi-Markov processes

09:30 - 10:00

H. Annoye, A. Beretta, C. Heuchenne, |.-M. Jensen
Statistical matching using KCCA, Super-OM and Autoencoders-CCA

10:00 - 10:30

O. Assad, |. Gamain, C. Tudor
Statistical inference for the stochastic wave equation

10:30 - 11:00 H.-P. Piepho, M. Boer, E.R. Williams
Two-dimensional P-spline smoothing for spatial analysis of plant
breeding trials

11:15-11:30 AIAAEIMMA - KAQEL/COFFEE BREAK

AiBouoa E/Room E | MpookexAnpévn Luvedpia IV/Invited Session IV

11:30 - 14:00 Mpoedpeiwv/Chair: |. Nt{oigppas/l. Ntzoufras

11:30 - 12:00 L. Egidi

A Bayesian fairy tale: The mysteries of the mixtures, priors, likelihood and
other ‘multi-headed” monsters

12:00 - 12:30

M. Marsman, |. Haslbeck
Bayesian analysis of a Markov random field model for ordinal variables

12:30 - 13:00

D. Rossell, M. Torrens, O. Papaspiliopoulos
Confounder importance leaming for treatment effect inference

13:00 - 13:30

F. Castelletti, G. Consonni
Bayesian graphical modelling for heterogeneous causal effects

13:30 - 14:00 C. P. Robert
Bayesian model choice in finite and infinite mixtures
14:00 - 16:00 MELHMBPINH AIAKOTH/MIDDAY BREAK
AiBouoa A/Room A | Eiikn Luvebpia I11/Special Session 11l
16:00 - 18:00 Eqappoopévn Oikovopikn kai Ynoeiypata/Applied Economics and

Models
MpoeSpeiwv/Chair: Z. Mnpayousakns/Z. Bragoudakis

17
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16:00 - 16:20 Z. Georganta

Latent variable models as a combination of reflective and formative
structural formations

16:20 - 16:40 X. Mahéaios, A. Kavraptins, M. Aepovakns, . Apapnatdns
Trdoers kar andwsis twv noAitdv yia m cupBodn twv povonaticv
omv npoctacia tou ngpidAdovtos kal v nepipepeiard avdntun

16:40 - 17:00 D. Sideris, G. Pavlou
Disaggregate income and wealth effects on private consumption in Greece
17:00 - 17:20 Z. Bragoudakis, |. Krompas
Greek GDP forecasting using Bayesian multivariate models
17:20 - 17:40 A. Topnavos, X. Aylakhdyhou
H ouunepipopd twv nAnpogopiakwy KpItnpiw v otnv EMACYT Xwpikov
CIKOVOUETPIKY UNOSEIYUd Ty
17:40 — 18:00 A. Manadénoulos
H oxgon tns nwAnors napdvopwy cUGKHV LIE TV CIKoVOpia.
To napdberypa twv HIMA
AiBouoa B/Room B | Epappoopéves MiBavétntes kai Avaloyiopds/Applied Probability and
Actuarial
16:00—18:00 Mpoedpeiouoa/Chair: M. BapBakapn/M. Vamvakari
16:00 - 16:20 M. Cheng, D.G. Konstantinides, D. Wang

Uniform asymptotic estimates in a bidimensional time-dependent risk
model with proportional reinsurance and general investment returns

16:20 — 16:40 A. Bozikas, G. Pitselis

A mortality forecasting method based on non-linear credibility regression
16:40 - 17:00 I.S. Triantafyllou, M.V. Koutras

Compound sooner waiting time problems in multistate trials
17:00-17:20 L.A. Aagvnis, M.B. KoUtpas, @.L. Makpn

Arcovupikr katavopn tdéns k o pononoinuevn Suadikn axoAouBia
17:20-17:40 X. Koutoavravn, |. Anpntpiou

To M/G/1 ouotnua avapovis pe Siaxonés kai petafAnté puBpd apifewy
17:40 - 18:00 B.E. MNanayewpyiou, I. Toakkiéns

Eva pexto SEIHCRDV-UKF poviédo yia tnv npofieyn tov COVID-19.
Eqpapuoyn ous nueprioies kataypagss navdnuias ot laAdia

AiBouoa [fRoom C | Posters (Avaptnpéves Epyaoies)

16:00 — 18:00 Ta pcst/ers Ba napapeivouv avapmpéva kal” An m Sidpkeia tou
Tuvebpiou

M. MNavoenodhou, A. Mnolwoika, M. Mixankins, |. MehiiSou,

A. Aahakolpas, X. Mnalakos, ©. Mwuoiadns, A. Ayyehns,

|. Favénouhos, A. ZavBonolAou

Avdrtuén aimatyv povigdwy yia tov kaBopioud Tou Hopiakol mpogil

s natdras Ndfou
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N. E. T{apapas

Epeuva yia mv enidpacn wwv Méowv Kovewvikas Aixtiwons (MKA)
OTOUS XPrioTEs, OF CUOXETION pE v rAikia, v exnaibevor)

Kal v anaoxoAnon tous

E.-N. Kalligeris, A. Makrides

Statistical process control techniques for monitoring the dynamics
of SARS-COV-2

A. Makrides

Reliability inference for actuarial-financial mathematics

D. E. Pavlidis, G.-). E. Nychas

Explering the dynamics of a 12-MOS electronic nose sensor for meat

analysis purposes
18:00 - 18:30 AIAAEIMMA ~ KA®EL/COFFEE BREAK
AiBouoa A/Room A | EiSikn Zuvedpia IV/Special Session IV
18:30 - 19:50 Itauicukés kal Ynohoyioukés MéBoboil ous Kovwvikés Eniotpes/

Statistical and Computational Methods in Social Sciences
Mpoedpedwv/Chair: ®.L. MnAiévos/F.S. Milienos

18:30 - 18:50 P. Papastamoulis, |. Ntzoufras

Post-processing MCMC outputs of Bayesian factor analytic models
18:50 - 19:10 5. Nikolakopoulos

Misuse of the sign test in narrative synthesis of evidence
19:10 - 19:30 C. Parpoula

Change-point analysis methods for Public Health decision-making
19:30 - 19:50 F.5. Milienos

Some properties of a new class of cure models

AiBouoa B/Room B | Epappoopévn Irauioukn IlI/Applied Statistics 111

18:30 - 20:10 Mpoedpeiwv/Chair: L. Mnepoipns/S. Bersimis

18:30 - 18:50 K. Bourazas, F. Sobas, P. Tsiamyrtzis
Predictive Ratio Cusum (PRC): A Bayesian approach in online change
point detection of short runs

18:50 - 19:10 T. Tsiampalis, D.B. Panagiotakos

A Bayesian approach to inference for defective cure rate models under
the assumption of right censoring mechanism

19:10 - 19:30 E.-N. Kalligeris, A. Karagrigeriou, C. Parpoula
Changepoint detection and modelling of incidence data

19:30 — 19:50 T. Gkelsinis, V.5. Barbu

A new class of test statistics for Markov chains with prior information on
the transitions

19:50 - 20:10 D. Fouskakis, |. Ntzoufras

Power-Expected-Posterior priors as mixtures of g-priors in normal linear
models
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AiBouoa [fRoom C | Epappoopéves MiBavétntes kai Lrauouki/Applied Probability and
18:30 - 20:10 Statistics

Mpoedpedwv/Chair: L.A. Aagvis/S.D. Dafnis

18:30 - 18:50 A. Lxapvia, E. Mnekpn, M. Oikovépou

AvdAuon nepipepeiakwv LETPRCEWY BoOXOMTITEWY MEDIPEPEIWV:

H nepintewan tns Medonovvioou kai twv vioidv tou loviou

18:50 - 19:10 T. Perdikis
An exponentially weighted moving average control chart based on signed
ranks for finite horizon processes

19:10 - 19:30 X. Evayyehapas, B. TpanouZavins
Definitive screening oxebiaouoi kai npoPolikes 1510TnTes
19:30 - 19:50 AX. Paxitfns, N. Kumar, 5. Chakraborti, T. Singh
Araypdupata sdéyxou pe kavoves powv yia xpovous petal oupBdviwy
19:50 -20:10 L.A. Aagvns, @.L. Makpn
H katavoun tou ouvolikoU apiBuol Twy EMTUXIEV OF aoDEVES pogs
NEQICPICUEVOL LAKOUS
20:10 - 20:20 IYNTOMO AIAAAEIMA/SHORT BREAK
Aifovoa A/Room A | AHEH EYNEAPIOY/COMNFERENCE CLOSING
20:20 Mpoedpeio/Chairs: E. Ayyehns, A. Kapaypnyopiou, I'. ManaSénoulos/

E. Aggelis, A. Karagrigoriou, G. Papadopoulos

* Anovopn BpaBeiou Kahitepns Epyacias Néou Eratioukod/Y oung Greek
Statistician Award

¢ [potdoeis yia 1o LuvéSpio Lrauoukns tou 2023/Plans for Panhellenic
Statistics Conference 2023

¢ Tunmon/Discussion and Concluding Remarks
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EMnviko Xtotiotikd Ivetitovto
IMpoxtikd 34 TTavellnviov Zvvedpiov Xtatiotikng (2022), oer.21- 33

TO OMOI'ENEX MAPKOBIANO XYXTHMA
AIAKPITOY XPONOY ME TYXAIEX
XQPHTIKOTHTEX. EOAPMOT'H XTH MEAETH
OYPAX ME TYXAIO APIOMO EEYIIHPETHTQN

TI'sapyros Baaoiierdaong
TuAuo Madnpoatikov,
[Movemomuo Avtikng Makedoviog
gvasiliadis@uowm.gr

INEPIAHYH
Yy mopovoo gpyacio mapovoldletal apyikd to opoyevég Mapkofiave cvotua (OME)
S1KPLToD YPOVOL LE TUXOUEG YOPNTIKOTNTESG OTIC KATAGTAGES TOV. [Ipdkettat ya évo kAeloTd
OMZX dwaxprrov ypdvov, peyéboug N € N, o610 onoio Bempovpe 6tL KGOe KoTAoTOOT | TOVL

YOPOV KaTOOTACEOV S = {1, 2,..., k} , mapovotdlel og kdbe ypovikny otyun te N, pia
nemepacpévn yopntikotnta ¢ (t), i=1,2,...,k, n onoia eivor Toyaio petofint) pe tipég oto

GLVOLO {0,1, 2,..., N} KOl YVOOTH KOTAVOUR. XTI CUVEXEW TO YEVIKO OoVTO HOVTELO
YAPNOLOTTOLEITAL Y10 VO, LEAETNICOVUE €VO, GOGTNLO OVOUOVIG SKPLTOY ¥POVOV GTO OTo{0 TO
m0og Tov dubiotpumv e&uanpetntdv dgv givat 6tabepd oe ke ypovikn otyun. o o vrd
pHeAETN ovoTpo avopovig Bempovpe 0Tt tOc0 ot a@ifelg 600 kol ot e&UMNPETNGELG
TPOYLLOTOTOLOVVTOL GOLPMOVO LLE T YEMUETPIKT] KOTAVOUN KoL TO TA00G TV TELATOV 08 KAOE
YPOVIKN oTrypn dev pmopei va Eenepdoet éva memepacpévo aplipd telatdv N . Ocov agopd to
0o tov gfumnpettdv TOV GLOTHNOTOG, Bempovue Ott givar S € N, S > 2, kot og kabe
YLPOVIKN oTLyUn KGO Evog amd avtolg éxel pio otabepn mbavotnta & vo pnv glvat evepyodg (va
elval YOAOGUEVOG) Y10l TN CLUYKEKPIUEVT] XPOVIKT CTLYUA.

Aééergc Kheroa: Mopkofioavd cvotipoto dtakpttod xpoévov, Mapkofiavd GuoTipoto pe
YOPNTIKOTNTEG, GUGTILOTO AVOLOVIG SLOKPLTOD YpdVov.

1. EIZATQI'H

Oewpodue éva cvotue Ta. uéAN tov omoiov givan ta&wounuéva oe kK, kel ,
KOTAOTACEL, OOUQOVO HE KOTOwWL YOPpOKTNPOTIKE Tovug. Ot KOTOOTAGES TOV
cvothpatog opilovtal pe 1010 TPOTO MoTE o€ KAOe Ypovikn otiyur kabe pérog va
aviKel 6€ pio udvo katdotaor. Oro To HEAN TOL GLGTHLOTOC EXOVV TN dVVATOTNTA,
peTaxivinong ond KOTAGTUOT GE KATAOTOOT COUPOVA UE TN LopKofiovn 1810tnTa 6€
xpovo Slokpttd. Bempodpe eniong 6Tl 10 TANB0G TV PEAD®V TOV GLUGTAUATOG Eivat
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otafepd. Agv VTAPYEL 1 SVVATOTNTA 10000V VEMV HEADV 00Te emttpénetal 1 ££000¢
GTOVG 110N VIAPYOVTEG.

‘Eva ovotnua pe o Topomive apaKTnploTikd ovopdletot kKAglotd Mapkofiavo
ovomua  Swkpitod  ypdvov (Bartholomew, 1982) kot vy ™ pelétn tov
YPTCLLOTOLOVLE TOVG TAPOUKATO GLUBOMGHOVGS:

o t=12,..., nrapauetpoc mov dnidvel Ta Pripata (Ypovikég oTyUés),
o S={12,...,k}, 0 xydpog KaTOGTACEDV,
e N, Nel, tonmAnbog TV HEADY TOL GLGTHLOTOG.

Bewpovpie eMOUEVOC €va cvotnua To. N péAN Tov omoiov gival KatavepnuUéva 6TIg

k og mA00G KATAGTAGELG KO TPALYLOTOTOLOVV LETAKIVIGELS LEGH GTO GUOTN LA KOODS

0 xpovog péet Stakprrd. TvpPoriCovpe pe py, 1, j=12,....k, mv mbavomra
petdpaong omd v Kotdotaon i ot | o éva PAua. Ot mbavotnteg avtég eivar
otobepés, aveEaptnTec Tov ¥POVOL Kot divovial ®g oTotyela evog mivaka S1deTooNS
kxk, P :(pij), 1,j=12,...,k, o omolog ovopdalerar mivakag petdfacng tov
cvothpatog. Eniong cupPoriCovpe pe my(t), i, j=12,....K, 1o mAnbog tov perdv
TOV GULGTHUOTOC OV HETOKWVOOVTOL 00 TNV KOTAGTAGT | 6T | OVOPESH OTIC
YPOVIKEG oTiypés t ko t+1, won pe N (t), 1=12,...,K, 10 tAMfog Tov perdv mov

Bpiokovtar omnv i katdotaon tn ypovikn otiypn t. H mAnbucpoxkn doun tov
GLOTHNOTOG G KAOE YpovIK oTiyun t diveTan amd to didvucsua
n(t) = (nl(t)’ N, (t),....ny (t))’

70 omoio ovopdleTat S1AVUGHO KATAGTAGNS TOV GUGTIHHOTOS Y10, T YPOVIKY| oTlyun t.
INo 11 Paockég Evvoleg otig papkoPravég aAvcideg Kot tn Bepedinon Tov opoyevovg
Mopkopiavod cvotpotog (OME) avapépovpe gvdeiktikd to. Bartholomew (1982),
Isaacson and Madsen (1976), Vassiliou (1997), evd oyetikd pe epappoyég tov OME
avaeépovue Tig gpyoocieg McClean et al (1998), Tsaklidis and Soldatos (2003),
Dimitriou and Tsantas (2010), Odhner and Asada (2010), Lykou and Tsaklidis (2021).

I'evikevon tov Khaotkod OME S1okpttod ¥pdvov omoTeEAEl £V GOGTN O GTO 07010
Ké0e «Kotdotaon | TOL YOPOV KATUCTOCE®Y S  TAPOLGLALEL TEMEPUCUEVN
xopntwomto G ell (OMZ/c). To yeyovdg 0Tt kGbe Katdotoon i TOL YOPOL
kataotdoewv S evdog OMX  Swokpitod  ypdvov mapovoldlel  mEMEPACUEVN
yopntkotta C; €l , éxel o amotéheopa o péyebog omolacdnmote Katdotaong i va
v pmopet va vrepPel tnv Ty C; , dnhadn

n(t)<c, ieSs,

v KaBe ypovikn oty t, t=1,2,.... Avolvtikn Teptypaen kot PEAET cLOTUATOY
HE oUTO TO YOPAKTNPIOTIKO Topovctdleton oty epyacio Vasiliadis and Tsaklidis
(2012).

Kotd ™ perémn ovtdv tov cvotnudtov Oempndnke o1t 1 Y0PNTIKOTNTO TOV
Kataotdoemy gival otafepn oe kdbe ypovikn otiyur. H yopnrikdémmta Opmg piag
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Katdotaong etval éva péyebog mov pmopel va, petafdiretor otny eEEMEN TOL YPOVOUL.
Ymv mapodoo epyacio efetdlovpe TV mEPITTOON OMOL Ol YOPNTIKOTNTEG TOV
KaTaoTdoe®V evog OME Siakpitod ¥povou gival Toyaieg petafAnTtég mov axoAovfodv
pio yvoot) xotovoun. H pekétn ovtod tov cvotiuotog yivetor pe tn Ponbewa
EMOVOANTITIKOV GYECEDV Y1 TIG TAPAYOVTIKEG POTEG TOV UEYEDDY TOV KOTOGTAGE®DY
Tov. Q¢ €QUPUOYN AVTOV TOV HOVIEAOL OTN GLVEXEW TAPOLGLALeTal Eva GUGTNH
AVOOVNG daKPLToD ¥povov To omoio dev £xel otabepd apBuod eéumnpemtov. To
cuotnpa avtd propet va avarapactadel pe ) Pondeta evog OME diakpitol ypdvov
LE TUYaES YOPNTIKOTNTES OTIG KATAGTAGELS TOL.

2. TO OMX AIAKPITOY XPONOY ME TYXAIEX XQPHTIKOTHTEX

Bewpovpe évo Khelotd OME Swakprtov ypovov peyébove N, N e, upe ydpo
kataotdoewv S ={L1,2,...,k} ka1 pe mivaxo petapacng P =(pij ), i,j=12,...,k.
Kd&0e katdotoon i, i €S, mapovoidlel pia yopntikdtnto 1 omoia dev eivan otadepn
610 YpOvo oAAG elvar pio toyoio petafAnti mOv TAipvEL TIUEC OTO GUVOAO
{0,1,2,..., N}. TopPoiriCovpe pe C(t) v tuyaio petaPinti mov mapiothver T
YOPNTIKOTNTA TNG KOTAGTACNG | TN Ypovikn otiypun t. o kabe ypovikn otiyun t,
Beopodpe 0t ot T.pu. C(t) eivor ave&dpreg kar 16OVOUES pe YVOOTH GuvapTnon
mBavoémtog P(c () =x), x=0,1,2,...,N.

To yeyovog 0Tl kGO KOTAGTAGN | TOL YMPOL KATUCTACE®Y S TOL GLOTHUATOG
napovotdlel yopntwdmro C(t), éxer g amotéheospo 1o péyebog omowcdfmote
KatdoToong i vo unv propel va vepPel Ty Tiun avtr], dnAadn

n()<c(t), ieS,
vy Ka0e ypovikn otiyun t. 'Etol, av to mANn0o¢ tov HEADY TOL GLGTHUONTOS TTOV
amoacicovy va petokivnfodv mpog pio kotdotaon i, 1 €S, og kamoln ypovikn
otyun t dev vmepPaiverl ™ yopnrkdtTa C (L), tote Gl Too pEAN soépyoviar ¢
aLTV. AV OUMG GE KATTOL0, YPOVIKT oTiyUn t, To TAN00¢ avtd vepPel T ywpnTIKOTNTO,
101 6TV Kathotoon i ewwépyoviar povo C (1) omd ovtd ta péAn Kot to pédn avtd
amotehobv 10 péyeBog g Katdotaong ywo to ypovikd ddotmue (t,t+1]. Ztnv
nepintoon ovth Aépe 0TL N katdotoon i mapovctalel viepyeilion. Osmpodpe 6TL TO

UEAT TOL GLGTHATOC TTOV VTTEPYENLOVY 0md pio KOTAoTOoN GE Uio YPOVIKN OTIYUn
EI0EPYOVTOL GE &VO EIKOVIKO OmOONKELTIKO YDPO NG KOTACTOONG KOl OV

HETAKIVOUVTOL TAEOV GOUPOVA pE ToV Tivako petdBacng P . ZvpBoiilovus pe € (t),
i1=12,...,k, To mA\n00¢ TV neddv Tov Ppickovial 6Tov amodNKELTIKO YDPO TN i
Katdotaong T xpovikny otiyun t. Ta péAn Tov GLoTAUATOC oV PBpickovial GTov
amoONKeLTIKO YOPO pog Katdotaons i, 1 €S, &ovv T dSuvatdTTO VO ETGTPEYOLY
010 cvotnua (va eloéAB0VY oTNV KaTdoTaon i) Kot VO GUVEXIGOLY VO HETOKIVODVTAL
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ovpoovae pe tov mivaka petdfoong P . Otav ot petaxkiviioglg amd Kot mpog Tnv
KOTOOTOON | KOU 1 XOPNTIKOTNTO OVLTNG OTL, EMOUEVES YPOVIKEG OTLYUES
dnpovpynoovv kevég Bécelg (to péyeBoc g katdotaong dev vmepPaivel ™)
yopNTIKOTTA aVTNG) TOTE Ol B€0elg avTEC cvumAnpdvovtal pe UHEAN TOL TLYOV
Bpiokovtal oTov omobnkevTikd YOPO AVTAG.

Av cvpBohricovpe pe M (t), i=12,...,k, 1o Thf0og ToV peddv mov Bpickovron
otV KaTdoToon | Kol 6ToV amodnKevTikd ydpo avthig T xpovikh otiyur t, tote

m(t), m(t)<c(t)
n (t) =
{ci (t), m(t)=c(t)

mt)=n()+e(t),i=12,...k

Enopévag to péyebog wag xatdotaong i, 1€S, oe pio ypovikn otiyuq t, mov
diveton omd v T.p. N (1) , propei va tpocdiopiotet dpesa av yvopilovpe T T Tg
T M (t) ko ™ ywpnTikdTO TG KOTAoTAONG TH XPOVIKH oTiyun t. ‘Etot, yo
UEAETT] TNG GLUTEPLPOPAS TOV GLOTNUATOG OTNV €EEMEN TOL ¥POVOL UTOPOVUE VO,
YPNOLOTOGOVE TIG T.1. M, (), 1€S.

Ymv Ilpétaon 1 mov axoiovbel divetanr pio emavaANTTIK GYEOM YO TIG
OVOLEVOUEVES TWEG TV T, M (T), 1€ S,
Hpoétaon 1. Eotw éva OMX ue toyoies ywphtikotnTes oTic KOTOOTATEIS TOD KO UE

mivoko, ustéfoons P=(p. ), 1,j=L12,....,k. Tote o1 avouevousvec tiuéc twv t.u.
Iz 7 i LLeVOL I iz

m(t+1), i=12,...,k, divovtar axd m ayéon
E[m(t+1)] = E[m®)]P + D (E[e(t) | c(t) = cIP(c(t) =¢))(1-P), )

6mov m(t) = (m, (t),m,(t),...,m,(t)), e(t) = (e (t).e,(t),....e (1),
c(t) =(c1(t),cz(t),...,ck (t)) kot To kxk povadiaiog mivaxog.

Anodeiln. T éva OME pe otabepég yopNTIKOTNTEG OTIS KATAGTAGEIS TOV 10)DEL
(Baotheddng, 2019)
E[m(t+1)] = E[n(t)]P + E[e(t)].

"Etot, av Bewpricovue ) deopsvpévn .. m(t +1) | c(t) Oa éxovpue:
E[m(t+1) |c(t) =c]=E[n(t) [c(t) =c]P + E[e(t) | c(t) =c)]
= E[m(t) —e(t) | c(t) =c]P + E[e(t) |c(t) = )]
= E[m(t) [c(t) =c]P + E[e(t) | c(t) =c)I(1 - P)
= E[m(t)]P + E[e(t) | c(t) =c)](1 - P).
Apa
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E[m(t +1)] = E[E[m(t +1) | c(t)]]
= > E[m(t+1)|c(t) = cIP(c(t) =¢)

= E[M(®IP + D (E[e(t) | c(t) = cIP(c(t) = ))(1 - P).

i

Amd ™ oyxéon (1) mpokOmTEL OTL Y100 VO UTOPEGOVUE VO, VIOAOYIGOLUE TIG
ovapevopeveg Tég tov T M(t), i=L12,...,k, yo pla ypovicy otiyp t,
ypewlopaote Tic avopevopevee Tuég Efe(t —1) | c(t —1) = c] yua dheg Tig duvatég Tuég
OV UTOPOVUE VO £(OVUE OTIG YOPNTIKOTNTEG TOV KATACTAGEDV TN YPOVIKY GTLyUN
t-1. 't TOV VTOAOYIGUO OVTMOV TOV OVOUEVOUEVOV TIUOV Ypeoldlacte TNV

katavopn Tov T.i. M (t—1), n onoia umopei va mpokvyet pe ™ Pondeia TOV PEKTOV

TOPOYOVTIKOV POTAV QLTAV TAOV T.LL.
I'a tov oKkomod awtd datvdvove ot cvvExela v Llpotaon 2, oty onoia divetan

L0, OYECT] Y10 TOV VTOAOYICHO TOV UEIKTOV TAPUYOVIIKGOY pondv tev T.u. M (1),
1=12,...,k. T 1 Sotdnmon TG TPOTACHS YPNOLUOTOIOVUE £VO, YIVOUEVO
SLVOGHATOV (XPNOUOTOIOVUE TO GUUPOAO X ), TOo omoio potdlel pe to YvOuevo
Kronecker. Zvykekpipéva, yio dvo dtavoopoto X,, X, TO OOTELEGUO TOV YIVOUEVOD
X, XX, etvor €va dbvoopa ypoppr, to otoxeio Tov omoiov mpokLTTOLV OO TO
Kronecker ywopevo X, ®X,, pe ) Sopopd O0tL ot duvdpelg ovtikadiotavior pe
napoayovtkd. o mapédetypa, av X, =(a,b), X, =(c,d), tote &ovpe
X, x X, = (ac,ad, bc,bd),

Kot

X, xX, = (a(a—1),ab,ba,b(b-1)),

X, xX, =(c(c-1),cd,dc,d(d -1)).

Eniong, koté avadoyio tng I - ootg dHhvapng Kronecker X;" mov opiletar omd Tig
OYECELG
X=X, X =X 0x Y r=2.3,..,

Oa éxovpue

x1 xro
X=X, X, =

x(r-1) _
DX =X XX U r=2,3,...

Mpoétaon 2. Eotw éva OMX e toyoies ywpntikOtyTes oI KOTOAOTATEIS TOV KOL UE

wivoxa petdfoong P = ( P; ), i,]=12,...,kK. Tote o1 peixtés mapayovikés pomes twv
tu. M(t+1), 1=12,...,K, divoviar ané ) ayéon
E[mt+1)"1=">_ (E[n®) 1P
C
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+E[NE) P xe®)](P*" Y ®1)
+E[N(t) " xet)xn®)](P*"? ® 1 @ P)
+E[e(t) ™ xn(®)](1°" ® P)
+E[e() P xn(t)xe®)](1° P @P®1)

+E[e(®) " 1I*")P(c(t) =) 2)
omov rell .
Anoderln. To amotélecpo TPOKVTTEL GPECH YPNOUYOTOIDOVIONG TNV OVTIGTOUN
EMOVOANTITIKY GYEGT] OV IGYVEL GTNV MEPIMTOOT TOV GTABEPDOV YOPNTIKOTNTMOV CTIG
Katootdoelg evog OME (Baotileldadng, 2019) kot deopevovtag og mpog tnv T.p. C(t)

OV TTAPLOTE TIC YOPNTIKOTNTEG TTOL UTOPOVLE VO, EYOVILE OTIG KATAGTAGELS T YPOVIKN

otiyun t.
|

Me ) Ponfeio TV TOPAYOVIIKOV Kol TOV UEIKTOV TOUPAYOVIIKOV POTMOV TWV T.LL.
m,(t), 1=12,....k, propodpe va TpocSIopiGOvLE TIG KATAVOUES OVTMV TOV T.L. Y10
Kka0e ypovikny otiyun t (Vasiliadis and Tsaklidis, 2011). 'Etot kotoAnyovpue 610
emdpevo mopiop, 6mov divetar n katavop tov .. M(t), i=12,...,K ka n and

KOO0 KaTavoun autdv Tov T.u. (Baciieiddng, 2019).
Hépwopa 1. Eotw éva OMX d10xpitod ypovov ue xwpntikoTtyies otis KOTAOTOTELS TOD

ko ue mivaxo uetéfoong P Z(pij), i,j=12,....k. Ot karavouéc twv . m(t),
i=12,....K, yia kdbc ypoviki oty t, divovrar amd  oyéon

Pm (®)=n]= Z( )E[ 0D (1], ®

yai=12,...,k, t=12,..., ko1 n —0,1,..., N )
H oné kowod xazavoui twv tu. M (), i1=12,...,K, ya kdbe ypoviri orywi t,
olvetar omo ) oyéon
P[m()=r,m,t)=r,,...m @) =r] {H m‘”(t)} (4)
Hn L
i=1

Xpnowonoidviog ™ oyéon (3) umopodue vo TpocdlopicoOvUE KoL TV KOUTOVOUTY
tov T N(t) xou g(t), i=12,....k, yua pio gpovikh oty t, apod n Tur g T 1.

petapintig M (t), av yvepilovue ™m yopntkdTnTa TG KaTdoToong i T XPOVIKH

otiypq t, kabopilel duesa kon TG Tipég Tov .. N (t) xau € (t) . Eivon
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P[n () =n] :ip [n@®=n]c (t)=c]P[c(t)=c],

OOV
P[m (t)=n], n=0,1...,c—1,
PIn()=n|c(t)=c|[=7 &
[n@®=nlci(t)=c] S P[m, @) =w].n=c,
Kat
N
Ple ) =n]=> P[e®=nlc ) =c]P[c(t)=c],
c=0
oMoV
P{m(t)=w|, n=0,
Ple®)=n]c ) =c]= Zo | ]
P[m(t)=n+c], n=1,2,...,N —c.
@élovTag va VITOAOYIGOVHE TIg ToPAYOVTIKEG poréc tov T.u. M (1), i=12,... .k,

oe pia ypovikn otiypnq t ypnowonowdvtag v [pdtaon 2, eivar amapaitnto va
yvopilovue TG TOPAYOVTIKEG POTEG KOl TIS UEIKTEG TOPOYOVIIKEG POTEG TOV T.L.
n(t-1, e(t-1), i=12,...,k, ot omoieg mpoxdmrovy av yvepilovus v Katavour
oV dravdouatog M(t —1) kot v KaTavour e Y®pNTIKOTNTOG KAbE KaTdoTaong yio

m ypovikn otiyun t—1. Emouéveg, Oewpdviog OTL M KATOVOUN TOL apylkoD
davdouatog M(0) kot 1 KOTOVOUn T™E XOPNTIKOTNTOG KGOe KoTdoTaon o KAbe

YPOVIKY] OTIYUN €lvol yvooTd, UTopoOUE VO YPTCULOTOMGOVUE EMAVOANTTIKG TNV
[Ipdtaon 2 kot to [lopiopa 1 £to1 dote va VTOAOYIGOVLE TOGO TIG TAPAUYOVTIKEG POTEG

tov T.u. M(t), i=12,...,K, 600 ko v katavopr] Tov dvocpatog M(t) yio
OTO100NTOTE YPOVIKT| GTLYUN t.

O aAiyoplBuog mov meprypdyope mopamdve eivorl ETOVOANTTIKOG Kol Yol TOV
VIOAOYIONO TNG KOTOVOUNG Tov dlavdopotog M(t) yo pio ypoviky otiyun t,
ATOITEITAL O VTOAOYICUOG TOV KOTOVOU®DV TOV 10100 O10vOGUOTOS Y10, OAEC TIG
wponyovpeveg ypovikés otiypés t-1,t-2,...,1. ‘Evoc evolhoktikdg TpOmog
TPOCIOPICUOY OVTNG TNG KaTovoung eivor va Bemprioovpe pio véo popkofiovni
aAVGIda PE YDPO KOTOOTAGEDV S’ TO 6OVOoAo OA®V TeV duvatmv dopumv M(t) mov
UTOPOVLLE VO, £YOVE OTTOLOONTTOTE Y¥POVIKN oTiyun t. A@ov 10 péyebog Tov GVGTAUATOG
givar memepoouévo kat ico pe N 1o mAR0oc Tmv Suvatdv dopdv (cupBorifovpe pe )
Oa etvor Temepacpévo kal ico pe

k+N-1
| ( ' j
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H mBavomta petdfoong and pio dopn oe pia GAAN eivar otabepn GToV ¥pOvo apov
1 GLVAPTNON KOTAVOUNG Y10l TIG Y OPNTIKOTNTEG TOV KOTAGTAGEWDV givar 1 101 Yo k6Oe
ypovikn otiyun. ‘Etol, av Bswproovpe v opoyevi papkofiavi aAvcido pe ydpo
Katootdoewv  S'={m;, m,,...,m}, wivaxo petdfacng Q= (qij ), i, jeS kat
mBovotnteg petdfoong
g; =P(ME+)=m, [m()=m,),i, jeS' Vi,
tote

a(t) =a(0)Q",
oMoV
q(t) = (P(m(t) =m,), P(M(t) =m,),..., P(m(t) =m,)).
O mivakag petafaong avtig g HopkoPlaving oAvcidag pUmopel vo TpocdloploTel
e ™ Ponbeta Tov mpomyoduevoy oyopifuov. Yrobétovrag 6t m(t)=m,,ie S,
umopovpe pe ™ Pondeta g [pdtaong 2 kot tov [Mopicpatog 1 va vroloyicovpe tnv
Kotovoun Tov dtavdopoatog M(t+1) mov givon ta otoyeion TG | YPAUUAG TOL TTivoka

Q.

3. ZYXTHMA ANAMONHX AIAKPITOY XPONOY ME TYXAIO
ITAHOOX EEYIIHPETHTQN

Bewpodpe Evo GOOTNUO, AVOUOVIS (0VPd) SLoKPLTOY ¥POVOV GTO OTOI0 LVITAPYOVY
seN,s>2, mopdAinia onueio eEumnpénong Kol 10 cOOTNUO £XEL TEMEPUACUEVN
yopntkdéra N medatdv. Yrobétovpe 01t o1 a@ifelg ToV TEAATAOV GTO GLGTNUA
TPOYHOTOTO00VTAL cOUE®VO, ue tnv katavour, Bernoulli pe mopduetpo a xat o
¥POVOC mov amorteitar Yo v e€ummpémon evog meldtn (o omolodnmote amd To
onueia e&umnpétnong) okolovBel TN YE®UETPIKN KOTOVOUY UE Topauetpo b.
Ocewpodue emiong 61t og kKabe ypovikn otiypn t (t=1,2,...), kabe évog omd Tovg S
eEumnpemTég T0L cVoTHHOTOG £xEl o oTafepn mMBavoTnTa € va elvor YoAAGUEVOG
v T xpovikn mepiodo (t,t+1] wor vo unv pmopel vo eELINPETNOEL KATOLOV TEALTY.
Emopévog, 1o minBog and ta S onueia e&umnpétnong mov eivon evepyd oe Kabe
YPOVIKY] GTLYUT Kol LTOPOLV va, ELTNPETHCOVY Eva TEAATT dev elval oTadepd, oAl
givar pio toyaio petofAntn. YrobEtovpe 0TL 1060 0 KaBOPIGHOG TG KOTAGTAONC KAOE
g&ummpetntn (evepyog N YoAaGUEVOC) 0G0 OL OPIEELC Kal O avoy®PNHOES cuuPaivovy
TOVTOYPOVA TNV APy KGOE XpovIKNG TEPLOSOL t. AV GE KATOLO YPOVIKT OTIYUR EVOC
TEAATNG QTAGEL 6TO GLGTNUO Yo Vo, e&uanpetnOel kot OAot o1 evepyol e&umnpetnTég
glvan kaTeAnNUPEVOL, TOTE 0 TEAATNG EI0EPYETAL OE pio OVPE KoL TEPUEVEL PEXPL VL,
vrap&el Kamoog dtabéoipog evepydg eEuanPETNTNC. TNV 1010 0VPA EIGEPYOVTUL KO OL
TEAATEG TTOL OEV KOTAPEPVOLY VL OAOKANPOGOVV THV €EVANPETNOT TOVG YIUTI KOTA TN
duapkela g e&umnpétnong o e&ummpetntng yoidel. To cvoTnUo TOV TTEPLYpAWpE
TapovctaleTol Ypopikd oto Xynua 1.

Mo va peretnoovpe v eEEMEN 6TOV ¥PpOVo TN TANOLGUIEKNEC dOUNG OV TOD TOV
GUOTHKOTOC OVOUOVIG, UTOPOVUE VO Xpnotuonomoovpe éva Mapkoflovd chotnuo
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S10KP1ITOD YPOVOL LE TLYOIEC YOPNTIKOTNTEG OTIS KOTAGTACELS TOV. Oempolje Eva
OMZX diaxpttov gpdvov to onoio amotereitor and 2 kataotdoelg kot N +1 péln, ta
omoio. OVTIOTOLYOVV GTOLG TEAATEG TOL GULGTHUOTOS OVOUOVIG KOl UTOPOVV Vv
Bpiokovton gite 611G KOTAGTAGELS €iT€ GTOVG AMOONKEVTIKOVS YDPOVG AVTMV.

2ynua 1. Zootpa avapovig otakpltol xpovov

Inueia EEuntnpétnong
0=

N Oupa o N

[ )4 [ >
Ld Ld

Adieic Nedatwy
(kaTovopn .

Bernoulli pe Xwpnukotnta N nedatwy I 14
TIOPAETPO a)

Avaywpnoelg Nehatwv
(xpovoc e€unnpPETNONG YEWLETPLKA
KOTOVOWN WE MapApeTpo b)

H mnpdtm «atdotoon avtiotoyyel oty mnyn meEAatdvV omd TNV - omoio
TPOYUOTOTOLOVVTL O APIEELS TMV TEAATAOV, EVD 1) SEVTEPT] KATAGTOCT OVTIGTOLYEL GTO
GUGTNHO OVOLOVIG. Xg KABe ypovikn oTiypn pmopel va €govpe To TOAD pia aeiEn 6to
GUGTNHO OVOLOVIG, Gpa amd TNV TPpOTN Kotdotacn tov OME propet va petakivn et
uévo éva puérog. Avtd onpaivel 0T, ov Be@poovpEe OTL 1| YOPNTIKOTNTO TN TPDTNG
Katdotaong stvor T.p., 0o etvar P(C (t) =1) =1,Vt. And m dedtepn kardoTaon TOL
OME, to mANn00¢ TV HEA®V TTOL UIToPOovV VoL LETOKIVNO0DV pia xpovikn oTiyun 16ovTot
pe to TAN00g TV evePYDV eELINPETNTAV TN CLYKEKPUEVT ¥povikh oTyp). 'Etot, n
YOPNTIKOTNTA TNG OEVTEPNG KATAGTAONG O pia ypovikn otiyun t Bo ioovton pe to
mnbog tov evepydv gEummpetntov ™ ypovikn otiyun t. To mAnbog tov evepydv
gbumnpemtOv Oum¢ glvar pio Toyoio peTafAntn mov akolovbel T SlwvLuKN
KaTavopr pe mapapétpoug S ko 1— 6. Enopévag yio v katavour g T.u. C,(t)
(xopnriKoTnTo deVTEPNG KaTdoTOoNG), O £xovpe

P(c,(t)=c) :( j(l—H)CHH, c=0,1...,8,Vt.

S
C

Ipogovdg 0 amodnKevTIKOS YOPOG TS devTEpNS Katdotaong &, () , Oa avrictoyet
670 LéEYeDOg NG OVPAG TOV GUGTNUATOG CVALOVIG T YPOVIKT GTIYuUN t.

Mo vo upmopéoovpe vo HEAETOOVLUE Tr GLUTEPLPOPE TOV GLOTNHUOTOG
ypelalOHooTe TOV TIVaKo PETAPOONS COLE®MVO UE TOV OTOI0 TPOYUATOTOLOVVTOL Ol
UETAKIVIOELS TOV HEADV OO KATAOTOON 6€ katdotaot. Eva pélog tov cuotipatog
OV G€ KAmOoLn XPOoVIKN oTiyun t elvar oty Katdotaon 1 (6x1 otov amodnkevtiKd ydpo

avTNG), petakwveital otny Katdotaon 2 pe mbavotmro P, = a, agov N mbavoémTa va
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€yovpe pio AeiEn 6To GLOTNO AVOUOVIG KOTE TN XPOVIKN oTiyun t eivol ion pe a.
Emiong, éva pélog tov cLGTAUOTOS TOL GE KAmOlo Xpoviky otiypn t elvor otnv
Katdotoom 2 (0xL 6Tov amobnkevTikd YDdPO aVTNG), LETOKIVEITAL 6TNV KaTdoTaon 1 pe

mOavotnTa P,, =b, apov n mbavota va eEumnpetnei £va pélog mov Ppioketon oe
KAmolo evepyd €EumnpetnT TOL GUGTNUATOS OVOUOVHG givon iom pe b. 'Etol, ot
LETAKIVIIOELS, TMOV HEADV TOV GULOGTHUOTOS om0 KOTAGTOGN GE KOTOGTOON
TPOYUOTOTOLOVVTOL GOUPOVO LE TOV TIVOKO UETAPOOTG

l1-a a
P= .
.

H mAnfuopokn doun Tov GLGTANOTOG T XPOVIKN oTyun t meptypdeeTal and Ta
dwvocpota

m(t) = (m,(t),m,(t)), n(t) =(n,(t).n,(t)), et) =(e,(t), &, (t)).

Epopuolovtag tov emavoinmiikd aAyoplfpo mov Teptyplyoie GTV TPOTYOVUUEVT
gvotnrta gipaote o€ 0Eom va VTOAOYIGOVE TOGO TIC OVOUEVOUEVEG TIUEG OGO KAl TIG
Katavopés tov T M (1), n.(t), e(t), i =12, ywo omoladfmote ypovikh otiyun t.

Oewpdvtog 6t 610 OME vrapyovv N +1 pédn ot duvarég Tiés yio v T.p. M, (t)
eivar 0,1,2,...,N +1. 10 ohotnuo avapovig mov peletdue Opmg, to TAn00g tov
nelat@v Ogv umopel va vrepPaiver v tiun N . ‘Etor katd v epapuoyn tov
aAyopibpov vToAoYIGHOD TG KaTavoung Tov dtavdouatog m(t), yio vo uropécovue
Vo VTOAOYIGOVE TNV KATAVOUT TOV PeyéBoug Tov GLGTIUOTOC avapovhg, Bewpodpe
mv T.p. M(t) = (M, (t), M, (t)) yia mv onoia yio k& ypovikn oty t oydet

P[m(t) = (m.m )]—{P[m@)=<m1,m2)],<ml,mz)¢(o,N+1>,

=(m,m,)]=
P[m(t) =(1 N)]+ P[m(t) =(O,N +1)], (m;, m,) = N).
‘Etor n .p. M (t) maipver Tipég oto ovvoro {1,2,..., N +1} Kol pe avtd 1oV TPOTO
eEaoparifovpe Ot og kéBe ypovikn otypn t otV TPAOTN Katdotaon Tov OMZ mov
OVTICTO(EL OTNV TNYN TEAUTMV TOV GUOTNUATOG AVOUOVIS, Ba vdpyel TovAd IoTOV
évag meddtng o omoiog Oo pmopel va (ntoet va e&uanpet el amd to cvoTnUA TV
EMOUEVT XPOVIKY| GTIYUN].

Avtictoyo pmopovpe va feopicovpe Tig tuyaies petafintég N(t) = (A, (t), A, (1)),
€(t) = (&,(1),&,(t)), m xotovoun tev omoiwv yw omoadHmoTE YPOVIK oTIyun t
mpokOmTEL Guece omd v kotovoun g T M(t) = (M (t), M, (t) wou g
YOPNTIKOTNTEG TOV KataoTdoemv. Etol, yuo kdbe ypovikny otiypn t, 1o mAnbog tov
TEMATOV TOV GLGTANATOS avapovig Ba divetan amd v T.u. M, (1), to TRBog TV

nehatdv Tov gEvmnpeteitan 6to onueio eEumnpémong Ba divetan omd my .. i, (t),
£V® 10 TAN00C TOV TEAXTOV TTOL PPIicKOVTOL GTIV 0LPE TOV GLGTHLOTOC avapoviG O
dtvetan omd v .. €, (1) . T6o0 o1 avapevopeves TIEG OGO KL ) KATOVOUT GTMV TOV
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T.L. UTOPOLV VO LTOAOYIOTOOV Yo KAOe ypovikn otiyun t epoppolovrog gite tov
EMOVOANTITIKO 0AYOPIOUO TOL TEPLYPAYOLE EITE YPNOUYOTOIOVTIOS TN Hoprofiovn
0AVGIdN e YDPO KATAGTAGE®V TO GUVOAO OA®V T®V duvatdv dopdv M(t) mov
UTOPOVLLE VO £OVULE OTOLUSNTOTE YPOVIKN OTIYUN t.

4. APIOMHTIKO ITAPAAEII'MA

OewpolE £VO, GUOTNIO AVOUOVIG TO 0Toio €xel 000 eELTNPETNTEG KO PEYIOTN
yopNTIKOTNTO 6 TEAGTEG. TE KAOE YPOVIKY GTIYUN EMOUEVMS TO TANDOGC TV TEAATOV
mov Ppiokoviar 6TV ovpd Kot ota onpeia eEuanpétnong dev umopel va Eemepvd Tovg
6 meldtec. YmoBétovpe 0Tl o1 meAdteg PBAvVOVY 6TO GUGTNHA GE YPOVO SLOKPITO
ovpemvo pe pio kotovoun Bernoulli pe mapdapetpo a = 0.8, dniadn kébe ypovikn
oTiyun n mhavotnta vo £pbet Evag mehdtng givar 0.8. Emiong, vmoBétouvpe 6t1 0 ypdvog
OV OmOLTEITOL Yoo TNV OAOKANpmo™ TG €ELANPETNONG TOV TEANT®V aKOAOLOEL
YEOUETPIKY KoTovoun pe mapduetpo b =0.4. @cwpodue 41l 6€ KABE YPOVIKY OTIYUN
t (t=12,...), kdBe évag amd Tovg 2 e£uaNPETNTEG TOV CLOTAOTOG EYEL THAVOTHTA
6 =0.1 va givon yohoopévog yio ™ xpovikn mepiodo (t,t+1] won va pnv pmopel va
g&umnpeTNoEL KATOLOV TEANTT).

To oot avtd propet vo peietndet pe tn fondeia evog OME drakpttod ypdvov
70 omoio amoteAgital amd 2 KATOOTAGELS Kol Tol HEAN Tov gival ot meddtes. H mpdn
KOTAOTOOT) TOV GUGTILOTOG OVTITPOCHOTEVEL TNV TNYN TOV TEANTMV. X€ KADE YpoviKn
oTIyUn umopel va @BAacel 610 cvOTHA évog HOVO TEAATNG, OnAadn umopel va
mpaypatoroin el petakivnon evog Lovo HEAOVG, EMOUEVAGS 1] XOPNTIKOTITA TNG TPMTNG
katbotoong Bo givar C(t) =1. Etor Ba éyovpe P(c(t)=1)=1Vt. H Sevtepn
KOTAGTAOT TOV GUGTNUOTOS AVTIGTOEL 6TO GUOTNUO OVOULOVHS. APOD VTTAPYOLY 2
gbuomnpemtég kol og kGBe ypovikn oTIyUr] KAmolog pmopel vo gival gvepydc M
YOAUGUEVOGC, 1) YOPNTIKOTNTA TNG KaTdotaong Oa Taipvel TIHES 6TO GOVOAO {0,1, 2} ue

mlovotTEg
2
P(c,(t)=c) = ( ]0.9°O.12°, c=0,12,Vvt.
C
AoV 10 cOGTNHO OVAIOVIG £XEL YOPNTIKOTNTA 6 TEAATOV, GE OTOLOONTOTE YPOVIKN
OTIYUN OTNV KOTAGTOON 2 Kol OTOV OTOONKELTIKO YDPO OVTNG OgV UTOPOLV Va
vmapyovy mavw amd 6 péln. Emopévog, to péyebog tov OME mov 6Oa
YPTOULOTOCOVLE YO TNV UEAETN] TOL GLoTNUATOG avopovig Ba elvar N =7 (éva
TEPIOCOTEPO MO TN YOPNTIKOTNTO TOV GULOTHUOTOG OVOUOVIG) KOl O TIVOKOG
petéfoong P tov pelov tov suotipatog avtod Ba eivat o e€1g:

0.2 038
P= .
04 06
T ypovikii otypi t=0 1o Sdvuopo katdotacne eivar m(0) = (7,0)".
Xpnoonoidvrog to, Oewpnrikd anotedéopato (Ipodtacn 2 kot Idpiopa 1) ko pe ™
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Bonbeta evog KOk TOL KoTackevdotnKe otV R, mapovsialovpe otov Ilivaka 1
ouumePLPopa (otnv e£EMEN TOL YPOHVOL) TOV AVOUEVOLEV®V TILAV Yo TO TAN00C TV
TEAATOV OV PPIoKETAL GTO GVLOTNUA, TO TANOOC TV TEAUTOV OV &L PETELTAL KO
10 TAMB0g TV TEAATOV OV PpicKeTol 6TV avouovi (0VPd TOV GLGTHLATOC).

Ilivakag 1. Kotovoun - Avouevoueves tiuég

t=1]t=2] t=3 t=120 t=o0
P[M(t) = (7,0]] | 0.2 |0.1034 | 0.07109 0.00871 0.00871
P[M(t)=(6,1)] | 0.8 | 05101 | 03816 0.05433 0.05433
P[m(t) = (5, 2)] 0 0.3865 | 0.42064 0.10294 0.10294
P[m(t) = (4,3)] 0 0 0.12667 0.1322 0.1322
PIMM = (3.4)] | O 0 0 0.17027 0.17027
PImM = (25] | O 0 0 0.21454 0.21454
. 0 0 0 0.31701 0.31701
P[m(t) = (1,6)]
E[r, (t)] 62 | 572 | 5397 2.68737 2.68737
E[I’Tl2 ®] 0.8 1.28 1.603 4.31263 4.31263
E[ﬁ2 ] 0.792 12 1.363 1.7403 1.7403
E[&,(t)] 52 | 472 | 4397 1.68737 1.68737
E[é2 ®] 0.008 | 0.08 0.24 2.57233 2.57233
ABSTRACT

In this paper we consider the discrete-time homogeneous Markov system (HMS) with
random state capacities, which is a generalization of the classical HMS where the states'
capacities are infinite. In order to examine the variability of the state sizes, recursive
formulae for their factorial moments are derived. Next, the HMS with random state
capacities is used in order to examine the behavior of a discrete-time queue, where the
arrivals and the service time are taken place according to the geometric distribution,
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there is a random number of available servers at any time t and the size of queue cannot
exceed a finite number N .
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HHEPIAHYH

Ta televtaio ypovia mapatnpeital pio paydaio dvodog tov KAadov g Mnyaviknig Mabnong
(Machine Learning) kot TV €poppoy®v TG oe moAAd media 6mwg n Teyvnr Nonpooivvn,
£€XOVTOG OC AMOTEAESL TV ALENUEVT AVAYKY TOV ETOLPELDMV Y10 TNV KATOYVP®OT GVuVOET®OV
EVPECITEYVIDV TOV AVTIGTOLYOV TTESIOV. TNV TOPOVG EPYAGTa, LLE BACT] TNV TAPATHPTOT| AVTOV
tov e&edifemv, die&ayovpe pio avdivon nateviaov (Patent Analysis) ot omoieg avagépovtat og
pebddovg Mrnyoaviky Mdabnong, aviddvrog dedopéva and to I'pageio Katoyvpwong Iotevidv
tov Hvopévov Ilolteidv (USPTO). A&lomoidviog avtn tnv mAnpoeopio, epapuocape
TeYVIKEG Teplypa@ikig ZTOTIOTIKNG Y10 VO TOUPOVGLACOVLLE TO, KUPLO SNUOYPUPIKE GTOLYEIR Kot
TiG avtiototyeg texvoroyies. Emmhiéov, ypnoyonomoape Avédivon Awktvov kot Enegepyacio
Duoikng FADGGOC TPOKEEVOL VO LELETIGOVLE TNV CAANAETIOPALCT) TV TOTEVIMV e Pdon Tig
AVAPOPES TOVS KOL VOL EVTOTICOVE BEATIKEG TTEPLOYEG. ME T EVPNLLTA TG EPEVLVOG LTOPOVLLE
va EAYOVLE CUUTEPACLLATA Y10, TLG TACELS, TIG KOPLES TEYVOLOYIEG KO TIG TPOKANGELS TOL TEdIOV
™ Mnyovikng Mdadnong oAd Kol To TOG Ol EPOPUOYES TNG AVTAVOKADVIOL OTIG GYETIKEG
TATéVTeg. ATO TNV TAEVPE TOV ETLXEPNOE®V TEYXVOAOYIOG, TO EVPHLOTO TPOCHEPOLY
KaTeELBVVTIPIES YPOUUES GE CIILAVTIKG GTASIO TOV GTPATNYIKOD TAGVOL TMV ETALPEIDV, OTMG M
OVOKAALYT DTOGYOLEVOV TEXVOAOYIMV KOl 1] AVIXVELOT] TOV KUPLOV AVIOYOVICTOV.

Aélerc Kheroa: Mnyavikp Mabnon, Avaivon Iloteviov, Avaivon Kewpévov, Avdivon
Awtdov
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1. EIZATQI'H

H «xotoydvpwon piog motéviag gupectteyviog omoTeAel OMUOVTIKO KOUUATL TNG
110K TN Gi0G EVOG TPOTOVTOC, Hiog nebodoroyiog 1 evog Aoyiouukov. [Toddoi opyavicpoi,
EPELVNTEG KA EKTOOELTIKG WOPVUOTA OGYOAOVVTOL EVEPYE UE TNV €EACOAAIOT TOV
dwaropdtov piog matévtog yioo vo v aSloTowcouY EUTOPIKA 1| EPELVNTIKE. €Og
amotélecpa, to teAevtaia 50 xpovia, kot Wwitepa petd v dekoetio 2000-2010, ot
KOTOYVPMOCES TOTEVIOV YVvopilovv evIummotaky] avodo. g gpevvntikd medio, M
avaALoN TATEVTIMV givor 1O1aiTEP YPNGIUN GTNV AVIYVELGT] VEDV TEXVOLOYLDV, TACEMV
Kol TNV TPOPAEYN TV PEALOVTIKOV eEeliemv OGOV apopd TEXVOLOYIKODS TOUEIC.
Av10 ovpfaivel S10TL 01 TOTEVTEG OMOTEAODY EEQLPETIKA OTLOVTIKY TTNYT OESOUEVDV
YL VEEG £QEVPETELS, 108eC KoL peBodoroyieg kabmg eKkPpAlovy TOVG TEYVOAOYIKOVG
oKOToVG Ticw omd pio gpevpeon. Dvoikd, kabDC Ol KATOYVPMGES TOUTEVIOV
mnBaivovy, gival amapaitnn 1 6OGTH 0pyGvOoT Kol 0modnkeve Tovg. Avtd 1o
oKomd €EuINPETOHV TaL S1APOPA YPOPEIX TOTEVIOV GTO OO0 Ol OPYOVIGLOL HITOPOVV
VO KOTOYLUPAOVOLVY TIG TATEVTEG TOVG. 'Eva and ta mo yvootd ypapeio Totevidv etvat
t0 USPTO, pe avdroya ypageio ommv Evponn (EPO), v Kiva (CNIPA) kat v
lamwvia (JPO) va éxovv a&ldoloyn dpactnploTnTO.

H Mnyovikn Mdabnon apopd aiyopiBuovg mov Peitidvovy kot eEuanpetovv v
«epmeEpioy TG TEYVNTNG VONUOGVVTG Kot 1 Pacikn TG 10éa eivarl 1 ekmaidevomn evog
HOVTEAOL HE KOmolo Ogdopévo mov eSumnpetovy ¢ €ic000C TPOKEWEVOL VO,
poPrepBel pio ££000¢ Kot TO HOVTELD VO pUopel va pabeL amd avtd ta dedopéva yo
va poPAréyet véeg mepimtoelg. Ot eQapUoYES TG UNYAVIKNG Labnong sival motkiieg
ka1l yvopilovv ohoéva Kol TEPIGGOTEPT AMNYXNCT TOGO GTOV PLOUNYOVIKO KOl GTOV
KON UAiKO OGO Kol 08 KPATIKOVG Kot KuPepyntikovs unyaviopovc. 'Etot, pe dedopévo
avTh TN paydaio aéNon TOV EPOPLOYOV TNG UNYOVIKNAG HaBnong, ot opyavicGuol Kot
o1 eTa1pieg TOL A&LOTO0VV TIC TEYVIKEG KO TOVG aAyopiBuove tng yio va e£uanpetioovy
TIG AVAYKEG TTOL TTPOKVITTOLV £X0VV E100X0El GE Evav «OydVO» KOTOXDPMONG GYETIKMDV
TOTEVIOV OOTE VoL EE00QOAGOVY TNV EUTOPIKT EKUETOAAEVOT] TV LEBOSOAOYIDV Kot
TOV EPEVPECEMY OV EYOLV GYEGN UE TO medio. Me avtd Tov Tpodmo, To. dedouéva
TOTEVIOV GYETIKA [E TN UNYOVIKT pabnon avédvovior Kadnuepva Kot ypdvo [e To
1POVO, ATOTEA®VTAG tio TOAVTIUN TTNYN TANPOPOPIag Vi TIg TACES Kot TG eEeMEES
oL KAGSOV.

Me Bdon Tig Topamdved KOTOGTAGELS, KOl VTOKIVOVUUEVOL OO TO UEYOAO EVOLOQEPOV
Kol TIG papuoyég TS Mryovikiig Mdabnong, otnv mapovca epyacio deEdyovpe o
peAétn og dedopéva matevidv Tov tediov. Ta dedopéva Tov xpnoomolobvTal £(ovv
TN HOPON OPYOAVOUEVODL KEWEVOL GTO OMOI0 EUMEPIEXETOL YPNOUN TEPLYPOUPIKN
TANpoeopia, OTMG T £T1 KATOYMPNONG KOl TOPAYDPNONG, Ol EPEVPETES, O KATOYOG
K.0. To mepleyopevo Kot To TVELUATIKG SIKODOUOTO KAOE TOTEVTOG OTOTUTMVOVTOL OO
ToV Titho, TNV TEPIANYN KOOMG KOl TOVG KMOKOVE KATNYOPLOTOinomg TS, Ol 07oiot
avaBétovtar amd 10 USPTO. TéAog, o1 S100VVOECELS TNG TATEVTOG IE AAAEG GYETIKES
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gupeotteyviec mopovotdloviol HEGM TOV avaEOopOV TG (citations) ol omoiec pPropovv
VO OMOKOADWOLV GYECES HETOED TEXVOAOYIOV Kol va avadeiovv ekelveg pe
HEYOADTEPN EMPPON).

Ta avoktnuéva dedopévo vrofAndnkav ce dadikacieg Kabapiopod yio amoAoipn
BopvPov, kevdv medimv Kol HETATPOTNG TOV KEWEVOL og emefepydotun doun. Xta
OTOTELEG LT TV TOPATAVE TEYVIKOV OVAALGONG TaPOLGLAOVLE TIC KUPLEG ETOUPiES
OV KATEYOLV TOTEVTEG Mnyaviking Mabnong kot tnv ypovikn eEEMEN TOV TATEVIMV.
Eniong, ypnowomoidviag TiC mMOPOmOUTES KOAOE TOTEVTOG, OVOKOAVTTOVUE TIG
teyxvoloyieg kau Tig etanpieg pe ) peyokvtepn emppon. Téhoc, n Avdivon Awtdwv
HOG EMTPETEL VO EEAYOVLLE TOL TEYVOAOYIKA TESIO TOV TPAYLOTEDOVTOL Ol TOTEVTEG KOl
KOO TOGO CLUPMOVOVV UE TIC TeEAEVTalES eEEAIEELS TOV TEdiOV.

Ta gpguvNTIKG EPOTALATA TOV KAAOVUAGTE VO AITOVIICOVUE GTNV TOPOVGA EPYOGIN
UTOPOvV VO, EKPPACGTOVV MG EENG:

[EE1] TTwg Stopop@dvovTot Ta SNUOYPOQIKE GTOLELN TV TOTEVTOV UNYOVIKNAG
pabnong;

To mapdv epeuvnTIKO €pAOTNUO OMOTEAEL U0l TEPLYPAPIKN UEAETN TOV KLPLOTEP®OV
OMUOYPAPIKAOV GTOEIOV (YDPES, OPYOVIGUOL, VTOOUASES) TOV TATEVIOV UNYOVIKAG
UaOnoNg (e GKOTO VO KATAVONGOVUE TIG PACIKEG TAGELS TOV KAASOL.

[E.E;] ITowot eivar ot Ogpatikoi AEOVES TOV TATEVTIOV UNYOVIKNG udnong;

2 aUTO TO EPELVNTIKO EPMTNUW, YPTOULOTOIDVTOS TEXVIKEC AVAALONG OIKTO®V,
Kévovupe pio GmOTMEPO  AViyVELONG TOV KUPIOV OEUATIKDV TEPLOYDY OV
TPAYULOTEDOVTOL Ol TATEVTIEG UNYOVIKNAG UAONoNG, ol omoieg apopovV SoPOPETIKEG
TEPLOYES TOV KAASOV.

[E.E3] Towo yopakTnploTikd TmV TaTeEVI®V E(00V HEYOADTEPT] ETLPPON;

210 teAevtoio epeLVNTIKO epdTNUO, HE Pdon TG oavoaeopéc Kabe muTévTog,
AVOKOADTTTOVLE TTOL0, YOPOKTNPIOTIKG TOTEVI®MV (ETOPIEC, KAAOELS, YMPES) EXOLV TN
LEYOADTEPT EMPPOT KOl OVOPEPOVIOL TEPICCOTEPO MO GAAEC TOTEVTEG KOTA TNV
KOTOYVPWOT| TOVC.

2. ANAXKOIIHXH BIBAIOT PA®IAX

Ol g@apuoyéc avAALGNG TOTEVTIOV GLYVE O1EIGOVOVY GTN QUCT TOV EYYPUOOV
EVPECLTEYVIOG UE GKOTO TNV OVOKAALYT YVAOCONG UE SLUPOPETIKE KpiThpLo, Kot Tedio
evolapépovtog. Omwg mpoavapEépape, Ol EYYPOPEG TOTEVIOV TEPLEXOVY KOl
mAnpoeopiec keévon (tithog , mePiAnym) MmOV TEPLYPAPOLV Tr QUOT Kol TIg
AVOAVTIKEG KATOYVPDGOELC TNG KAOE EVPESITEYVING, TPOGPEPOVTAS CNLOVTIKG, GTOLYEIN,
v Ty €£0puén GLALOYIKNG YVAOOTG ¥PNOLOTOLOVTOG 0ES0UEVO KEWLEVMV KOL TEYVIKES
Eneéepyacio Duowkng ['Amocag (text mining). [Iponyodueveg epappoyég cuotivovy
TN XPNOT TOV GUYKEKPIUEVOV TESIOV KEWEVOD KOOMG TEPLEYOLY OVOAVTIKOTEPN
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mAnpogopio. and avtyy ¢ kwodwonoinong CPC kot pmopovv eéumnpetodv og
EQPUPLOYEG OLLOBOTOINOTG TOTEVTAOV Kot £Xpecn KOplwv Oepatoroyidv [1-3].

Emm\éov, mponyodeveg LEAETEC TOV TTEPIGTPEPOVTAL YOP® OO EPUPHOYES OVOAVGTG
TATEVIOV GUVIAOMG YPNOUOTOO0Y TIG TOPUTOUTEG UETAED TOV TMOTEVIOV Yo
S1apopovg cKomovg oL cyetTifovtal Kuplog Le TV 0PECT] TOV KUPL®V TEXVOLOYIDV
[6] ot v avdBeon otpomnyikdv Bécewv ot eumiexopeveg etoupeieg [7].
I'evikdtepa, o1 TOPATOUTEG TATEVTOV EYOVV amodeyOel yprioyn TAnpoeopia 1 onoia
avtwkarontpiler puéypt éva Pabud v teyvoloywkn Kot owkovopkn aflo g kabe
gvpeotteyviog [8,9]. ' Exovtag avtég tig mAnpopopiec o Baon yia tnv mopovsa LeAET,
UTOQOGICOLE VO KATAGKEVACOVUE £va dikTLo Topamounng Ttatevtav (Patent Citation
Network — PCN) 1660 yio. v a&10A0YN0T TOV TOTEVIOV OG LOVASEG OGO KOl Yo TN
GLALOYIKT] OVABEST ETPPONG TMOV ETAPEIDV KL TOV KUPLOV BEUATOAOYIDV.

3. MEQOAOAOI'TA

Xmv mapovoa epyacio eotidlovpe oty €£oy@yn ONUOVIIKAG TANpogopiag omd
TEYVOLOYIKEG TOTEVTEG 7OV  YPNOWOTOLY  uefddovg  unyovikng  pabnong,
epupprolovtog Paoikég TEXVIKEG AVAADOTNG TOTEVIMY. XTO TPMOTO GTASIO TNG EPELVAG
pog peketioape €1g Baboc to cuvepyatikd oynua Katryoplonoinong nateviav (CPC),
UE OKOTO TNV ETAOYN KOl TNV OVAKTNOT T®V KATAAANA®V gyypapdv ord to USPTO
(ZvAhoyn Agdopévamv). Zt cuvéyela, Bo TOPOVGLAGOVUE KATOW BOCIKA GTUTIOTIKA
TOV 7O CNUOVIIKAOV YOPOKTNPIOTIKOV TV GLAAEYHEVOV gyypapmv (Ileprypapukn
otatiotikn). 'Enerta expetaAAevdpevol TV amOTELECUATOV TOL TPOKLATOLY OO TO.
mwponyovueve, Prnota Ba epappocovpe 600 mo ocvvbeteg uebodoroyieg Yo TV
avaxkdivyn tov PBacikdv Bspatoroyimv (Avalvon Oepatoloyidv) Kot T HEAET
GUGYETICEMV EMPPONG YPNOCILOTOIDVING TANPOPOPIEG TOPUTOUTDOV HETAED TOV
mateviov (Avalvon emppong) avtictoryo. H cuvorikn pon e pebodoroyiag avthg
™m¢ epyaciog aneikoviletal onv Ewkéva 1.

Eixova 1. Zynuo MeBodoloyiag

* EOPEON TWV TIO CUXVWV
KOTOXWV-ETALPELWV KAt
edeupeTv

Nepypadikr
otttk

* AvakdAudn twv
TEXVOMOYLKWV TeSiwv

- AvdAuon "
Bepatohoyiioy 10U edappolovra
uébodot pnxavikig

udénong

Zuloyn
AeSopévwv

* EOpeon Twv KOpLwv
TIOTEVTWVY

Avéhuon * AVASELEN TV ETALPELWV

emppori TIOU KATEXOUV

Texvoloyieg pe T

HeyaAUTepn emppor
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YoAhoyn Aedouévav

‘Emterta and ) yepoxivnn perétn tov CPC, katoinéope 6T GUALOYY TOTEVIOV TOV
AVIKOVY OTNV KOTNYopiot YTOAOYIOTIKEG O1001K0OGIEG PUCIGUEVES GE GUYKEKPLUEVA,
VIOAOYIGTIKO LOVTEAD —UMYOVIKNG Labnon, 1 omoia £xel kootkomomBel wg GO6N20,
N otig dvo vrokatnyopieg g mov ovopdaloviar MéBodol mupnivav, my. UNyovég
vrootpiEng dtavucpdtov [SVM] kot XvvOetikn pdbnon avtictoryo. Q¢ anotédeoua,
1 cvAAoyn mov avaktOnke mepiEyxetl 17412 natévreg mov KOAVTTOVY OAO TO EVPOG TV
Swbéoipv eyypaeav amd to 1970 éog ko 1o 2022. H dour| g xdbe eyypaerg
SloB€TEL OAES TIG AMAPAITNTEC TANPOPOPIEG TTOV TPOUAVAPEPULE Y10 TNV dEEAYOYT| TOV
ATOPUITNTOV GUUTEPUCUATOV TOV GYETILOVTOL PE TOVG GTOYOVS TNG GLYKEKPIUEVNS
gpyooiag.

2N CLVEYEW TOPATNPNCAUE TOG TOAAES EYYPAPEG TOV GLVOAOL OESOUEVOD TTOV
ocvAAEEape kaTéyovy oxedov N kaBoAlkd 1665 YUPOKTNPIOTIKG KAUOMC KOTOIEG
ONUOVTIKEG TATEVTIEG OVOVEDVOVTOL HETA TN ANEN Ttovg M emekteivovton e
emmpooheteg Asttovpyies. Mo vo avTIPHETOTIGOVIE TO GCULYKEKPYEVO EUTOSIO,
aVOADGOUE TIG OYECELS WETAED TOV TOTEVIMV YPNCUYLOTOIOVIOG ETIONUES TNYEG
dedopévov tov UPSTO! pe okond v opadomoinon tng GLVoMKAg mAnpogopiag
ekelvav mov ocvoyetifovtol pe TOLAdyIoTOV €vay TpOmo oHVOESNG and OVTEG OV
avaeépape. Ot oyéoelg petalhd TaTeEVTIOV VITAPYOVY JOTL TOAAEC POPEG Ml TATEVTA,
umopei va vtoPANn0el Eava 6To Ypapeio KAToyuP®ONE OC GLVEXELY 1} TPOTOTOINGT] HLOG
vrapyovcag matévtog. H aviyvevon oyéoemv peTaED dV0 1) TEPIGCOTEPOV TOTEVIDV
HOG ETETPEYE VO EVAOGOVE KOWVEC TATEVTIEG KOl VO TOPAEOVUE KEVDGELD) TOTEVTIOV
(patent unions). Amnd to onueio avTd Ol OUASEG TOTEVIMV 7OV TPOKVTTOLV Oa
eneEepydlovtal oG po. OAOTNTO DCTE VO amoPevyBodv un £ykupo amoTeELécHOTH Kot
GLUTEPAOLLATA.

Ieprypo@iki] 6TOTIGTIKY

e auto T0 6TAd10 TN nebodoroyiog pog epapudcope PACTKES TEYVIKES TEPLYPOPIKNG
OTOTIOTIKNG ME OKOTO VO OVOKOADWOULHE TO KOPLOL ONUOYPAPIKA GTOLYElol 7Tov
TPOKVOTTTOVY amd TIG €yYpapég mov €xovue ocLAAEEel. [T avaAlvtikd, peletioope
OpYIKE 1Tr GUVOMKN avENCN TOV KOTOYLUPOUEVOV TOTEVIOV ovl YpOvid mov
AVTITPOSMOTEVEL TOGO TNV eEEMEN Kot TNV TANOMPO TG UNYavIKNG nabnong 66o kot to
EVOLIPEPOV TV OVTIOTOLY®V ETOIPEIDV Y10 TIG GLYKEKPLUEVES ToTéVTES. EmumAéov,
TOPOVGIALOVE OTI CGUVEYELN TIG ETOLPEIEG TOV KATEYOLV TIG MEPIGCOTEPEG TUTEVIEC,
avadEIKYOHOVTOG UE OLTOV TOV TPOTO TOVG KOPLOVG GUVEIGPOPEIS Kol EVOLUPEPOUEVOLS
TOV TEYVOAOYIKOD 7EdIOv amd Tnv OnTIK] TOov TANOOVG SOKPITOV TUTEVTOV.
Avaldoape toug kKodikovg CPC pe m peyodotepn covomapsn, kabog kdbe matévta
UTTOPEL VO GUVOEETOL LLE TTOPOUTAV® OTTO Li0 VTOKAAGELS, UE GKOTTO VO S10GTAVPDGOVE
Kot va, ETOAN0£OGOVE TO ATOTEAEGLOTA TOV TEXVIKGOV AvAAvong Oepotoloyidv mov

1 https://patentsview.org/download/data-download-tables
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0o avamtoEovpe oty emduevy vd evodtTo. Ol GUYKEKPIUEVEG EPUPLOYEC TOL
ocv{ntoape amoteAovv Ta Bepélia v peBOSOAOYIDY AVAAVONG TATEVTIOV KOl LLOG
BonBovv otnv meptypaen g Pacikn TANPOPOPINS TOL GLYKEKPIUEVOD TEYVOAOYIKO
nediov.

Av@divon Ogpatoroyiav

v mopovca gpyacia epapuocape cvvdvaotikés nedddovg Encéepyaciog Guoikng
I'wocog kot Avilvong ATOOV Yoo TV €UPECN TOV KLPLOV Bepatoloyidv
YPTOCULOTOIDVTOG TOVG TEPLYPOPIKOVG TITAOVE TV cLAAeypévaov matevtav. [l
AVOALTIKG, TO TPOTO PrAue avtig g pebodoroyiag eivor M HeETATPOT NG
TAnpogopiog kewévov oe wivaka Twotévtac-Opog (Document Term  Matrix)
epapuolovtog Pooikég texvikég emefepyociag KeEWEVOL OM®S dwaypoen onueiov
oTIENG KL KOW®DV GUVOETIKOV AEEemV, LETATPOTTN KEWEVOL € TECOVC YAUPUKTPEG KOl
KAGSepo (Stemming) k.a. ot omoieg meptrypdpovtat avaivtikd oty Ikonomakis et al.
[4]. Z& avtd 10 onueio Bo TpEmeL va avVaPEPOVE TOG aPAPESaUE amd TNV aviivon
HOG TOVG OPOLE IOV gl LIKpOTEPT ELLPEVIoN 0md To 0.2% ko peyarvtepn and 0.08%
OOV TOV EYYPUODV.
‘Emerta, éyovtag €100 TOV KOTAAANAO 0oplOuntikd mivOKo E£QOPUOCOUE TEYVIKES
avaivong ouvveppaviong Aégewv (co-word analysis), a&lomoudviog TN HETPIKA
Inclusion Index [5] (S&iktng cvumepiinyng) n omoia opiletar wg €nc (1):

M= o (€. ) (1)
omov Cjj givar o TARB0G TV £YYpapOV 6Ta 0TTOi0 GLVLTAPXOVY 016 p 0 L KoL j Kot
C; (avtictorya C;) to mAiBog twv eyypdowv oto omoia epgavifovior o 6pog i
(avtiotorya o 6pog j). H cvykekpyiévn petpikn e&uanpetel oty evpeon (evyopotdv
OLGYETICEMV HETAED TV S10KPITAOV OPOV TOL TPOEKLYOV TPONYOLUEVMG, LUE CKOTO
Vv opodomoinomn ekeivov mov mapovciacay VYNAO deiktn cvumepiAnyne. Qg
AmOTELEG LA, GTO EXOUEVO Pia OMovpyHeape Eva diktvo petald Tmv Opwv, 01 0mToiot
amoTeELOVV TOVG KOUPOLG TOL, KOt 6T cuvExel Bécape tnv vapén un Kotevbovopevn
akung peta&y ovo Opwv pe Paon to I.1 pe PBdpog peyardtepn 1 ion tov 0.2
gkppalovtog v dmapén vynAng cvoyétiong petald tov opwv. To dikTtvo oV
npoékuye VIOPANONKE 6N cuvérElo oTov aAyopiBpo Tov Leiden [10] ywa aviyvevon
Kowotntov (communities), ot omoieg mepieiyav OpoVE 7OV EKEPALOVY  KOWEC
TEXVOAOYIKEG TmaTévteg Kou pebodoroyieg. O aiydpiBuog tov Leiden omoteAei évav
QPKETE ONUOPIAN TPOTO AViYVELGNC KOWVOTNT®Y, 0 0T0i0g AAUPAvVOVTOC VITOYLY TV
apBpotoémmra (Modularity) [11] tov dwtdov evromilel tov Péhticto doywpiopd
(partition) tov diktHov GE KOWOTNTEG, UEC® TNG EMOVOAAUBOVOUEVNC UETAKIVIIONG
KOUPOV o€ SPopeTIKEC ouddeg dote vo kabopiotel yio kdbe kopPfo mn opdda
(KowoTNTe) GTNV OMoin £YEL TIC TEPIOGOTEPES GUVOECELG.
‘Exovtag kataokevdoel 10 TeMKkO SIKTLO KOWOTHT®V, o1 cuvéxeln opilovue tov
napakdto tHno yio mv avdleon cvoyétiong ke dpov (rel) pe v kébe kowoTnta
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(2) pe oxond va avorpiéEovpe oty TaVOUNGCT TOV EYYPAPOV OTIC KOWOTNTEG TOL
TPOKVTTOLV e TN xpNon eV Papdv rel kot Tov Tivaka Tatévta-0pog.
E;;
rel;; = E’ (2)

Ztov mapandve TOmo 0 6pog E;j SNADVEL TOV 0plOpd TOV GKUOY OV GUVGEOLY TOV OPO
[ pe 6povg oL aVNKOLY GTNV Kowotnta j, eved mapdAinia o dpog E; dniover 1o
GOpolopa TV OKUOV TOL CUUUETEXEL 0 Opog i. Telkd, yio v Ta&vounon kade
EYYPAPNG OTIC KOWOTNTES (TTK) YPNOWOTOIODUE TOV TUPUKAT® TOTO cuVIVALoVTAS TIg
00 dopég OV TPOAVAPEPOLE, OOV O Tivakag TATEVTOG-0pOS yapakTnpiletor mg
7o (3). Emmov, otov napakdteo TOmo 0 0pog Tk;; avapépetol 6To PApog VeSS
(ta&wopunon) g eyypoens i otny Kowvdtnta j Kot Tantdypova o 6pog o; tov apiud
TOV Op@V OV LVIhpyovy otV gyypagn i. [evikd, o mivakag mk pog Bonddel oty
gpunveia g kde KovoTNToG Kol TOPAAANAC TOV YPTCUYLOTOLOVE Y10, TOV VITOAOYIGLO
NG OULVOMKNG EMPPONG NG Kabe kowotntog, HECH TopabEcE®V, GTIS TOTEVTEG
HMavikng pabnong.

T[Kij
Kk =mo -rel,mKk;; = 3
ij
TOo;

Avaivon empponig

210 emoOUeEVO GTAdI0 NG epyooiag, katackevdoape évo amAd PCN 1o omoio pog
Bonnoe oty avakdivymn g oxeTIKNG Tomobétnong ke eyypaong otov opilovia
TOV EVPECLTEYVIOV UNYOVIKNG. XT0 TAaiola ¢ pebodoroyiog Hog cvoyeticaps v
aflo k6Oe matévtag pe tov amoivto aplud TV KATELOVVOUEVOV OKUMV TOV
KOTOANYOUV GE€ OULTHV KOl GTI| GUVEXELD T GLAAOYIKN €mppon kdbe otoryeiov
(etonpeia, Oepoatoroyiog KTA.) YPNOWWMOTOIOVTAG TO GOPOICUO TOV  OTOMK®OV
afloloyNoe®V TOV TOTEVIOV Tov oyetiCovior pe to kdbe otoygeio. Telkd,
YPTCULOTOIDVTOS TO OTOTELECUOTO, TOV GUYKEKPIUEVMV EQUPUOYDY Topovctalovue
TIG €TOLPELEC KOl YDPEG LUE TO UEYUADTEPO GTPUTIYIKO TAEOVEKTNILO GTO TEYVOAOYIKO
nedio mov efetdlovpe KOOMG KO TIC OVTIOTOLEG OMUAVTIKOTEPEG OgpaToloyieg
TEYVOLOYLDV 7OV EPapUOlovy peBddovE unyaviknig pabnong pe Pacn Tig VITOKAAGELC
K0l TIG KOWOTITEG TTOL OVIYVEDOVTUL GTO. STKTLA.
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4. AHOTEAEXMATA

[EE1] TTwg drapopedvovTat o SNUOYPUOIKE GTOLKEIR TMV TOTEVIMV UNYOVIKIG
pabnong;

Eixova 2. Xpoviky e&éliln karoydpwong mozeviav
KATOXYPOMENEZ MATENTEL ANAETOX

Iivaxag 1. Kopio Aquoypopikd Zroyeio koi m0600Ta KOTOXNG

Kvpieg yopec Kvpot opyavicuoi Kvpreg CPC vrokAdoelg

USA (72%) IBM (13%) GO6N7/005: Probabilistic networks (18%) (1)
Japan (6%) Microsoft (5%) GO06N3/08: Learning Methods (17%) (2)

Korea (2%) Google (3%) GO6N3/0454: Multiple Neural Networks (13%) (3)
China (2%) Amazon (2%) GO6N5/003: Heuristics/Dynamic Trees (11%) (4)
Germany (2%) Meta (Facebook) (2%) GO6N5/04: Inference Methods (11%) (5)

Ireland (1%) Capital One Services (2%) | GO6N5/022: Knowledge Engineering (8%) (6)
Canada (1%) Accenture (2%) GO6N3/0445: Feedback Networks (6%) (7)

Israel (1%) Cisco (2%) GO6N3/084: Back Propagation (6%) (8)

India (1%) NEC Labs (1%) GO06N5/02: Knowledge representation (6%) (9)
Great Britain (1%) | Intel (1%) GO06F40/30: Semantic Analysis (5%) (10)

Amo ta gvpfjpata oty Ewova 1 ko tov [livaxka 1, mapatnpodpe mowg apykd, ot
TATEVTEG UNYOVIKNG LdOnong TAnOaivouv otabepd avd ta xpovia, LE TIG KATOYVPDGELG
va exto&evovrar petd to 2015. Avtd ovuminmter ue v otabepn Avodo TOv
EVOLIPEPOVTOG Y10, TOV KAGOO TNG UNYOVIKNG UEOnong 1000 amd emiyelpnoelc Kot
0PYOVIGUOVG OGO Kol 07Td TNV OKOOTILOIKT KOVOTITA.

Emmdéov, otov Ilivaxa 1 mapovcidlovrtor ot kbpleg yopeg, opyavicpoi kot CPC
VTOKAGGEIC 7TOV GUVOEOVTOL UE TIC OVOKTNUEVEC TOTEVIEC. X& EMIMESO YWOPDV,
TOPOTNPOVUE TO GLYKPITIKO TAgovEKTNHO Tov Hvopévov Tolteimv, éva gupnua 1o
01010 NTaV AVaUEVOUEVO KABMG 01 TOTEVTES TOL GUAAEEULLE TTPOEPYOVTOL OTOKAEIGTIKA
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ond 10 Apepwovikd ypageio mateviav. [apoiavta, or actatikés ydpeg (lomwvia,
Kopéa, Kiva) paivetar va €govv éva a&loonueloto Lepidlo oty KOTOYY| TOTEVIOV LE
v Evponn (Feppavia, IpAavdia) va akorovbet.

Y& eminedo OpPYOVICUDV TAPOTNPOVUE TWOC HEYAAEG TEYVOAOYIKES EMXEIPNOELG
enevdLOLY gvepyd ot Mnyavikr] MaBnor Kot KatoyupmdvouV TOTEVTEG GYETIKES LIE TO
nedlo. Avapecd tovg PAEmovue gtaipleg mov TOPEYOVY KOWVOTOUO AOYIGUIKA KOl
vanpeoiec véeoug ywo extéleon poviéhmv (Microsoft, Google, Amazon), stoupieg
acpaletog Aoyopkov (Cisco, NEC Labs), opyovicpovg avilvong dedopévev
(Accenture), etaipieg kovmvikng diktdwong (Meta) kot etapieg Topaymyng VMO HIKOD
(IBM, Intel).

Téhog, ot kOpieg CPC vrokhdoelg yapoktnpilovial and vwoloyloTikég nefddovg Kot
pofnpoticd povtéda kabmg kot 6TatioTikés pebodoroyieg mov vTodnidvouy TNV eHoM
TOV TOTEVIOV UNYOVIKNAG LAONong oAAd kot tn chvdeon mov £xel T0 medio pe
GTOTIOTIKY].

[E.E;] ITowot eivar o1 Ogpatikoi AEOVES TOV TATEVTIOV PNYOVIKNG uadnong;

Eixova 3. Aiktvo korvotntwyv kdpiwv opwv

- e ' Acdalelo AoyLopLKOU
Wndrakd AeSopéva
Aopég yla eneepyacia AsSopévwv
Awadpaotiki pdbnon
WndLakr LOUGLKN Kat ElkOVa
Neupwvikd Siktua — Babia padnon
AT.N, KBavTikA utohoyLoTikr, vébn
MpoBAedn KatavaAwaong evépyeLag

O 00 N O U B W N B

Avdhuon cuvalobnuatog ayopds

0000000000

=
o

Texvntr vonpoouvn

Xy ewova 3 mapovotdlovpe TO OIKTLO KOWOTHTOV TOL TPOKVATEL GO TNV
pebodoroyia mov meptypdpovpe 6To KeAAato 3. Ot KOvOTNTEG EYOVV aviyveLDEl HEcm
oV akyopiBuov tov Leiden kot amotehobvTol amd OPOLS TOV GUVEUPAVILOVTAL GTOVG
tithovg TV moteviov. [Hopdhinio oto dumhavd mivoka mopabétovue Tig 6€Ka O
ueyoiec kowotnteg Malli pe évov evOEIKTIKO TITAO TOL TIS OVIWIPOOMTEVEL MG
Oepatikoc a&ovag.
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To mapamdve 6ikTVO TEPIEYEL KO VTOAOYIGTIKES LeBOS0VG TOV cLpPmVOVY pe Tig CPC
KAaoelg mov eEnyxdncav oto Tpornyovuevo epevvnTikd epdtnua. Emumiéov, PAémovpe
g 1 Mnyovikny Mdbnon yvopiler moAéc epapuoyég oe duapopo media Onwg M
AGPOAED AOYIGUIKOD, T OVAALGT YNEWIKOV OEdOUEVOV KOl GUVOLGHNUOTOC, Ta
VEVPOVIKG, dikTua Kot 1 fobid pabnon aAld kot o€ pKpoTEPO Pabd 6To VTOVOUN
OYNLOTOL KOl GTNV EIKOVIKT] TPOLYLATIKOTNTOL.

[E.E3] Moo x0poKTNpIoTiKG TOV TATEVTIOV £X0VV UEYOADTEPT] ETPPOT;

Hivaxag 2. Xvykevipowures Hopabéoeic Xoparxtnpiotikadv

Abporotikég [apabéoeig

Xmpeg Opyaviouoi CPC vrokAdoeig Kowdmreg
USA 5764 Google 672 (1) 1749 (1) 730
Japan 181 IBM 487 (5) 952 (8) 615
Canada 76 Microsoft 432 (8) 745 (2) 570
Ireland 74 Amazon 432 (3) 698 (4) 524
Germany 62 SAS 110 (6) 627 (3) 490

Soppova pe tov Ilivake 2, 1 GLAAOYIKN ETPPON TOV YUPUKTNPLOTIKOV 7TOV
LEAETNCOUE OEV GUVOEETOL GE LEYOAO POOUO LE TNV GLVOAIKT KOTOYN TUTEVIMV TOL
KGOe yopaKINPIETIKOD.

5. XYMIIEPAXMATA - MEAAONTIKH EPEYNA

Ta coumepdoOTA TOV TPOKVTTOVY OO TNV AVAALGT EIVOL TOC, GYETIKA UE TO TPATO
EPELVNTIKO EPDTNLA, Ol KUPLOL GLUVTEAEGTES (YDPES, Opyaviopol) ival avapevouevol
ka0d¢ amaptifovral amd KOAOGGODES TOL KAVOTOUOVY € TOAAA Tedia tng Ememung
Agdopévav. EmmAéov, ol kvpleg VLRTOKAGGELS (QOIVETOL VO  OTOTEAODVTOL OTO
PoONUoTKEG Kot oTATIoTIKEG HeBOd0VEC EVD Ol KOTOYLPMOOCELS TATEVIMYV MMyoviKng
MdaOnong akolovBovv avodikn mopeia ava ta xpovia, 1img omd to 2015 Kot peténetta.
AvoQopiké pe TO OEDTEPO EPMTNO, Ol MO MEYOAEG KOl ONUOVTIKEG KOWOTITEG
aPOPOVY TNV EPOPUOYN TNG UNYOVIKNG UEONnong oty acediein Aoyioukol, otnv
avAALGT YNELOKAOV OES0UEVOV KOl GE VTOAOYIOTIKES SLOOIKAGIES EVA TAPAAANAL Ol
KOWOTNTEC oL aviyvebnkav cuvvadovv pe Tig kopleg CPC vrokatnyopieg mov
GUVLTLAPYOVY GTa dESOUEVA.

Téhog, 6GOV QPOPA TO YOPOKTNPIOTIKA LE TN UEYOADTEPT ETPPOT], Ol OPYOVIGUOL pE
TIC TEPLGGOTEPEG AVAPOPES EYOVLV KO LEYOADTEPT] GUULETOYN| KOl KOTOYY| TOTEVIADV,
YOPig OUME aVTO va. cLVERAyeTal OTL €vag OpYavIoUOG Le TOAAEG TOTEVTEG £)El
amopaitnTa Kot ToAAES avapopés. Emmiéov, PAEmovpe Tmg pe fdomn Kot T KowotnTeg
aAdd ot Tig CPC xomnyopieg, emPefordveror m mopomdve OMAwon kabdg
TOPOTNPNCALE WG TO TEPLEYOLEVO TOV TOTEVIMV Kot OYL 1) OVTIGTOIYI0T TOV TUTEVTIOV
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og CPC vmokAGoEIC Kol KOWVOTNTEG €lval oTO OV KOTEYEL OMUOVTIKO pOAO GTNV
EMLPPOT| TOVG.

Kdanotol mepropiopol oty mapovoa gpyacio oyetilovial T660 Ue T0 OTL TO GUVOAO
OedOUEVOV UaG TPoEPYOTAV Omd pia TNy 0£d0UEVEV OGO KOl LLE TNV ETAOYN KOl TO
oWTpdplopa TV pebodoroyidv Kot tov dedopévav. o peAhoviikn épgvva
evBoppivovpe v eméktacn TV HeBOd0AOYIDV HOG Kot 6 GAAES TNYEG dedOUEVOV
(axodnpaikn Pipioypapio, Kowvmvikd OiKTLM, EPOPUOYEG) KOl TNV Olepedvnon
pochetmv peBoOdwV yia eEaywyn Bepatoloyidv Kot TNV avAAVoT| ETPPOTG.

ABSTRACT

In recent years there has been a rapid growth of the Machine Learning industry and its
applications in many fields such as Artificial Intelligence, resulting in the increased need of
companies to patent complex patents in the field. In the present work, based on the observation
of these developments, we conduct a Patent Analysis which refers to Machine Learning
methods, drawing data from the United States Patent Office (USPTO). Utilizing this
information, we applied Descriptive Statistics techniques to present the main demographics and
the corresponding technologies. In addition, we used Network Analysis and Natural Language
Processing to study the interaction of patents based on their reports and to identify subject areas.
With the findings of the research, we can draw conclusions about the trends, the main
technologies and the challenges in the field of Machine Learning but also how its applications
are reflected in the relevant patents. From the technology companies 'point of view, the findings
provide guidelines at important stages of companies' strategic planning, such as discovering
promising technologies and identifying key competitors.
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ITEPIAHYH

Yy nopolca gpyacia ENEXTEVOUUE TOV 0plopd NG aovevols pofic ot oxohovdiec BiTiuwy
doxudY, Wote ulo acVeviic pory vo tepthapBdver €vary eEAGLGTO o £val UEYIGTO aptdud Emt-
TUYLOY. OewpdvTac 1 diTLEC BOXWES, UEAETAUE TNV XATAVOUT| TOU GUVOALXOU aplduol Twy
EMTUYLOV O OAeC Tig aoVevelc poég Tou TpoavapepdUeVoL TOUTOU ToL EYoLV XaToueTENUEL.
H perétn poc mpolnodéter xatdhAnhn yevixeuorn tng pedddou eugiteuone oe MapxolBia-
v} advoida. IIo cuyxexpyéva, anottel TNV €L0AYOYY XL TN HEAETH TNC OWOYEVELIC TWY
eUPUTELCIUWY PETABANTOV eToTEéPYIOL - ToAUwVUX0D Tomou. H véa auth owxoyévera ye-
VIXEVEL OXOYEVEIEC EUPUTEDCIUWY UETABANTAYV, oL omoleg €youv ueletniel extetopéva o
BiBhoypapia.

Aékag Khabd: Afltpec doxapéc, MapxoBiav aluoida, euputetotues yetoBAntéc emtotpédi-
MoU - TohuwVLULXOL TUTou, 'ewnovia

1. EIXATQI'H

Y10 enixevtpo Tou evblagépovtog tng Ocewplog IIavothtwy Tig teheutaieg de-
xaeTieg elvor 1 LEAETY BIOXPITWY XATAVOUDY TOU oYeTI{OVTUL YE TNV ELPAVIOT) POWY,
AoYw g eupelag eQapuootpdTNTdc Toug o€ Sidpopes €M THOVIXES Teployéc (BAénete
Balakrishnan and Koutras (2002)).

A¢ Yewprioovpe pia axohovdio n doxiwdv Bernoulli 7y, Zs, ..., Z, xu Z; =1
(emruyio) § Z; = 0 (amotuyio) pe mdavotnta p; xu ¢; = 1 — p;, avtiotouya, dnA.
plzp(Zzzl):1—P(21:0):1—ql, 1§’L§7’L

Ly npbdogatn dovherd twv Dafnis and Makri (2022) o1 ouyypageic yenotpo-
Tolnoay TiC poég EMTUYLOY UAXoUS TOUAdY o ToV Kk yio var eumiouticouy tnv €peuva
ot Fewnovia tou oyetileton ye poviéha povddac Vepudtntoac (heat unit models).
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To yovtého toug mnydlel and v amhy Wéa OTL wla cuYREVTpwon ‘Lea TV’ NUEPOY
uropel va Yewpniel o wovdda vepudtnrac. H mpoavagepduevn dovketd propel va
evioyvlel av emiBAndel xar éva dve dplo oTov dptlud ETLTUYIWY 6 XAVE oY) TOU Xo-
tapetpdrar. Ilpdypatt, 0 oyetlouevn pe ta povtéda autd Bihoypapla uTodetxvie
6t n emPoly) evée tétotou oplov propel va anoderyVel Wiaitepa yerowun (BAénete
n.x. Bonhomme (2000)). ®uowxd, n 18éa autr pordler aitepo hoyixn xou oe GAAa
npofPAfuata oyetloueva pe ) I'ewnovia. A¢ Yewprooupe 1o ankd napdderypo Tou
ool TV CUVEYOUEVLY BROYER®Y NUEPOY TOU UTULTOVYTIUL TEOXEUEVOU VA TOTL-
otel plo xadhépyeta. Eivon hoyixd xdnotoc/a va xatayetprioet Ghec Tic teptddoug and
ToLMdyoTOV K ouveydueves Ppoyepéc nuépes (1 extipnomn g mopauétpou k Yo dia-
poporoteiton Yo Srapopetixéc xahhépyetes). AAAG, elvon npogavéc dtu 1 unepPolixd
LEYSdA TocoTnTa vepol unopel vo BAdder Ty xaAliépyeta. Yuvenog, Yo propovoay
va ebvor emdupntée nepiodot and toukdytotov k xou o tohd m (k < m < n) ouve-
youevee Bpoyepéc nuépec (n extiunomn tne napapétpov m Yo elaptdrar, enione, and
TN OUYXEXPIUEVY] XUAREQYELDL).

H npoondeia va poviehomoindoly tétotou eldoug mpoBAAuata Tne mpayaTixng
Cwng yevvd plo YEVIXEUUEVY OTATIOTIXY GLVAPTNOY POWY, T omola eivar o aptiudg
TWV POWY ETUTLYLOY UWHXOUS TOUAAYIoTOV k ot T0 TOAD m o€ pio axoloudia doxudy

Bernoulli.  Eivou 8¢ diaitepa onpavtinds o oUVOAIXOS aptdudg TV EMITUYLDY
0€ ONEC TIC TPOAUVAPEPOUEVES POEC. MTNV Tapolod epyacia Yo EMXEVIPWOOUUE TNV
TpoooY | Wag o€ auth TN otato Ty ouvdpTtnon (BAénete, toug Antzoulakos et al.
(2003) xon Makri et al. (2007)). H yperétn poc Yo npayuatonomlel péoa 610
Yevxdtepo Thaioto Twv r-acevdv powv (BAénete touc Dafnis and Makri (2022)),
T0 0T0L0 TPOGPEREL PUEYUNDTERY) TROGUPUOC TIXT| IXAVOTNTA GE TEPITTOOELS EQPAPUOY WY
we peyahltepn nohumhoxdtnta (n emtmhéov napduetpoc 7, r > 0, emTpénel PéyloT
anbotacn r + 1 petald xdie dvo dadoyixwv emtuytwy otn pot)). Trevdupilouvue
ot 1 0-a0¥evic por) elvan 1 Tumxn poY). LUVERWS, To VEX AMOTEAECUATO QUTHS TNG
BOUAELAC XUAVTITOUY %o TNV TMERPITTWOT TUTIXWY POWY.

Tty pehétn e véag tuyadac uetoAnthc (o ouvolixde aptiude EmTuYIOY o€
bheg Tic aovevelg poée uixoug TouldytoTov k xat To ToAD m) Tpénel var avartuyVoly
véa pevodoroyixd epyaheia. H pédodog epgpitevong o Mapxofiavi| alucida egniou-
Tiletan xou 1 OOYEVELXL TWV EUPUTENCIUOY UETABANTOV EMO TEEPLLOU - TOAUWYLIIXOD
tomou o Moapxofiav) ahvoida elodyeton xar peketdton. H véa autr oxoyévela yevi-
XEVEL TNV OLXOYEVELX EPPUTENCIUOY PETUBANTOV Slwvupixol TOTou tou €yel eloay Vel
ané toug Koutras and Alexandrou (1995), v owoyévela eu@uIEboIUOY YETABAN-
TV emotpédipou tinou ntou €yel eoayei and touc Han and Aki (1999) xon tnyv
OWOYEVEIL EUPUTENOIUWY UETIPANTGY ToALwVLUX0) TOTOU mou €yetl ewoaydel and
touc Antzoulakos et al. (2003).

Ye 6\ v epyaoia oupPolilovpe pe [x] to peyahltepo axépoo mou eivon Wi-
xp0TEROC 1 {00¢ TOU T o Ue d; 5 TN ouvdptnon Delta tou Kronecker +yio toug
axepaioug 7, j.
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2. Tevixd Anoteléopata

Hpéogata, ot Dafnis and Makri (2022) ewofjyayav tic r-acOeveic poéc urixoug
Touldytotov k. Ou oplooupe tTwpa Ti¢ r-aclevelc poég urxoug ToLAdyLoToV k xou TO
okl m.

Opwowéc 1. Eotww 21,2y, ..., Zy pio axoloudio diupwy Soxpdy (Z; = 0 7
Zi = 1), apriunuévev and 1o 1 o 1o n. Tote, yio k > 2 xaw m > k, plo r-acdevric 1-
pot| uixoug TouAdytotov k xat to Tohl m elvar évag oynuationds and ToukdyioTtov k
xou To Toh0 m povddec (1s), dtav onotesdrinote dYo Sadoyixés Lovades oTig doxuég
i, 7 (1 <i<j<mn)unopobv va éyouy péytot anéotaon r+1, dnh. Vi, j ye Z; =1,
Zi=1xuZipyy=0ywot=1,...,5 —i—1,t61c d(Z;, Z;) <r+1.

I tov oplopd g YeTpxrc TNe andcTaorg o axoloudio diTiwmy doxwoy, To-
panéunovpe otouc Dafnis and Makri (2022).

A¢ ouyBohicovye pe Ly kg m,r TO OUVOMXOG apipd TwV 1s mou mepiéyovion oe
Oheg Tic r-aocevelc 1-poég prxoug Toukdylotov k xou 10 mohh m oe uio axohoudia
doxtuwyv Bernoulli Z1, Zs,...,Z, (k < m) ye mdavétnra emtuyloc (amotuyiog)
oy t doxwh pr = Pr(Z; =1) (¢ = Pr(Z; =0)=1—p), t > 1.

ITpoxewévou v BleuxOAOVOUUE TNV XATAVONOY TOU TARATAVG 0POUOY XoL TNG
OTATIO TIXAC OUVAPTNOTNS, divoupe €va mapdderypa. A Vewprooupe éva melpayor xo-
td 10 omoio n = 30 doxwéc Bernoulli, apriunuéveg and 1o 1 wg 1o 30, 0dnyolv
oty axohoudia anotedeoudtewy 101001011001110100101101011001. Torte, ov 1-
aoVeveic 1-poéc whxouc touldylotov 2 xou 1o mohd 4 ebvon ou: |1,2,3|, 16,7,8,9|,
112,13, 14,15, 16| xar napatnedvTag Tic TWES T véog Tuyaiog petafAntic unopol-
we vo yedouue Looa1 = 0, Lzoa1 = 2, Le241 = 2, Lgoa1 = 4, Lgoa1 = 5,
L1241 =9, Loaoa1 =13, Xoso41 =4, Loso41 = 13, Xo6241 =3, Lae241 =9,
X302,4,1 =3, L3241 =9

‘Eyovtac oploer tnv tuyada yetoafAnts (t.4.) Tou tpé)oviog evilapépovtog, Uno-
polue va avartiiouue o amapaitnta yedodohoyxd epyaleior Yior T HEAETH TG XO-
Tavouns tne. Katd tn Sidpxeia twv teleutainy dexactiwv 1 uédodog eupiitevong o
Moapxofravy| ahvoido €yel avantuydel xou yenotponomiel extetopéva yia T BEAET
XATAVOUADY poGY xou oynuatiogoy (BAénete Toug Antzoulakos et al. (2003), Fu and
Lou (2003), Fu and Koutras (1994), Han and Aki (1999), Koutras and Alexandrou
(1995)).

Y ovvéyeta Yo ddooupe Ty évvola Tne epputedoung petaBintic oe Mopxo-
Bravr ahuoida, 1 ontola ewofiydn and touc Fu and Koutras (1994). Eotw X, (n évac
UN-0pvnTiXoc axépatog) wio gn-opvnTixy, TENEpaoUévy T.u. ToU Tolpver axépotes TES
xou £y, = sup{x : Pr(X,, = x) > 0} 1o avdtepo onueio tne.

Opwowodg 2. H 1.y, X, Vo ovoudleton euputedoun petaBinty o Mopxofiovy
oAuaido av

(a) vundpyer Mapxofiovi ahuoida {Y;, t > 0} opiouévn oe éva droxpitd yodEo
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xatoo tdoewy €2, o onolog urnopel va dtoueptotel wg e€Rg

o=]Jc.,

x>0

(b) n ouvdptnon mavétnrag e X, unopel vo unohoyiolel Vewpdviag Tty
Tpofolt| tou yweou miavotntag g Yy, oto Cf, dMA.

Pr(X, =z)=Pr(Y,€Cy), n>0, z=0,1,...,0,.

Y1 BiBhoypagia €youv pehetniel StapopeTixol TOTOL ERPUTEDCIUOY TUY ULV UE-
oAty oe MopxoPioav) ahuoida. Or Koutras and Alexandrou (1995), peletdvtog
TNV XoTavopr] Tou aplduod pomy Xl CUPWOEWY, 6ploay TN UETUBANTY Siwvupxol To-
mou euguteon oe Mapxofavr) alvoida (MVB). Ov Han and Aki (1999) épioay
™ petaBinth emotpédpou tinou epgutedolun o Mapxofiavh oduoida (MVR)ya
va emiteédouy T PERETN TG xaTavounc Tou oprluol powyv ue axpBéc prxog. Ot
Antzoulakos et al. (2003) yehétnoav 10 oUVOAIXS aptiud emTuYUdY oE poéc Wh-
X0UG TOUAAYIOTOV k xat €07 yayoy Th UETOUBANTH TOALWVLIX0) TOTOU EUPUTEDOLUT
oe MoupxoBiave) ahuoida (MVP). H perétn g xatavouhs ™ T.u. Ly gm,r amoutel
wlar YEVIXELUOT] TV TPOAVAPEPOUEVWY OIXOYEVELWY EUPUTENCIUOY PETUPANTOY. Yu-
VETOC, 61N ouvéyeta Va opioouvye 0 UETABANTH MG TEEYILOL-TOALWVLIIXOD TOTOU
epgutetoun oe Mapxofiavh ahvoida (MVRP).

Opwopods 3. H tu. X, Yo xakeiton UetoAnt) enio TpEPILOU-TOAUGYUUIXOD
Tinou epgutelolun o MapxoBiav| ohvoida (MVRP) av

(a) vundpyer MapxofBioavh ahuoida {Y;, t > 0} opiouévn oe éva daxpitd Yoo
xatootdoewy €2, o onolog unopel va drouepiotel wg e€Xg

Q= U C:c; Cx = {ca:07ca:17 '-‘7cx,s—1}7
x>0

(b) undpyouv do Vetixol axéponot m xou k tétotor dote yiut > 1

Pr(Y, € Cy|Yi—1 € Cp) =0, yaxdde y#z—m,z—m+l,...,2—1,z,2+1,..., 2+k,

(¢) m ouvdptnon mavétnrag e X, pmopel va unohoyiolel Yewpdvtoag TV po-
Boh¥| tou yopou mavotntag e Y, oto Cy, dmA.

Pr(X, =z)=Pr(Y,€C;), n>0, z>0.

Ytov Oplopd 3 €yovue Yewprioet, ywplc BAABN TNg YeEVIXOTNTAUC, OTL GAOL OL Y WEOL
vroxatactdoewyv Cp,x = 0,1,... éyouv tov (B0 nenepacuévo nhnidpripo s = |Cyl.
Mo k=1 xu m =0, o Opiopds 3 avdyetar 011 UETABANTY Slwvuuixol TOToL
epgutetoun oe Mapxofiavy ahuoida. Ta b = 1 xav m = 1, o Opiopdg 3 avdye-
T ot PETPBANTH emoteédipou tOnou epgutedon o Mapxofiavy aluoida. T
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m = 0, o Optopdeg 3 avdyeton 6N UETABANTY TOAVOYLUIXOD) TUTOU EUPUTEDCIUY OF
Mopxofiavi| ahucida.

Anéb tn ouvidfxn (b) Tou Optopol 1 npoxinter 6Tt o pOVES EQLxTéC PETAPBdoELS Yol
v {Y;, t > 0} elvan autée mou diegdyoviar péoa oTov (B0 YOpo UTOXATAC TAGEDY
Cy # and v vroxatdotaon Cyp oe pio and Tic endpevee unoxataotdoelc Cpyy (1 =
1,...,k), 1) oe pla and 1g mponyovueves unoxataotdoe Cp—; (1 = 1,...,m). 'Etou,
yevviolvton ot endpevol (m + k4 1) s x s nivaxec mdavotitwv uetdfoong

Api(w) = (Pr(Y; € copijr|Yic1 € caj), —m<i<k, t>1, x>0.
Supporiloupe pe fi(z) ta daviopoata mrdavotitwy
fi(x) = (Pr(Y; € cpo), Pr(Ys € cz1),...,Pr(Yy € cp5-1)), t>0, >0
XOU YE
7wy = (Pr(Yp € cpo), Pr(Yo € cz1), ..., Pr(Yy € cz5-1)), x>0,
Tic apyxéc miavdtnteg e Mapxofiavrig aluoidog.

Eivou npogavéc 11 1 ouvdptnon mdavétntac fr(x) e X, unopel va exgpaotel
OIS

fo(z) =f,(x)1, n>0, z>0, (1)
6mov 1 = (1,1,...,1) eivon 0 Sidvuopa ypoppr Tou R® to onolo éyel Gha ta o Totyein
Tou {oa pe 1.

H oOpfoon Pr(Xg = 0) = 1 ouvendyetou 6t
71'01/ = fo(.%')ll = (PY(YZ) S Co}o),Pr(Yb S CO,1)7 ...,PI‘(}/() S 60’5_1))1/ =1,
xa w1 =0y x> 1.

SvpPorilovpe pe @i(z) xou ¢(z,w) v amhfy xou 0 A yevwhTpta ouvdptnom,
avticTolya, mou eivor

pi(z) =) Pr(X;=1)2" é(z,w) =) @i(z)u',
=0 t=0

we @ (2) xa @(z,w) v anhy) xou ) SAf Savuopatixd YEVVATpLo ouvEpTnom,
avtiotoya, mou ebval

@i(2) =D _fil2)2", Plz,w) =D pyz)w'
=0 t=0

xat e I tov tavtotixd mivaxa s X .
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YupPoriCouye, téhog, ye i = E(Xy), t > 1w péon tph e Xy xan pe M(w) =
o021 mwt, T yevvitpla TrG.
To axdhoudo Yewpnuo emTEENEL TOV LTOAOYIOUS TNG SLVAPTNOTNS TavoTNTag Plag
MVRP.

Ocehpnua 1. H axolouvdio towv diavuopdtev fi(z) ixavoroel ty avadpopxt

oYéo
Xeon i
fi(z) = g fi 1(x—i)Api(x—i), t>1, >0,

i=—m

we fi(z) =0, yio x < 0, o fo(z) = 75, yia 0 < 2 < 4.

AnodeEn. H avadpour mpoxinter dueca and 1o Yewpnuo ohixfig mdavétntag
xat tov Oploud 3.

Y1 ouvéyela, Yo E0TIAO0VPE TNV TEOCOY T UAS OTNHY TEPITTWON TVAXWY ToU deV
eCapTwvTal and To x. BTNV edixy| teplntwon auth, ta anotehcopata twv Koutras
and Alexandrou (1995) xou Antzoulakos et al. (2003) yevixebovtar pe ) yprion tne
avadpoutxnc oyéong tou Ocwpruatog 1, xar mpoxdnTouy T axdhovia Vewpruata.

Oehdpnua 2. Av Ay i(x) = Ay yraxdde 2 > 0, ¢ > 1 xou —m < i < k, t61€ 1
(amhf) Bravuopatixd yevviteta wac MV RP t.u. Xy unopel vo ex@poaotel wg

t k
QOt(Z) = T H < Z Aj7izi) , 1 > 1.
j=1

i=—m

Oehpnpa 3. Nty nepintwon plag ogoyevoic MV RP (Asi(x) = A; yio xde
x>0,t>1xu —m < i < k) n dmhf davuopatixy yevvhtela tne Xy unopel va
EXPEAC TEL OO

t=—m

& -1
d(z,w) = mo (I —w Z Aizi> .

Oedpnua 4. Ltny nepintwon piog ogoyevoic MV RP (A i(z) = A; yia xdie
x>0,t>1xm —m <i<k)nuéon upf e Xy xou 1 YEVWAHTPIO TWV LECWY THUDY
UTopoUV VoL EXPEAC TOVY WG

t k j—1 k
Mt = E(Xt) = T Z < Z AZ> ( Z ZA,) 1/.

Jj=1 \i=—m i=—m

0 k -1k
M(w) = Zutwt =1 iuwﬂ'g (I—w Z Ai> ( Z iAi> 1.
t=1

i=—m i=—m
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3. H xatavopr Tou cLUVOALXOL AELIUOD TWV ETMLTLUYLOY TOU TEPLE-
xovtow o€ OAeg Tig r-acVeveic 1-pogg W% 0oLS TOLALYLEoTOV k xou
To TOAD M

To enduevo Oewpenua divel ) ouvdptnon mdavotnTag ™S T4 Ly k-

Ochpnupa 5. H ouvdptnon mdavétnroe fu(x) = P(Lygmy = ) TE T-W.
Ly kmyr (2 <k <m,r>1)divetoan and  oyéon (1), énou f;(x) elvon ta Sraviopota
TavoTNTUC TOL IXAVOToloUY TNV avadpout| Tou Ocwpfiuatog 1,

0, = [#ﬂ} m+(n - [ﬁ} (m+r+ 1)) Ty (n . [#ﬂ} (m+r+ 1)) ,
s=(m+1)r+m+2, 0 A elvou évac nivaxag s X s, 0 onofog €yet Gha oL T
GTOLXSicx foa pe 0 extog and ta otoryeio
e (1,1), nou eivon ioo pe ¢,
(m+2+4r,1),j=1,...,m+1, nou elvar Oha {oar pe ¢,
(t,i+1), 1 <i<k—1, nou eivon bhat loaw pe py,
(t,m+34(i—2)r), 2 <i<m+2, nou eivon kot (o0t Y ¢y,
(m+2,m + 2), nov eivau (60 Ye py,
(m—i—2+]r—|—z j+3),yiak>31<i<r j=0,...,maz{0,k — 3}, nou
elvon Oha (oo ue py,
(m+1+i,m+2+i),yior>2, (j—2)r+2<i<(G-1r,j=2,...,m+2,
mou elvar 6ha (oo Ue gy,

o (r+1)ym+2+i,m+2),1<i<r, nov eivar 6o {oor e py,
0 Ay 1 elvon évag mivaxag s X s, 0 omolog €yet dha Tou o o Tovyela (oo pe 0 extog and To
otowyeia (i,9+1),7 = k+1,...,m xu wotoyeio (m+2+(k—1)r+jr+i, k+2+7),
i=1,...7,7=0,...m—k — 1, nov ebvar dha (oo pe ps, 0 Ay elvon €vag mivaxag
s X s, 0 onofog €yet Gha Tou Tor oTotyeia foa e 0 extéc and 1o otoyeio (k,k+ 1)
xou T ototyelo (m+ 24+ (k—2)r+i,k+1), i =1,...r, mou eivar 6ha {o0l e py,
0 Ay _pm ebvon évag mivaxag s X s, o omolog €yel 6ha Tou Ta aToryela foa pe 0 extodg
and to otoyeio (m + 1,m + 2) xu ta otoyei (m + 2+ (m — 1)r +i,m + 2),

i=1,...7, mou eivon 6ha oo ye py xou Ghot ot mivaxeg Ay, vt = —m+1,..., -1
xar i =2,...,k—1, ebvan s X s undevixol mivoxec.

AnodeEn. Oo anodeilovpe TpOTA OTL 1) Ly kmr AVAXEL GTNY OLXOYEVELL TWV
MVRP ..

O¢toupe
by = [ﬁ] m + (n— [ﬁ} (m+r+1)) Tj,00) (n— [ﬁ} (m+r—|—1))
X0l ELOGYOUUE TO YWPO XATAC TACEWY () = Uf/”:() Cy émov ot Cy,y =0,1,...,4, ebvar

gévol petall toug undyweol e | Cy |= (m+1)r+m+2,y=0,1,...,4,, otoyela,
mou ouuBoiilovto wg e€hg:

Cy = {Cy,07 Cyly--+5Cymi1, Cy71(1) ’ Cy,1(2)7 cee ,Cy71(r),
Cy,2(1) 9 Cy72(2)7 e 7cy72<7‘)7 s 7Cy7(m+1)(1) 9 Cy’(m+1)(2)7 cey Cy,(mJ,»l)(T) }

Y ouvéyera etodyouye wa MopxoBiav ahvoida {Y;, t > 0} otov 2 we e€nic:

52



Y; € ¢y = {(y,)}, f 10080vapa Yy = (y,1), av ota npodta t anotehéopota
21,2y, ..., 2y 0 Guvohixog aptduoc v 1s mou nepiéyovian o€ Oheg Tig T-acVeveic
1-poég urxoug Toukdylotov k xou 1o TOAD m elvon Y xou
(@) =0, av
(1) y =0 xou H§:1(1 — Z;) =1 (Bev éyer eppavioVel 1 péypt to anotéheopa t) 1
)yt >r+1, [[[_o(1 — Zi—;) =1 (1o uhxog e 1p€)0oucus pofc AmoTUY LMY
elvar peyolitepo and 7).
B)i=4,j=1,2,...,m, av 10 anotéheopa t eivon To tehevtaio 1 (Z; = 1) woc
r-acvevoig 1-pofg pnxoug j.
(v) i=m+ 1, av to tehevtaio anotéheopa eivar to tehevtaio 1 (Z; = 1) wag
r-acvevoig 1-porg prxoug toukdyiotov m + 1.
(®)i=43D 1<j<m,1<d<r, av 1o anotéheoya t evor to d-06T6
ouveyopevo 0 wag pofc AmoTUY LDV
(Hfz_ol(l —Zy—i) =1, Z;_q = 1), n onolo axohoudel wa r-acVev 1-pot| pufixouc j.
(e)i=(m+1)*) 1<k<r ov1o atotéheoya t eivor 10 k-001d cuveySUEVO
0 wag pofic ATOTUYLOY
(Hf;ol(l —Zy—) =1, Zy_j, = 1), n onola axohovdel wa r-aoVevy| 1-pot| pfixoug
TOUAGYIoTOV M.

Me autr v npoepyacia n T.u. Ly kmr YiVETw MV RP ye Bidvuoua apyixey
mavotAtey

™ = (]-’ 0,0,..., 0)1><((m+1)r+m+2) )

xan mivoaxeg Az g, @ = —k,...,m ol onolot £€youv T G TOLYElN TOU TEPLYPAPOVTAL GTO
Vedpnua.
To anotéheopa npoxintel dueca and 1o Oewpnua 1 xou tov Oploud 3.

Ac emiotpédoupe oto mapdderypo e Evotnrag 2. Tty axoloudia tov o-
noteheopdtwy 101001011001110100101101011001 xon tnv eduxr nepintwon k = 2,
m =4, r = 1, oi xataotdoeg g MapxoPiavrc ahuoidag Tou Oewphuatog 5 eivar
Y1 = (0,1), Yo = (0,1M), Y3 = (2,2), Y3 = (2,20), Y5 = (2,0), Y5 = (2,1),
Y7 = (2,10), Y3 = (4,2), Yo = (5,3), Yio = (5,3M), Y11 = (5,0), Y12 = (5,1),
Yiz = (7,2), Yia = (8,3), Y15 = (8,3W), Y15 = (9,4), Y17 = (9,4W), Y15 = (9,0),
Yig = (9,1), Yoo = (9,11), Yo = (11,2), Yap = (12,3), Yoz = (12,3M), Yy, =
(13,4), Yos = (13,41), Yas = (9,5), Yoy = (9,5), Yag = (9,51), Ya9 = (9,0),
Y30 = (9,1). Xe auth v nepintwon ot pn-undevixol tivaxeg mdavotitov petdBacng

53



&hc:

glval ol €

’

coo gooocoo
—~
-
=
G o000 goocooooo
-
—~
=
WO o0 EFoocoooooo0
N
—~
A
=
oo doooocoooo
-
—~
-
=
L O oo oocooooo0oo
-
i
OO0 000 goooo g
-
—~
Yoocoocooocooocooocoo
-
)
L0000 0000O0O0O
N
—~
VNoocoocoocoocoocoococooo
N
—~
i
o000 00000O
N
&)
SO0 000 &E&EE&EEE
N

07
<

(72(1)) (73(1)) (74(1)) (75(1))
0 0 0 0

('1 1(1>)
0

(15)

bt

0
0

bt

A1 =

(,2M)  (,3M) (-, 4M)y)  (-,5(1))

(.’1(1))

0

0

0

0

0

0
0

Ara =

(.72<1>) (.73(1>) (.,4<1)) (.75(1>)

('74) (‘75) ('71(1))

('73)

0

0

bt
0

0
0

bt

At -4

54



ANAPOPEX

Antzoulakos, D.L., Bersimis, S. and Koutras M.V. (2003). On the distribution
of the total number of run lengths. Annals of the Institute of Statistical
Mathematics, 55, 865-884.

Balakrishnan, N. and Koutras, M.V. (2002). Runs and Scans with Applications,
New York: John Wiley.

Bonhomme R. (2000). Bases and limits to using “degree.day” units. European
journal of agronomy, 13, 1-10.

Dafnis S.D. and Makri F.S. (2022). Weak runs in sequences of binary trials.
Metrika, 85, 573-603.

Fu J.C. and Koutras M.V. (1994). Distribution theory of runs: a Markov chain
approach. Journal of the American Statistical Association, 89, 1050- 1058.

Fu J.C. and Lou W.Y.W. (2003). Distribution theory of runs and patterns and
its applications: a finite Markov imbedding approach. Singapore: World
Scientific Publishing.

Han Q. and Aki S. (1999) Joint distributions of runs in a sequence of multi-state
trials. Annals of the Institute of Statistical Mathematics, 51, 419-447.
Koutras M. V. and Alexandrou V.A. (1995). Runs, scans and urn model distribu-
tions: a unified Markov chain approach. Annals of the Institute of Statistical

Mathematics, 47, 743-766.

Makri F.S., Philippou A.N. and Psillakis Z.M. (2007). Success run statistics

defined on an urn model. Advances in Applied Probability, 39, 991-1019.

55



8 [paxtika 340v [Taveknviov Zvvedpiov Zratiotikng (2022), (o). 56-69)

YTMITEPAYXMATOAOTITA AZIOIIIXYTIAY. ME
ECAPMOT'EY XTA ANAAOTTXTIKA -
XPHMATOOIKONOMIKA MA©OHMATIKA

A. Moxpione, X. Meoeiione, A. Kopoypnyoplou
Epyaotpio Xtatiotxrc xoar Avdluone Aedopévwv
Havemiothuwo Avyaiou
{amakridis, meselidis, alex.karagrigoriou } @aegean.gr

ITEPIAHVH

Yny napovoa epyasio avamTOGOETOL Uil XAVOTOUOS TEOGEYYLoT TeOBAedng BelxTy
{nulag YpnotwomoumvTag W e Lop@y| nuipaexofBiovedy dtadactdv. Optlovton
Tpla eninedo Tou (unwiaiou) deixtn Lnuiog to omola Yewpolvtoar wE oL xATACTECELS
wog nuipoexoflavic dtadactag xo yenouloroteitar 1 uedodohoyla nuidaexofLlo-
VOV SLOBIXACLOY VLol TNY EXTUNOT TwV THavoTATwY PETdBaong YeToll TwV €M
TédwV/xatactdoewy Tou deixtn {nulag xar xot” enéxtao Yy Ty ofloAdYNon Twy
OTOTEAECUATWV TWV ACPUACTIXOY oUUB0VAWY insurance advisors) xou tnv €yxouen
eCuylavon twy yaptopulaxiwy toug (insurance portfolio).

AéZeic whewdid: Avaroyiouog, Alomotio, Hupapxoflovée dwadixaoieg, Ievinée A-
ogaiioeic, Aelxtng {nulog.

1. EIXATQI'H

‘Evo cbotnua mou pnopel vor €yel €vay TENepaouévo aptdud puludy anddoong
umopel va povtelomoindel xou vor a€loroyniel we mpog v o&lomotio Tou, PEow
evOC CUOTAUATOC TOMGOY xataoTdoewy (multi state system, MSS). O Baowéc év-
voleg ng adlomotiag MSS mpotdidnxay tn dexaction Tou 70 v yevixeloelg xou
TPOEXTAOELC TOUS Topovatdoinxay t dexaetio tou ‘80 (Natvig 1982; Murchland
1975; El-Neveihi and Proschan 1984). I'ia npéogateg Vempntinés Uehéteg xan eqop-
poyég otn Yewpla allomotiog Twv MSS o avoyveotng umopel vo avateégel 6Toug
Lisnianski et al. (2010), Lisnianski and Levitin (2003) xou Natvig (2011). ‘Ocov agopd
GUG TAUATO NULUOEXOBLAVEY BLABXACLDY CUVEY 0V YEOVOU Xt oy eTixd Véuata allo-
TOTLUG EVOELXTIXES AVUPORES ATOTEAOUY OL uEAETES Twv Limnios and Oprigan (2001)
xot Limnios and Ouhbi (2003 & 2006).
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‘Ocov apopd acPaMCTIXES ETAUEEIEC TOU BPACTNELOTOLVVTAL OTOV YMEO TWV YE-
VIXOV AOQUANCENDY, 0 EAEYYOC TN EMAPXELNS TOU xodopo) do@ahicTEou UTOREl Vo
diepeuvniel péow tou (unviadov) Seixtn Lnuioc o omolog duvartar vor Vewpniel we
VO TN TOARATADY XATAOTAoEWY. §2g xodapd ao@dMaTEo (1 amhd, Ac@IAoTEO)
voe(ton exelvo to omolo elvar oe Véom vo xohOdel To UPog TV ATUTACEWY TOU
ONULOLEYOLVTOL ATO TIC ACPAUAC TIXES epyaoieg Tng eTtoupetac. To aopdhicoTteo mpo-
CaUENUEVO (OOTE Vo amoppo@d Tor €€00a xon var AauBdvel unddr Tou To mEpLiNpELO
x€pdoug, dnuiovpyel To gumopxd acpdhoteo. O (unviadog) deixtng Inuioc emo-
HEVOLS UTOREL VoL 0PI TEL ¢ 0 AOYOS TOU GUVOAXOU UPOUC TWV ATAUTACENY TEOS TO
xodapd ao@dhoteo. Etol éva oplig (8ixouo amd tnv oxomd tne oTaTlo TIXAS Xou
v TavoTATWY) 0plouévo aopdhloTteo odnyel tov deixtn {nuloc oe uor ‘Tumxr’
xatdotaon (olte {nuoydvo olte xepdopdpo) Tou xiveltan YOpw and T povdda (1).
INo mepiocdtepec TANEOYORIEC OYETXE UE AVONOYLOTIXES TEYVIXES YEVIXOV OC(O-
AMoewv mapanéumouvue otoug Parodi (2014) xou Klugman et al. (2019). Eva xovdih
OLVOUTC ACQUALCTIXWDY TEOLOVIWY GTO XOWVO, AMOTEAOVY Ol ao(QoAoTixol cluBou-
Mot Ou acgahiotixol clyfouviol Tou exmpocnmnoly uio etoupela aroteholy xaipto
cucTaTING oToLyElo NG emTuyiag TNC Xou aUTO xoio TUTAL EUPAVES oV AVUAOYLO TE-
{ xavelc To yeyYovog OTL o gpyacieg Toug elval dUECH GUVLPACUEVES UE TA £G00X
xou Xt emExTao, Ta x€pdn tne etoupeioc. Tdhlotng onuaciag amotelel emouévng
1 o&LOAOYNON TWV OTOTEAECUATWY TOUS Xou UTO To Tploua autd, o delxtng {nulag
dUvaton va amotehéoel €va epyolelo EAEYYOU — AELONOYNONG TWV OMOTEAEGUATWY
TWV ACPUANOTIXGY CUPBOUAWY, EVE GTO TANIGCLO TWY CUCTNUATWY TOANATAWY XAUTO-
otdoewv (MSS) umopel va yenowonowmdel yia tnv npdfAedn e xatdotoong oTny
onoio uropel vo teptéhiel évac acpolotixds oduBovhoc (otny napoloa YeAETN Ve-
OPOVUE TPEIC XATACTAOELS: XEEOOPOEO, TUTIXY Xt {NUIOYOVO), EMTEETOVIAS OTNY
etoupetor vor haBdvel €yxonpar ToL EVOESELYUEVOL METEA X0 ATOPACELS Yial T1) ST ienom
7 v e€uylovon Tou yapToguAiaxiou exdoTou cuuBoliou.

‘Eotw wo Swodixacio opiouévn oe éva yweo mdavotitov (2, F, P) o ydeo
xatactdoewy B = 1,2,..., N 6nou yia nopddetyya, n xotdotacrn N agopd oTny
mAfen anddoon (Aettoupyia) Tou cucTAUATOC €V 1 xatdotaon 1 oty TAen o-
motuyta (un Aettoupyia). Ou popxofiavée Swdxaoiec amoteholy TuTXd EpyoAEl
Yior TN HovTeAonolinon evog TETOLOU CUCTARATOS. X auTh TNV epyaoia eoTidlouye
GE GUC THUATA TOAAGDY XATUC TUCEWY TA OTOL0L LOVTEAOTIOLOVUE UETE NULLAEXOBLIVOY
OLABLXACLOY, OL OTOLEC YEVIXEDOLY TUTIXES UoEXOBIavES BLUBIXACIES EMITRETOVTAC YE-
Vixée xatavopués yio Touc ypdvoug mapopovic (sojourn times) oTIC X0TOG TAGELS TOU
ovothuatoc (Limnios and Oprisan 2001). H eveliio auth xadiotd Tic nupopxo-
Blavée BLodixaolec TeoTNTéES Oyt UOVO Yiot LEAETES olOTO TG CUCTNUATLY OANS
xaL Yo EpapUoYee, yevixotepa. [a Toug oxomolc tng mapolcos YEAETNE oL YEdVOoL
TUEUUOVYC GE [LoL BEQOUEVT) xaTdoTAoT Vemwpeltan 6Tl axolovdoly XATaVOuES Tou
AVIXOUY OE [LOL YEVIXELUUEVT XAAOT xoTtavou®y. ‘Eva and to onuavtixdtepa 660 xou
EVOLUPEPOVTA VEMENTIXY YOEUXTNELO TIXE TNG TEOTEWOUEVNS XAGOTNG XOTOUVOUWY EfvaL
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OTL auTH elvol XAELOTH WG TEOG TNV EAGYLO TN XL T1) LEYIO TN DLUTETOYUEVT) THRATHRT-
on (B\. Balasubramanian et al. 1991; Barbu et. al 2017). AZ{let va onuewwdel 6Tt
apxeTES dNuouAelc xatavouée oflomotioc onwe 1 exdetinr], n Weibull xou 1 Pareto
ATOTEAOUV UEAT] TNG CUYXEXPUEVNE XAAOTC XOUTOUVOUMY.

To neplypopua tng epyaciog etvon to €€ig: XNy evotnta 2 TopouCLdlETAL 1)
Yewplo TV NUaExoBiovey SLadixaolwmy xal opileTan 1 YEVIXEUPEVY XAACT| XATAVO-
MGV, TNV evotnTta 3 Topouctdletar 1) dladacta exTiunong xou oty evotnTa 4 ot
THovOTNTEG UETABAONE oL OL EXTUWNTES TWV EUTAEXOUEVOLY TapouéTeny. H eqop-
poy” tng pedodoroyiog oto unviodo deixtn {nuioc xou ot miavdtnteg yetdBaong Yo
OLdpopat YEOVIXA BLHC THUTA ToEOLGLELoVToL GTNY EVOTNTA 5.

2. HMIMAPKOBIANEY ATAAIKAYIEY. KAT ¥TYXTHMATA
[TOAAQN KATAYXTAXEQN

Or nuwoexofiavég dadixacieg etvan Tumixd epyoleio Yoo T povielonolnon Te-
YVXGV cuoTNUdTwy. Mo Tétolo xatnyoplot CTOYAGTIXWY BLaUBXACLOY YEVIXEVEL
TIC TUTIXES UUEXOPBLOVES BLadLXAolEg GAUUTOS ETUTOETOVTOG YEVIXEG XAUTOVOUES YLdL
ypovoue mapopovic (Limnios and Oprigan 2001).

Ac vnodéoouye OTL 1 ypovixr| eZENEN EVOC CUCTAUATOC DIETETOL OO ULal GTOY -
ot Swdiaola Z = (Z;)ier, - Optlovue ye S = (Sp)nen TIC DLBOYIXESC YPOVIXEC
otiyuéc xatd Tic omofec mapatnpeiton ooy xatdotaone (HeTdBaon amd Yol Xo-
Tdotaon oe dAN) ™S (Zt)ier, xon e J = (Jn)nen TIC OL000YXEC XOTACTAGELC
xatd tig ypovixée autéc onypés. Opiloupe enione X = (Xp,)nen va ebvan ot dtado-
Yol ypdvol napopovic (sojourn times) otic exdotote xatactdoeic. ‘Etot,

Xp = Sn - Sn—la ne N*,
xa, xotd oVuPaot, Yewpolue Xog = So = 0.

Ag Yuundolye €66 Toug oplouole Uiog avavewTixig dladacioc Markov xou piog
nupapxoflavic Swadaoioc (BA. Limnios and Oprisan 2001). 'Eotw 6t (J,5) =
(Jn, Sn)neN ovoTolel TN oyéon

P(Jn-i-l = ju Sn+1 - Sn S 75|<]07 e )Jna Sla e )Sn)
— P(Jn+1 — j, Sn_l,_l - Sn S t|<]n),j S E,t c R+,
T6te
* 10 Lebyoc (J,S) anotekel tnv avavewmtixy Swdxoaoio Markov

* N (Jn)nen xoretton epPontiopévn papxoflavr ahucida (embedded Markov chain)
xol
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* Z = (Zt)ier, ovoudleton nuipopxofiavy) Swdixacia tou oyetileta pe to Le-
Oyoc (J,S), 6mou
Zy = JN(t) & Jy = an,
EVQ
N(t) :=max{n e N| S, <t}, t € Ry, (1)

elvon 1) amoprdunTy dtadxacta Tou TAYYouC TwY PETUBACEWY GTO YPEOVIXO Ol
Gotnua (0,t]. "Etot, Z; opileton w¢ 1 xATdOTOON TOU CUC TAUNTOS TN YEOVIXN
oTypn t.

M nupapxoBiavr Sadixacta yopoxtneiletal and
L. v apywxh xatavopur (apyxéc mavotntes) a = (o, ..., an) étou

a5 = P(JO :])a ] € E7

xou
2. am6 Tov Tuprva Tou Siveton amd Tov TUTO

Qij(t) :=P(Jy = j, Xy, < t[Jn_1 = 0).

OplCouye eniong
1. tic mdavotnteg petdBaone e epBantiopévng papxofBovic ahuoidos (Jy)nen,

Dij ‘= P(Jn = j’Jn—l = l) = tgrgo Qij(t)v

word S wo
2. TIC CUVUPTACELS XATAVOUNC TOU YPOVOU TORUUOVHG

Wz(t) = P(Sn —Sp-1 < t‘Jn—l =i, Jp = -7)
= P(Xn < ZL/|Jn—1 =1,Jn :j)

Aev eivon d0oxoho va dewydel L Qy5(t) = pij Wi (1).

‘Eotw Tij o ypbvog mou Samavdtan (ypdvog TUpoovAc) oty XoTdoTooT & Tew
10 abotnua petoPel (ameudeioc) oty xatdotoaon j. LupBoiilouvpe ye Fjj;(t; 6;5) ™
CLVAETNON XATAVOUNG TOU YEOVOL TUEAUOVAS, OTOL B 1 M-BLdCTACT, EUTAEXOUEVT
Tapdueteog. Trovétouue 6TL 1 xatovour| Tou yedvou Tj; elvon amdAuTta GUVEYTC To-
vtoU w¢ mpog To pétpo Lebesgue pe ouvdptnon muxvétntog mbavotntag fi;(t; 6s5).

H Buvaixn tou cuothuatog mou npotelvetan ebvon 1) €€AC: 1 ETOUEVT XUTAGTAON
mou Vo petafel To cUOTNUA, PETE TNV xotdoToon 4, elval ouTh Yyl TNV omoio o
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xeovog Tjj ebvon o eldyiotog (uetoll v yedvey Tit, ..., Tii—1, Tiiv1, .-, Tin).
‘Etot, yia 1o nuipapexoflavo autd ovtélo, o Tuphvag TolpVeL Tr Lop®T

Qi) = P(mliﬂ Ty <t,Tij < Tig, Vl|Jn—1 = 1)
= P(mliﬂ Ty < t|lJn-1 =1, Jn = J) X P(Ti; < Ty, V1| Jp—1 = 1)
piWilt),
6ToL
pij = P(Jn=jlJno1 =1i) = P(T; < Ty, Vi|Jp—1 =)
%ol
Wis(t) = P(Xp < tldn_y =1, Jp = j)
= Plmin Ty < t|Jp1 =10, Jn = j)
= ]P’(mlin Ty < t|Jp—1 =1) =: W;(t), aveldptnto and to j,

TIOU AVTITPOGKTEVEL T CUVARTNOT XATAVOUHS TOU Y¥POVOU TURAUUOVAC GTNY XAUTAGC To-
on ¢ aveldptnTa and 1o oL Yo yivel 1 emduevn petdBoon. Eivow mpogavég ot

Z Qij(t) = Wi(t).

‘Eotw 6t n Wi(t) eivar andluto cuveyhic we tpog to pétpo Lebesgue pe muxvotnta
mdovétnros fi(t).

2.1 I'evixevuévn Khdon Katoavouov

H popgn twv xatavoumy tou e€etdlovtal oTnyv epyasia auTh Topouctdletal ot
authv Ty evotna. 1o ouyxexpyéva, e&etdlovye TNV TEPITTWOT OTOV Ol XAUTo-
vouéc Fij(-ai5), 1,7 = 1,..., N, xdmowwv tuyaiov yetoaintdv X;; elvou e Blog
CLVAPTNOLIXTC LOPPNC OAAG U BlapopeTinéc TapouéTeoug a;;. Me dhha Aoyia, e-
oudlouue o ave€dpTnTeg oahAd Oyt amapoitnTo todvopeg Tuyaleg petoBAntée. To
TUTXO PENOC AUTAS TNG XALOTG XATAVOUWY EYEL TUPSUETEO (oM pe TN wovéda (1) xou
Yewpeitow 6TL enaAndedel TNV o xdtw oyéon.

Fyj(tiay) =1 — (1 - F(t; 1)) (2)

TroOéooupe otL 1 Fij(t; aij) elvoan cuveyhc we mpog to uétpo Lebesgue xou ouyfo-
Moouye Ty tuxvottd tne pe fi;(t; aij).

Octpnua 1. Eotw X1, ..., Xy aveldotnteg ahhd Oyt avoryxoo Tixd \GOVOUES Tu-
yodec petoPintéc étol wote X; ~ F(z;a;) mou avixer oty xidon (2). Téte, n
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ouvdptnon xatavourc F(Y tne endyiotne Srotetarypévng tuyodac petofintric X
avixet enione otnv (2) (BA. Barbu et. al 2017).

H amholotepn Staxpith) xatavour mou avixel oty xhdon (2) eivar 1 Tewpetpr-
x| xotavour. XTic ouveyelc xoatavoués mepthopBdvovton ol Pareto, Kumaraswamy,
Weibull xodde xan eldinég neplntwoelg Tne tTeheutaiog, omwe n Exdetiny, n Rayleigh
xou 1 Erlang truncated exponential.

IMot Ty mo méve xAdom xotavouy, uropel edxoha va detydel To axdroudo amo-
TENEOUA OYETNA UE TAL XVPLOL YORUXTNEICTXG TNS NpaexoBiavig dwadixactog. T
guxohia ypnotponoteitar o axdrouvdoc oupPoroude F(t) == F(t;1), f(t) == f(t;1)
o Qij (tagsk=1,...,N) = Qy;(t).

Ipétoon 1. Loygwva UE TO TEOTEWOUEVO UOVTEND, toyUouy Ta axdrovda (BA.
Barbu et. al 2017):

i =
Qi) = 52 [1- 1= Py, o)
kek
Dij = Zwaik, (4)
keE
Wity =11 - Fepa " 5)
HolL

N g: Aij

iy = Yoy - Foy= " LG )

Jj=1

3. EKTIMHYXH BAYIKOQN ITAPAMETPQN

T v extipnon nopopétpwy (T600 EXEV®Y TOU 0PopolY TNV XATAVOUT GGO Xou
TV opyx®v TiavdTnwy) epopudletar n pédodoc péyiotng miavopdveoc. Mmo-
pov v Anpdoly unédn didpopo cevdpta EVOS 1) TOMGOY povoratidvy (pathways),
1600 Ue 600 xou yweic Aoyoxplolo (censoring). Xty mapolLca gpyacia To EVOLO-
@pépov ectidleton oTny yevixr| tepintwon L, L > 1, yovonaticyv ywelc Aoyoxpeioia.
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®€wp(bvwg L Tuxodoc OELY HOTOL LOVOTIATLOY HLOG TLpoexoPlaviic Otadxactag €0Te

1) (1 (1

avtlotouyn ouvap‘mon TAVOPAVELAS YRAPETOL TN LOPYT

., L, yi to ypovxd Sudotnua (0, M),

L
L = H ]Op o (l)f<1>(331 ). fa) (96%);(]\4)) (7)
=1

Nl(M) 1

)
N SN N () L N; (M)
_ i, (lk
() [T T s
icE i,jEE I=14i€E k=1
6ToL
e N S
T {5 =ip

. Ni(l)(M ): T0 TAAdog YETORBEoEWY GTNV XATACTAOT © UEYPL TN YEOVIXT OTLYUH
M, yw to l povoman, [ =1,...,L,
. Ni(;)(M ): 10 TAHYOC peToffdoEwy amd TNV XATACTAOY @ OTNY XATAoTOON j
ué€ypl TN yeovixy oty M, yw to yovordmi I, L =1,..., L,
L
l
« Nij(L, M) := ; N (M),

l k 7 / 4 . 4 4
. xl( ): o XPOVOC TOPUUOVAC OTNY XatdoTaon @ xatd tnv k emloxedr, k =

1,...,N-(l)(M) Yo to povoran I, L =1,..., L.

7

Ot exTnTég TWV TUPAUETEOY a;; OlvovTal and T oyéon

Ny (L, M
iy (L, M) = - AR , ®)
L Ni<l)(M) (l k)
> log (1—F (z;”
X5 ee(-r ()
EVG Ol EXTWNTES TWV APy XY TavoTAtwy divovial and tn oyéon
" Ny
ai(L,M) = ——, (9)

L

6mov F(-) = F(+,1) 1o Tumd péhog tne YEVIXELUEVNS XAEOMG XaTavoudy (2).

4. ANANEQTIKH XTNAPTHYH MAPKOB KAT IITIOGANOTH-
TEY METABAXHY. HMIMAPKOBIANHY ATAAIKAYTAY
- EKTIMHXH BAYIKOQN ITAPAMETPQN

H evétnro auty| mporypatedeton 800 ONUAVTIXES YO TN UEAETY] TNG CUUTEQLPO-
edc pog Muipapxoflavic dladactas ToGOTNTES, NTOL TNV OVAVEWTLXY) CUVEETNOT

62



Markov, (BX. oyéon (10) ) xou ) cuvdptnon uetdfoong tTne NuipoexoPiavic dio-
duaotac (BAh. oyéon (12) ). Autéc ot 800 mocdTnTeg elvon oNUAVTIXES TOOO oU-
TOVOUA, 6G0 oL GTO PONO Tou BladpauatiCouy ot o GUVIETEC TOGOTNTES OTWE Yo
Topdderypo ebvon dtdpopot deixtee aflomotiog (tou dune dev Yo pog anacyohfoouy
otnv mopovon epyacia), (BA. Barbu and Limnios 2008 & Ouhbi and Limnios 1996).

H avavewtxd ouvdptnon Markov, cupfolileton ye W;;(t), 4,5 € E,t > 0, xau o-
pileton we N avopevopevn T Tou aptduod v etioxédewy Nj(t) otny xotdotoon j
péyet xdmota ypovix) oTiyur t yvweilovtog ot 1 Swdixacta Eextvoe otny xatdota-
on i oty apyx yeovixh otiypn t = 0. ¢ ex To0TOU, N AVAVEWTIXT] CUVEETNOT
Markov Sivetar and ) oyéon (BA. Limnios and Ouhbi, 2006):

sz@k@“k> (10)
(11)

O nupapxoPlavée Tivaxac pstofdocwy opileTar o
Py(t) :=P(Z, = j|Zo = i),i,j € E. (12)

xan umopel va utohoylotel and Tr oyéon

P(t) = ((Iy = @V x (Iv = W)) () = (@ (Iy = W)) (1), (13)
ér0s PO) = (P5(0)sser, Q) = (@0 e ¥(0) = (W5(0) s I s o
N x N toutotixdg mivoxoac. Arodetxvieton ehxoha 6t (In — ) D¢ (t) = W(t).

5. EPAPMOI'H ¥TON ANAAOTTEMO

H npotewouevn yedodoroyla €yet pior upelor Yxdua EQopUoy®y tou Eegelyouy
an6 Tot CUVIMOUEVA TEYVIXG 1) YEWPUOIXA POVOUEVA, dAAG UTopEL Vor BpeL EpapuoYn
otnv Owovou xar Avohoyiotiny Emotiun. Auth n ontixr mheupd oxtarypapeiton
TNV EVOTNTA QUTH ME OXOTO Var avadel&el xan vo alohoyfioel TpoAfuata a&lomio Tlog
TIOL GUVAVTGVTOL GTOV AVOAOYLOUOS UE YEYOT) TOU TROTEVOUEVOL NuaexoPiavol po-
vtéhou. ITo ouyxexpéva o (unwiaioc) Seixtne {nulac Yo a&tomomdel we epyoleio
ehéyyou xou o&lOAOYNONG TNG AMOTEAECUATIXOTNTAS TWV AGPUNTTIXDY GUUBOVAWY
(insurance advisors) ané T oxomd e xepdopopiog Tne acpoulo Tixrc etoupeiog. Ka-
T ouclay eVIdocoVTaG 0TO TAXGLO TWV GUGTNUATWY TOAGY xuTaoTdoewyY (MSS)
10 delxtn {nuloc xdde acpolic txol cuuovlou, xadic taton duvath péow Ty Tda-
VOTHTWY YeTdPaone, n tedPBiedn tne xatdotaonc otny ool unopel va neptéAdel To
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YAETOQUAGXIO TOU GUPBoLAOL. XNV TapoUca HEAETH VEWPOVUE TEELS XATACTACELS,
Aol Ty xepdopdpo, v Tutxy| ( 00Te xepdopdpoc, olte {nuoydvoc) xat Ty Ln-
HoYOvo xou 6ivouue €va edyenoto gpyaheio i Tnv €yxoupn avadidolpwor acpo-
MO TIXDY YapToQUIaXimV (XoL xat” EMEXTAON TWY GUUBOUAWY TTOL To XUTEYOUV) Ta
omofo etvon ¥y mpoPAénetan (Snh. extudtar péow twy miavotitwy uetdBacng) ot u
xatac o0y {nuioydva, yio TNV Tatpela.

‘Eotw tuyaio delypa 9 ac@ahloTix®dy cupBoliwy, Tou aviintpocwrelel to L =9
Tuyaior povomdtia plag nuipoexoflavic dtadxaoiac. Eotw enfong du tpewc (3) ex
TV evvéa elvon TuTxol aopolioTixol cluBoukol (dnhadh cvUBoLVAOL UE YapTOPUAGXILX
oUte xepdopdpa, 00te Lnuoyova), Teelc (3) elvon xepdopdpol xon oL UTONOLTOL TEELS
(3) etvon Lnuioydvol acpahotixol cUYBoulot.

To evdugpépov eotidleton otov Lohoyloud Tou unviaiou deixtn Inulac (MAZ) yio
Teplodo 24 unvov mou optleton wg

MAZ — Mnviddo "Tdog Anoutriocwv

Mnviodo Acpdhioteo (14)
xou Yewenuxd houfBdvel Tée amd to undév (0) dtav dev undpyouy anatrhoelc uéypet
ot uPNAY Yetinn (temepoouévn) T mou Suwe Yewentixd uropel vo tedel ion pe to
dretpo. o oxonole epapuoyrc Tne mpotevouevng pedodoloyiag, ol ypovol uetalld
v petaPdoeny (Snh. ot ypdvol napopovic oe xdle pla xatdotoor) Yewpeltor 6Tt
axohovdolv v xatavouy) Weibull pe otadepr nopduetpo poperc (shape) mou e8¢
howBdveton {on pe 2 xou petaBodhopevn (omd xatdotooy o8 xatdoTaon) &y venoT
TopdueTpo Véone (scale).

Mio otoyeuuévn diopépton (xatnyoptonoinan) Tou GUVOROL TwY TWIUVEY UNVio-
lwv dextov {nuiog Yo S®OoEL W ATOTEAEOUA TIC XATACTACELS TOU NULLAEXOPBLIVOU
povtéhou. Xtnyv xotdotaon 1 Beloxovian 6oec TWEG améyouy v amd ulo Tuml-
xf andxhon (t.0.) aploTepd (xdtw) tou péoou unwiodou Seixtn Cnuioc (tedown
-xepdopbpoc xatdotaot). H xatdotaon 2 (xitevn - Tumixh xotdotoon) anoteleito
ané Tig TWES mou BploxovTon eVvTog axtivag To TOA) UL TUTIXAC ATOXALOTG EXATERW-
ev tou péoou, evd 1 xatdotaon 3 (xdxxvn - {nuoybvog xatdotaoT) amoTeReiTo
oo IS TYES TIOU OméY 0LV TOLAAYIOoTOV Wiot TUTXH amdxhion Bedid (dvw) Tou Yéoou.
Not onuewwdet ot tar tplor autd dpLa €xouv uTohOYIOTEL e Bdom TNV ambddoon evog
Um0V aocpakloTixol cuuBoliou. H Swpépion elvan duvatdv va yiver oyt pe Bdon
TNV Lol TUTLXY omOXAOT) AAAG TIG BUO 1 X0 TEPLOCOTEQEC.

To EyAuato 1 xan 2 mopouvoidlouv éva Tuyaio yovondtt tng 24-unvng mopetog
TOU BEXTN €VOC TUTIXOU ACPUNCTIXOU GUUBOUAOU UE OpLO. UTOAOYLOPEVA (OOTE VoL
améyouv plo (ByhAue 1) 1 8o (ByhAue 2) avtioTolya tuixés anoxhioels exatépwiey
Tou péoou delxtn (nploac. Eivaw goavepd dtL 1) deltepn tpocéyyion dev galveton TOG0
BOXIUN WG ot AOYW TNG UEYAANS amocToong UeTald TwV opleyv evBEyeToL Vo Unv
ATOTUTIWVOLY GWOTE TNV TEUYUATIXY EXOVAL. XE OTOLUOHTOTE TMERIMTWOT), O EPEU-
VNTAC UTopel Vor eTAEEEL Tol OpLal UE OTIOLOV TEOTIO VEWEEL OTL AMOTUTMVEL XOA)TERX
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TO GTOYO TOU AGPIMCTIXOU 0pYaVIGHOU. I'evind Tol Gplol TV TELOV XATAC TUCEWY
xadopilovta and Tic oyéoelg

1+k x std (15)

omou std 1 TumXY) andxAon TV UNnvady dewtdyv (nulag xa 1 o yécog unvoiog
TUTXOG Belxtng Cnulog.

Yyhuo 1: MAZ evog tumixol acgaiiotxod yfua 2: MAZ evoc tumxol ac@aloTxol

oupPovlou ye bpla £1- T oupPoviou ye bpta £2- .0
A
o | © State1 5
= State 2
® State 3
N o~
...... 4 =
o
e |
©
» e
S 7| # o
b | ¢ State 1
¥ State 2
© | V ® State 3
= | T | | | | T T
5 10 15 20 5 10 15 20

Tuyado povondtior evog xEEB0(POEOL ol EVOE {NULOYOVOU AGPUNCTIXO) GUUPBO-
Ohou mapouatdlovtar oo Lyuoto 3 xou 4 avticTolyo Ye plar OunS Pacioévo oTny
an6doot TUTixol acpoMoTixol cuufodiou. Ilapatneelton 6TL xotd TV 24-unvn
Topela TOU %EEBOPHEOL AGPAUAGTXOV GUUPOVAOU Ol u6vo dev €xel uetafel Toté
OGNV UGV HATACTACT) OANSL HATUYPAPEL TUWES UXQPOTERES TN MOVAOUS xo) OAN
oyedov Ny mopeio Tou. Avtideta, 1 mopeio Tou {nuloydvou acpaloTinol cupfo-
0oL xoTayEdpeEL TIWES HEYUNDTERES TN MOVADUS OE OAO GYEBOV TO 24-unvo e To
YELROTERO GEVAPLO Vo TapaTNeElTo OTIC TAEIOTEC TWV TEPLTTWOEWY.
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Eyuo 3: MAZ evog xepdopopou Syfua 4: MAZ evée {npoydvou

ACQAAGTIXO) GUUBOUAOU 0oPalo X0 GUPBoIOU
~ | o state1 = 1
- State 2
® State 3 ® _| '
N
N
o
=) o |
«© _| 1 o _|
(=} gl o
e State 1
© State 2
- o 7| ® State3
o
| | | | ' ! ! '
5 10 15 20 5 10 15 20

Yty mpoondideia TPOGEYYIONS TOU TO TAVeL Oevaplou oTa TAXICLY TOU TEOTEL-
VOUEVOU MUoexoflovod Jovtéhou, Yo Teémel apyixd vor exTunUoly oL TWES ToV
scale mopauétowy, a;j, e Weibull xatovourc Twv yedvwy TopouovAg 6Ty xa-
tdotaon @ mpwv yetoPel to obotnuo oty xatdotoon 4, 4,5 = 1,2,3,i # j (B
Mivoxor 1) xoddde xon or mbdavotnteg petdBaong, pij, e euPantiouévne Mopxo-
Blavric chvoibac (yenowomnowdvtag v oyéon (4) ) énwe goivovton otov Iivaxa
2.

Iivoxag 1: Tlivaxag extipnteudy a;;
aij 1 2 3

1 0 0.8809 2.1005
2 | 1.5406 0 0.2972
3 | 1.2267 1.8389 0

IMivaog 2: Tlivoncag extiunteudy pi;
Dij 1 2 3
1 0 0.2955 0.7045
2 1 0.8383 0 0.1617
3 | 0.4002 0.5998 0

‘Eyovtag extyfioel OAeg TIC amopaftnTEC TOCOTNTES TOU TNUiuaexoflovol) uTo-
oelypartog, unopel xavelc va mpoywenoel oe extiunon-teoBiedn twv mavotAtony
petdBaone tne nuudapxofBlovic ddixactag, Pij(t), v t ypovind Bruata urnpoctd.
H npdfBredn yio ypovixt mepiodo evoc prva (t = 1) vnodnhdver 6 elvon mo mi-
Yovd 7 Badixacion vo mapauetvel oty (Blor xatdo Taon amd TNy omolo €xel Eextvioel
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(ITivoxac 3). H mpdPredn yio tépodo 2 unvodv dnhaver 6t av €xet Eextvioel and
TV xotdotaon 1 1 2 n mo dnuogihic elvon 1 xatdotaon 2, eve av €yel ZeXtvioeL
and v xotdotaoy 3 tote pe mbavotnta 45.84% eivan mdavdtepo vo mopoeivel
oTNV (Bl xUTACTAOT PE BEVTERT EVORAAXTIXY TNV XATAGTUOT|, 2 UE APXETA XOVTIVA
mdovotnTa, e téEne tou 42% (Ilivoxag 4).

ITtvaxog 3: Iivaog extyuntewoy ]A%-j yio meplodo 1 urva

Pyt=1)] 1 2 3
1 0.6681 0.3024 0.0295
0.1058 0.7312  0.1630

3 0.0402 0.2161 0.7437

IMivacag 4: Tivoxag extiunteudy Pij yia teplodo 2 unvedyv

Pit=2)] 1 2 3
1 0.3828 0.4736 0.1435
0.1940 0.5214 0.2845

3 0.1213  0.4203 0.4584

Av 7o napddupo tne TEORAePNC uEYOANDTEL, XaL CUYXEXPYEVDL YIVEL TOUNdYIOTOV
4 ufvee (t = 4), n otdown xatavour gaiveton va emtuyydvetar (Ilivoxee 5 xou 6).

IMivaxag 5: Iivoxag extiuntelody Pij via teplodo 4 unvdyv

Pit=4)] 1 2 3
1 0.1973 0.4835 0.3192
0.1823 0.4801 0.3376

3 0.1729 0.4749 0.3522

IMivancag 6: Tivoag extiunteudy ]5”- yia teplodo 6 pnveyv

Pit=6)] 1 2 3
1 0.1377 0.4688 0.3935
0.1352 0.4672 0.3976

3 0.1325 0.4649 0.4026

6. XTMITEPAXMATA

H napotoa epyacio aflomolel yior eldix) Lop@n NULULOEXOBLIVGY BLOBIXACLOY X0
N Yewpla adtomiotiog Yol vor alOAOYHOEL TNV OTOTEAECUATIXOTNTO ACPUALS TIXWDV
oUUPoLAWY EVOC acPaNoTX0) opyaviouol ue Bdon to unviaio deixtn {nuioc. 1o
ouyxexpéva, o deixtng (nulag xdie cupBoviou avtetwnileton we Eva LovoTdTL
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(path) plac nuuoexoBovic dadixactag ue xepdopdpee xadde xar {nuioydves xata-
oTdoELC.

Av xo oty mapovoa epyacio o dextne (nulog €xel Baciotel oto xadapd a-
o@dhoTeo (oUVOAIXG Uog anathoenmy TEog xadopd AcPIAGTEO) Ue UEoT THT TOU
deixtn, Ty povada (1), n avanpooopuoy xo UeTdBacn otov eunopixd deixtn unopel
e0xoha VoL YIVEL EVOWUATOVOVTUC GTOV OeixTn, TO TEPLIMPELO XEEOOUS TOU AGHPUNMO TL-
%00 opyaviopoL. Eniong etvon mpogavég ot ebvan duvatoy ue 1 fordeta tng oyéong
(15) vo xadoplotoly Gpla Ue TpdTO (OOTE Vo LTdEYEL Xou Yot warning (tétaptn) xo-
TdoTaon Kwote o oluouhog va €yel Tn duvatdTnTa Vo TEoPel and udvog Tou, ot
TopeUPdoels, WaTe Vo EEUYLAVEL X0 VO ETAVAPEREL GTNY XEDPOPORO XATACTAGT), TO
XoETOPUAGXIO ToL Btayelplletan. Emimpdoveta, o epeuvntric unopel vo nopaxoloudel
TNV €€EMEN TOU BEXTN OTO YPOVO, TOUTOYEOVO UE TIC EXTIUNCELS TV TAVOTATOVY
METAPBaoNG amd XATAGTUOY) OE XATACTAGT] (GTE VO EVIOTUOEL YPOVIXEG GTLYHES OTIOU
Otaxplveton Tdom LTEEPBaong Tou TUTXOD 0plOL XL UE TOV TEOTO aUTH 1) SLadixacia
VoL AELTOURYNOEL VLol OXOTOUE TTROANPNG %otk TENXE PE XUTIAANAES EVERYELES VoL oTo-
pevy Vel n avemdOunTy peTdPBoo.

Télog 1 xoatavour) Tou Yeovou xaTovouRc eivan duvaTtov va efval omoladY|ToTe
XOTAVOUT| TIOU OVAXEL OTT| YEVIXEUPUEVT XAGOT) XATAVOUKY Tou oplodnxe otny epyaocia
auth). H xhdon xatavoudv mepihopBdvel 1000 TNV exVETIXT) XATAVOUT], OTOTE Xou
AVUPEPOUCTE OE UapX0oPLoVES Sladixacie 660 XL XaTavOUES Ue 0LpES Tou elval elte
ehappodTepeg eite Bapltepeg TNE eEXVETIXAC TOL aPopolY NUUUEXOBIAVES BladXaclES,
omwe Yo topdderypa, 1 Weibull (tou yenowonotdnxe otny epapuoyr|), 1 Pareto xou
GMheg.

Abstract

An innovative approach of (monthly) loss ratio forecasting is developed using a spe-
cial type of semi-Markov processes. Three levels of loss ratio are considered as the
states of a semi-Markov process, and semi-Markov process methodology is employed
for estimating transition probabilities of loss ratio levels transit from a predefined level
to another one.
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HHEPIAHYH

Eivat xowvd amnodektd, 6Tt ot avOpdmiveg dpactnptotntes (Bropmyavio, KTnvotpoeio, yempyia
K.0..) T0 TEAELTOIO XPOVIa EYOVV MG amoTédespa TNV vtofaduion tov TepPdAlovtog, 1 omoia
TAéoV potlalel ameANTIKY Y10 T0 HEAAOV TOL TTAaviTn Kot T Bromokiddtntd tov. ‘Eva amd to
onpoavtikdtepa TEPPOALOVTIKG TpoPANHATO TG EMOYNG KOG €VOL TO QOIVOUEVO TOV
Oeppoknmiov kKabmg SraTapdocoviol ot BEPUOKPUCIOKEG CUVONKEG OV EMKPATOVV GTNHV
EMEAVELD TG VNG LE cofapd avtiktumo otn yhopida kot oty mavida g To aéplo Tov
Beppoknmiov eivar mepimov 20, aAdd ocvppova pe ™ AtokvBepvntikn Emtponn yu v
Khapotikny AAayn, amotelovvtat katd kOpto Adyo (mepimov 76.7%) amd d10&eidio Tov dvOpaka
(CO). H Evponaixy ‘Evoon (EE) avayvopifovtag and vopig to mpdfAnue mpoydpnoe oe
Sebveig vopobetikéc TpaEel (TpMTOKOAAL) Vi TOV TEPLOPIGHO TOV KALATIKGOV petaforidv. H
Tapovca epyacio eEeTdleL TIG OYEGEIS TOV GUVOEOVV TV OIKOVOLIKT] SpACTNPLOTITO TV YOPOV
pedwv g EE pe to mepiBailoviikd Toug amoTiTmpa o ¥povikd didotnuo 1995-2018 kabmg
Kol TV ENidpaon TV TPOTOKOAA®Y Tov K16to (1997) ko g Ntoye (2012) o€ avtd. XKomodg
pog etvon 1 amotipnon g enidpacng Tov kotd kepoaAv AEIL, g yewpywkng tpootiBéuevng
a&lag, TG €KTOONG KOAMEPYNOIUNG VNG KOl TNG KATAVAA®MONG OVOVEDCIU®V KL U1 TIy®V
evépyelag ot Kotd kepaAny eknmoumés CO2. Méow pktdv poviédov emdpdoewv (Mixed
Effect Models) emPefardveral n enidpacn tov TpwtokdALov g NToYe otic exmounég CO2,
evd mapovoldletar apvntiky enidpacn tov katd kepainv AEIL, g koataviimong upn
AVOVEDCILOV TNYOV EVEPYELNG KOl TNG TPooTiféuevng yempyung a&iag otig ekmounég COo.
Av1ibeTo, 1) ETIOPOOT) TNG KATAVAADGNG OVOVEDGILMV TYDV EVEPYELOG KOl TNG KOAAEPYGIUNG
g otig ekmounég CO2 givan Betikn. Emiong emPePfordveron n mepPoailovticny kKapmdAn Tov
Kuznet 610 chvoAo dedopévov pag.

Aéerc Kieioia.: exmounég CO2, poviéha puktdv emdpaoewv, nepiforloviikn koumvin Kuznet
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1. EIZATQI'H

‘Eva amd 10 onpavtikotepo cvyypove TpoPAniuoto givar 1 vmofdOuion tov
mepPdAlovtog Tov givar Waitepa £vVTovn TG TEAELTOIEC OEKOETIEC KAl OQEIAETOL O
ToALOVG Ttopdyovtes. ‘Evag and tovg Bactkdtepovg givor 1 vynAn cvykévipwon CO;
oTNV OTUOCOUIPA 1) 010l £YEl ALENDEL amd TV apyn TS PlOUNYOVIKNG EmavAcTAoNS
émc onuepa kotd 35%. Avti 1 avénon ogeidetar KOTG KOPLO AOYO 4T YPNON TOV
OPLKTMOV KOVGII®OV Kol 6TV amoyilmor TV dacdv gite yio va dnpiovpynBoldv véeg
EKTAGELS Y10 YEOPYIKEG KAAMEPYELES, ElTE Yo TNV EKPETAAAEVOT TNG ELAEiag, glte AOY®
TOV KOTAOTPOPIKAOV TUPKAYIOV. AKoAovBobv 1 Topaymyn evépyelng omd un
avavedoeg TnYES (kavon Ayvitn), 1 Bropnyaviky dpactnplOTNTO Kot Ol LETAPOPES
(IPCC 2013).

H Evponaikn 'Evoon (EE) evtonioe and mold vopig 1o mpofAnue kot EEKvmdvTag oo
m Oekaetio Tov 70 SOUOPPOCE OTASIOKG TNV TOAITIKY] TNG Yo, TO TEPPAALOV.
[Ipoymdpnoe oty avdmtuén Kot epapoyn TePBAALOVTIK®Y TPOYPUUPATOY KaBDS Kot
oe Oebveic vopobetikég mpaelc (TpmTOKOALN) WE OMUOVTIKOTEPOVG oTafUOVG T
npwtokorro tov Kioto (1997) kot tng Ntoyoe (2012). To mpwtdéxorro tov Kidto
vroypapnke o 1997 evd télnke oe 16y0 to 2005 Ko puéypt onpepa £xeL LLOYPAPEL OO
192 kpdtn (UNFCCC 1997). ITepthappavet Tig deGHeEVGEIG TOV €YOVV aVAAGPEL O
EKPLOUNYAVIGUEVEG YDPES Y10 TOV TEPLOPICUO TOV EKTOUTDOV OPIGUEVOV OEPIMV UE
0100 T Helwomn Tovg TovAdyioTov Katd 5% v mevtaetio 2008-2012 og clykpion e
ta enineda Tov 1990. Ta vroypdpovta kpdtn-UéAN KaAovvTal va eEacPAAIGOVV OTL O
exkmounés yuo €€ (6) ocvvolikd aépia, dev Bo vrepPfovv ta dpla Tov TibevTal amd TO
TPOTOKOALO eV o vPIGTAVTOL KUPDGELG OE TEPITTOOT [N EXITELENG TOV GTOY®V Y10
Tovg omoiovg deopevtikav. To mpwtdékorro g Ntoyo vroypdaenke to 2012 Ko
anotelel pioe Tpomonoinon tov mpmtokOAlov tov Kidto (United Nations 2012).
SHpemva pe to TpmTOKoAlo ¢ Ntoyo, Oeomiotnke pia de0tepn TePiodog avaAnyng
vroYpe®cEY, amd TV 11 lavovapiov 2012 ¢wg v 311 AekepPpiov 2020 ko apopd
o1 pelwon Tev eKkmoundv aepinv Tov Oepuoknmiov yia tnv mepiodo 2013-2020 katd
20% oe oyéon pe ta enineda Tov 1990.

H gpapuoyn meptpaAloviik@v ToAMTIKOV 00YNGE 6TV £voicdnTomoinomn KpdToug Kot
TOMTOV 070 TEPPAALOVTIKA TPOPANLOTO, LE OTOTELECUO T TEAELTAIO Y¥POVID VO
YiveTon pio, GUGTNUOTIKY TPOCTAOELN OTOGVUVOEGNC TG OIKOVOUIKNG aVATTUENG TMV
YOPOV Kot TS TEPPaAlovTikng vrroPdduiong tovg. ot perém g mepBarlhovTikng
VIOPAOIoNG oG YDPAG GE GYESN LE TNV OVTIGTOLYT OIKOVOLIKT TNG AVATTLUENG GLUY VA
ypnowonoteiton 0 povtédo g kapmoing Kuznets (Kuznet 1955), eiagppd
TPOTOTOINUEVO KOl TPOCAPUOCHEVO oT0 TEptBarioviikd dedouévo (Grossman and
Krueger 1991). H xopmdAn mpoteivel kot TaAt pio oxéorn popoeng avestpappuévov U
peta&d e mePPaALOVTIKNG VITOPAOONC Kot TG OUKOVOUIKNG aVATTUENG TG YDPOS.
H mepiporroviikr] koumdin Kuznets, diepgova ™ oyéon upeta&d tov Pabuod
OIKOVOUIKNG OVATTTUENG LOG YDPOC — TTOV UTTOPEL VoL eKTIUN el LEGM TOV KOTA KEQPUATV
AEIT g (@ tov ovvoAwo® AEIl mg) xor tng avtictoyng mepBorloviikng
voPaducng mg.
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Eixova 1.1. Ilepifiallovury koumoiy tov Kuznet

Yool o mEpadioving

Kotd xepoiny AEIT

Apywcd 660 peyordvel to AEIT avédver kon n mepiPariovticn vroPdduion, oA and
éva onueio kot petd, pe avénon tov katd keeoinv AEIT mopatnpeital peioon g
nepPailovTikng vroPdbpong KATL OV  VTOONAMVEL U0 OTPOPT] TOV TLO
OVOTTUYUEVOV OIKOVOLLIKG KOW®MVIDY, GE £VOl O OKOAOYIKO Kot «Bldotpo» Tpomo
Long (Ewdva 1.1).

O1 Waheed et al. (2017) uehémmoav v enidpacn g S00IKNG EKTAGNC, TG KATA
KEPUANV YE®PYIKNG TPooTBEUEVNS a&log KOl TOV AVOVEDCIU®MY TNYOV EVEPYELNS OTIG
exnounég CO; oto [Mokiotdy v wepiodo 1990-2014. Epapuoloviag olkovoueTpikég
uebodovg (Autoregressive distributed lag models) xatéAn&ov mog poxpompdbecuo
VTLAPYEL OTATIOTIKA ONUOVTIKY] OETIKN EMOPOOT] TOV OVOVEDGCIU®Y TNYDV EVEPYELOG
Kot TG daotkng éxtaong otig ekmounés CO:2 pe omoteléopoTo Ol EKTOUTEG Vo
pewmvovtat. Avtifeto vIapyeL apvNTIKY EXIOPOOT) TNG YE®PYIKNG TpoaTiféuevnc atlag
nov odnyel oty avénon tov ekmoundv CO2 H pedétn tov Pata (2021) apopd ot
oUVOEDT TV AVAVEDCIU®V TNYDOV EVEPYELOS, TNG TAYKOGLOTOINGTG KOl TG YE®PYiog
ue ti¢ exkmoumég CO2 Kot T0 01KOAOYIKO OmOTVT®UN TV YOp®dV Bpalilia-Pocia-Ivdia-
Kiva (BRIC) katd tnv mepiodo 1971-2016. Awarictooe nog yio ™ Pooio kot trv Ivdia
Ol aVOVEDCLEG TNYEG EVEPYELNG GaiveTal va unv €xovv enidpaoct otig ekmounég COx.
Téhog, KoTéANEe TG M Yewpylo eivarl onUavTikKdg TOPEYOVTIOS Yo T POTOVGT TOV
TEPPAAAOVTOG, MGTOGO M O ATOSOTIKY ¥PNOT| TOV YEMPYIKDOV EKTAGEDV UE YPoN
TEYVOLOYLDV QIMKOTEP®V TPOG TO TEPPAALOV 001 yobV OTN UEIMOT TOV EKTOUTOV
COy.

Ot Mahmood et. al (2019), pelétnoav T oyfon NG AVATTLENG YEDPYIKMV
dpaoctnprotitov Kot ekmopundv CO, ot Zaovdikr Apafia v mepiodo 1971-2014.
Awmictoooy Tmg 1 aypoTikn TPooTBEEVN a&io KOl Ol OVOVEDGIUES TTNYEC EVEPYELOG
emnpealovv OeTikd, peidvovtag Tig katd kepaAny ekmounéc CO.. Eniong oty epyoscia
Tovg emiPePardvouy tny mepiParlovtikn kapumdin tov Kuznet (Environmental Kuznet
Curve-EKC) xobmg oto poviéro, 1o mpdonuo twv cvviereotdv tov AEIL ko tov
AEIT? givon Oetikd kou apvnTikd avtictoya. v epyacio tov Aydogan and Vardar
(2019), peremnOnkoav mapdyovieg mov enxnpedlovv Tig katd kepoiny eknounéc CO, og
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7 xopes (BpaliMa, Kiva, Ivéia, Ivoovnoia, Me&ikd, Pocia kot Tovpkia) v mepiodo
1990-2014. Awmictocov mwg n oypotikn mpootiBéuevn abia, to AEIT kot
KOTOVAAWDGT UM OVOVEDGIU®OV TNYDV EVEPYELNG EXTPEALOVY aPYNTIKA, AVEAVOVTOG TIG
kot kepoAnv ekmopméc CO2 o€ avtibeon pe TV KOTOVAA®MGY GVOVEDGSIU®V TNYOV
evépyelog Tov Tig ennpedlovv Betikd. Opoiog Kot og avt T peAétn emPePfardverar n
neporiovtikn kapmoin tov Kuznet (EKC) yio ti¢ mapambve xopeg. Xty nopovoo
gpyocio HEAETAUE TNV EMOPOOT 7OV £YOVV OTIS KOTO KePUANY ekmoumég CO2 ta
npmtokorra tov Kwoto (1997) ko tic Ntoya (2012), to katd kepoinqv AEIL n
vewpywn mpootiBéuevn afia, M €Kktacm KOAMEPYNOUNG YNG KAl 1 KOTOVOAMGOT
OVOVEDGIU®V KoL [T TNYOV EVEPYELNS.

H Lot epyacia €xel opyavmbel wg e€ng: Ztn dedtepn evotnta yiveton pio cuvtoun
TOPOLGIACT] TOV dEOOUEVOV HOG EVAD GTNV TPIiTN evoTnNTa HeAeThue TV €EEMEN 6TO
YPOVO TOV KOTA KEPUANY EKTOUTDV S10EEHI0L TOL AvOpaKa. TNV TETAPTN EVOTNTA
yiveTat d1epedvnon TG ETIOPAOTG TNG VIOYPAPTS TV TPOTOKOAA®Y Tov K1dT0 Kot NG
Ntoyo kabdg emiong Kol Tapayovimv Onmg 1o Katd Kepoinv Akabdpioto Eyymplo
[Ipoiov (AEID), n yewpywm mpootifépuevn aio, n €kTaom KAAMEPYNOWUNG YNG, M
KOTOVAAWDGT) OVOVEDGLULMVY KOL U1 TNYDOV EVEPYELNG OTIC KATE KePaANY ekmopunég CO..
Xmv tedevtaio evOTNTO TAPOLGALOVTIOL To ONUOVTIKOTEPD GULUTEPAGUOTO TNG
ToPoVCOG EPYACIOG Kol EXOUAIVOVTOL OEUATO, Y10 TEPULTEP® EPEVVAL.

2. IEPITPA®H AEAOMENQN

Me 6100 TOV TPOGIOPIGUO TV TOPayOdVI®mV Tov ennpedlovy Tig ekmopnés CO2 otnv
EE y1a 1o didotnua 1995-2018, ypnoytomotdnioy dE30UEVO TOV TPOEPYOVTUL OO TNV
Evponoaiky Ztatiotikny Yanpeoio (Eurostat) kot v Iaykooma Tpdmela Avoytdv
Agdopévmv (Word Data Bank). Ta dedopéva apopodv 28 ydpeg mtov avikav otnv EE
10 2018 ave&aptnto amd to wote glonAbav ce avtv (Avotpio, Bédylo, Boviyopia,
Konpo, Togyia, I'eppavia, Aavia, EcBovia, EAAdda, Iomavie, lavdio, Toilia,
Kpoartia, Ovyyapia, Ipiavdia, Itaria, ABovavia, AovEepfoipyo, Aetovia, MdaAta,
OMavdia, IMToiwvia, IToptoyoiio, Povuavia, Zovndio, XAoPevia, ZAoPfokio kot
Hvouévo Baoiielo). To chvoro tav dedopévav amoteheitan 28 (yopec) X 24 () =
672 mapotnpnoelc.

2.1 Kot kepoiqv ekmopmég d10e16iov Tov avOpaka

Qg exmopmég do&ediov Tov GvBpaxa (CO2) Bewpovpe aVTEG TOL TPOEPYOVTAL OO TNV
KOOOT) OPLKTMOV KAVGIL®V KoL TV TOPOY®YT TOUEVTOV EVA E0POVVTOL Ol EKTOUTES
oo TN XPNOT VNS, OTWG 1 amoyilwon Tov dacdv. Eniong, meptiappdvouv 1o d10&eidio
TOV AvOpaKo TOL TOPAYETOL KOTA TNV KOTUVAAMOT GTEPEDV, LYPOV KOl aepiv
KOVGIU®OV. XTIG TAPOTAVED LETPNOELS deV cuUTepAapPdveTal To d1o&eidio Tov avBpaka
OV TOPAYETOL KOTA TIG LETAKIVIGEIS TAOIWMV KOl AEPOCKAPAOV Yo d1ebveic petapopég
AOY® TG OLOKOMOG KATOVOUNG TV KALGIH®MY HETAED Tov dikatovywv yopdv. Tao
ogdopéva Aebnkav  amd v Ilaykocuia Tpdamelo Avorytdv  Aedopévev
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(https://databank.worldbank.org/source/environment-social-and-governance-(esg)-
data) kot ®g povada PETPNONG XPNCILOTO0VVTAL Ol KOTH KEPAANY TOVOL EKTOUTMV
CO; (tons per capita).

2.2 Kot kepoav axka0daprioto £yy0plo Tpoioy

To katd kepoAv axabdapioto eyydpo mpoidov (GDP) eivanr o pétpnon mov
OTTOTVTIMVEL TNV OIKOVOMIKT OpOacTNPLOTNTA HIOG XDOPOS 0vVE ATOUO Kot vrTtoloyileTal
dwpavrog to AEI e yopog pe tov minbovoud tg. Eivor 1o tomkd pétpo tng
wpootfépevng agiag mov dnuovpyeital HEGH TNG TOPAY®YNG oyaddV Kol VINPECLOV
0€ [0, Y®OPO. KATA TN SIAPKELD UG OPIGUEVNG TTEPLOdOV. METpa emiong To 160U
OV OTOKTATOL OO QLTI TNV TOPAYOYT] 1] TO GUVOAMKO TOGO TOV SOTAVATOL Y10l TEAK
ayaBd ko vanpeoieg (neiov Tic ewoaywyég). Eivor évag maykdopiog delktng v tnv
GvOnomn 1 VEEST TNG OIKOVOULKNG dPACTNPIOTNTAG TV YWPAOV Kol 0TOTEAEL £vaL amd Tl
ONUOPIAESTEPO. KPITAPLO. VIO TO YOPOKTNPIOUO UG YOPOC OF OIKOVOUIKE,
avenTuypévNS. Ot KpEc, TAOVGLES YMPEG KOl OL TTLO AVETTVYUEVES PLOUNYOVIKA YDPES
tetvouv va &xouv to vymidtepo katd kepoinv AEIL Ta dedopéva Afednkav omd v
Mayxoéowa  Tpamelo  Avoyytdv  Aedouévev  (https://ec.europa.eu/eurostat
/databrowser/view/NAMA_10_GDP__custom_5092506/default/table?lang=en)  «ot
®G LOVASOL LETPTONG XPNCLOTOLOVVTOL TOL EKATOUUDPLA EVPD 0vE kdtotko (Million per
capita).

2.3 T'eopywci] TpootiBépevn atia

H yeopywn mpootifépevn a&io (Agriculture) exppalet to mocootd tov AEIT mov
opeideton oe tpelg (3) Pooikéc mapaywyikég dpactmprotnteg Paoest g Aebvoig
[pétoang Blounyavikng Ta&voéunong Orov tov Owovouik®v Apactnplothtov
(International Standard Industrial Classification of All Economic Activities - ISIC).

H npdn dpactnpromnta tepthapfdvet 600 Pactkong TOUELS, TNV TOpaymYN YEDPYIKOV
kot ooy mpoioviav. Kaidrtel emiong Tic LopeEg PLOAOYIKNG YEMPYIOG, TIG YEVETIKA
TPOTOTIOINLEVEG KAAMEPYELES KOL TV EKTPOPT] YEVETIKA TpOTTOTTOMN UEVDY (dmv. TELOC,
TePAAUPAvovToL SpacTNPLOTNTEG GLVAPEIS e TN YE®PYIKN Kot Tn (01K Topaymyn 1e
6TOYO0 TNV TPOETOLOGIO TPOTOVIMY Y10 TNV TPWTOYEVT OLYOPd.

H dgvtepn dpactmpiotnra mephapufdvel v mapoywyn EVAENG Yo HETATOMTIKEG
Brounyavieg kaBmdg Kot T cLAAOYN dUCIK®Y TPOTOVTOV KTOG ELAgiag (Y. pavitdpio,
povpa, kopmoi). Extog and v moapayoyn Evieing, meptAapPdavel v mopoyoyn
TPOIOVTOV oL vEioTavTol e dylot) enefepyacia, OMOS KavodEvia, kdpPovvo Kot
POKOVIOIL 7OV YPTCULOTOIOVVTOL G€ Un  emeEepyacpévn  Hopen. Avtéc ot
dpaoTNPIOTNTEG UTOPOHV VO TPUYUATOTOINO0VV GE PUGIKE 1 PUTEUEVE dGo.

H tpit dpactnpromta tepthapufdvetl tnv odigio Kot TV LOUTOKUAALEPYELD, KOL 0LPOPA
o YPNON OMEVTIK®OV TOpwV and BaAdcoio, vVEdAuLPa 1 YAVKA vEPA UE GTOYO T
ocvAloynl (ovitaveov  vopofiwv  opyovioudv  (Kupimg  wlplo, HOAGKIOL Kot
LOAQKOGTPOKO) GUUTEPIAAUPAVOUEVOV PLTOV OO TO OKEAVIQ, TAPAKTIH ) ECOTEPIKE,
véuta Yo avOp®OTIVN KATOVAA®MOT Kot GAAOVE okomtovs. H culdoyn pmopel va yiveton
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pe o x€pL M cuvnBéotepa and S1APOPOVS TOTOVG AAEVTIKAOV Epyaleimv OIS dlyTLA,
netovieg kol otobepéc mayides. To mopomdve dedopéva mpoépyovior amd TNV
Mayxdéouia Tpdamelo Avoytov Agdopévav (https://databank.
worldbank.org/source/2?series=NV.AGR.TOTL.ZS&country=&I=en).

2.4’ ExTa061m KOAMEPYNOIUNGS YNNG

H éxtoon kadiiepynoung yng (Crop) neptiapuPavet Ty EKTO0T TOPAY@YIKNG Y1G TOV
dtotifetar yroo KOAMEPYELD KOU CLUYKOUON eV Oev TTEPIAOUPAVEL EKTACELS e VEEG
euteleg TOL Ogv givol AKOUN TOPOYWYIKES. TNV £KTACT OVTH cLvumoAoyiletal M
€KTOON TOAAUTANG GUYKOULONG (GVYKOULON TPOIOVI®V TAV® Ao pict popd To Ypovo).
Ta  dedopéva  mpoépyovtar oamd v Evpomaixky Ztatiotiky  Yanpecio
(https://ec.europa.eu/eurostat/databrowser/view/APRO_CPNH1 H_custom_233510
5/default/table «ou https://ec.europa.eu/eurostat/databrowser/view/APRO_CPNH1
__custom_2335120/default/table) kot apopodv 6e EKTAGELG KOAMEPYELNG/GVYKOUONG
IMUNTPLKAOVY Y10 TNV TAPAY®YN oLrTnp®dv e povado pétpnong to 1000 ektapro (1000
ha). Xtn pelétn pag xpnowonombnke 1o T060oTd TG EKTOONG KOAMEPYNOUNG YNG
ML TNG GLVOAIKNG £KTAOTG TNG YDPOC, KAODC DTAPYEL LEYAAN OVOLOTIOYEVELN MG TTPOG
10 Léyehog TV YOPAOV.

2.5 Katavalmon avove@oLH@Y Kol U1 TNYOV EVEPYELNG

H xotavilwon avavenowov mnyov evépyswag (RNRG_consumption) agpopd T
GUVOAIKT] EVEPYELQ TTOV TPOEPYETOL OO OVOVEDGCLILES TNYEG EVEPYELNG OTMG OLOAK(L
TépKa, EOTOROATAIKE GLOTAUATA K.0.. AVTIGTOL(O 1) KOTOVOAMGN U1 OVOVEDCIU®OV
mmyov evépyelog (CNRG_consumption) agopd t cLVOAIKY EVEPYELX TOV TPOEPYETAL
OO U1 AVOVEDGULOVE PLGIKOVG TOPOVG (0PLKTA KADGUA, PLGIKO aéP1o). To dedopéva
poag mpoépyovion amd v Iaykocua Tpdamelo Avoyytdv Asdouévev Kot Tnv
Evponoiky Zratiotkr Ymnpeoia (https://ec.europa.eu/eurostat/databrowser/view
INRG_BAL_C__custom_2335765/default/table, https://databank.worldbank.org/
source/environment -social-and-governance-(esg)-data#). Q¢ povado pétpnong
XPNOWOTO0HVTOL Ol YIAMAdeg tOvol 1oodvvapov metpedaiov (thousand tons of oil
equivalent).

2.6 Yroypoogin npotokériov Kiéto kor Ntoya

Xpnowonowwvtag Vo  OeikTpleg UETOPANTEG EMONUOIVOVUE TIC YPOVOAOYIES
VIOYPUPNS TOV TPOTOKOAL®Y Tov K1oTo kot tng Ntoya 1997 kan 2012 avrtictorya. Ta
TPOTOKOALD avTA eivar o1 onuavtikoli otabuoi omv Evpomaikh wepifaliovtiky
TOALTIKT] KOl HOG EVOLOPEPEL VO, LEAETHGOVUE TNV EMIOPACT] TOVG OTIS EKTOUTEC TOV
dro&ediov Tov avOpaka.

2170 GUVOAO TV JEOOUEVOV OEV VIAPYOVY EAMTEIC TIWEC EKTOC OO TN UETOPANTY
éxtaomn KaAlepynong yng (Crop) mov vdpyovy 12 eAlueis TIéG Kal apopovy 6N

Mddta kou otnv Kpoartia ya ta £tn 1995-1999, ot Agtovia yuo to €tog 2010 kot 610
Hvopévo Baciielo yio to étog 2015.
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3. EEEAIZH AEIKTH EKIIOMIIQN CO2 QX ITPOX TO XPONO

¥ ovvéyeln Oa peretoovpe TV e£EMEN TV KOTA KEPAANV EKTOUTOV S10EE1610V TOV
avBpaka to ypovikd ddotnuo 1995 — 2018. Zv Ewodva 3.1 mapovoidlovral to
Onkoypdaupato tov exkmopndv dto&ediov Tov avBpaxa avd étog. Iapatmpovpue o
eAappLd 0vodikn TAon TG SLUESOL TV KOTA KEQOANY ekmounmv CO; ue v Tapodo
o0V ¥povov péxpt to 2008 evd émerta mopatnpeital po. Elappld Ttoon. Emiong
nopotnpovvton eEmkeipeva onueior (outliers), mov apopovv oTIg KATA KEPOANV
ekmounég CO2 tov AovEepfodpyov, pe amotéiespa to Aov&epfovpyo vo e&opedel
OO TNV TEPULTEP® AVAAVCT| LLOG.

Eixova 3.1. Onroypdpuoza twv kota kepoiny exkmournwv CO2 yia 10 ypoviko
owaotnua 1995-2018 yia tig 28 ywpes mov 1o 2018 aviray oty EE
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Ytov IMivaxa 3.1 Topovoidlovtot yo kdOe £tog 1 péytotn (Max), n eldyiotn (Min), 1
péon tyun (mean), n didpecoc (median) kabmg eniong to Tpdto (Q1) ko to Tpito (Qs)
TETOPTNOPLO, TO dlateToptnpoplakd €vpog (IQR) kot to gbpog (range) tov katd
kepoAnv ekmopnav CO, ava étoc.

Hopatnpodue 0t 01 pécot Katd Ke@oAny tovol ekmounmv CO2 mapapévovy oyeddv
otabepoi péxprt 2008, eved otn cvvéyewo peiwvovtoar otabepd péypt 1o 2018 6mov
gxovpe TIC MKpOTEPEG péoeC Kot KePaAny ekmoumég CO; (6.5529). Emiomg,
TOPATPOVLE L0 CNUAVTIKY HEI®ON oI HEYIOTN T TOV KATO KEQOAY TOV®V
exmopndv CO, amd 25.4969 to 2004 oe 15.3302 to 2018, evod m eldylotn Ty
mapopével oxedov otabepn Kotd TNV whpodo Tov etdv mov efetdlovpe. [opd To
peyalo €bpog TV Tmv (Max-min), wopoTNPOVLUE OTL TO KEVIPKO 50% TV
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TOPOATNPTGEDY GLUYKEVIPOVOVTOL GE £va Likpo €0pog Tinav (1o IQR xuvpaivetonl omd
3.1077 povadeg to 2013 péypt 5.0429 10 1996), vIOSNAGVOVTAG OTL TOLAGYLGTOV OL
LLGES YDPES EYOVV OYETIKA oTaBEPEG KAt KEPUANY eKmopmég d1o&gidiov tov COa.

Hivaxag 3.1. lleprypapixd otatiotig twv kota kepodnv exroumav CO2 yio o
xpoviko oraotnua 1995-2018 yia i 28 ywpes mov to 2018 avnray otyv EE

3.3333 | 6.0213 | 7.5114 | 8.2046 | 10.6454 | 21.2420 | 4.6240 | 17.9087
3.3662 | 6.0222 | 7.7449 | 8.5170 | 11.0651 | 21.1479 | 5.0429 | 17.7817
3.5062 | 6.1521 7.8543 | 8.3028 | 10.6283 | 19.7163 | 4.4762 | 16.2101
3.3734 | 6.1452 | 7.7510 | 8.1817 | 10.5468 | 17.8714 | 4.4016 | 14.4980
3.1584 | 6.1711 7.5715 | 8.0250 | 10.3427 | 18.4680 | 4.1716 | 15.3096
2.9271 5.8503 | 7.5786 | 8.0023 | 10.1205 | 19.6654 | 4.2612 | 16.7383
3.1491 5.9178 | 7.6694 | 8.2601 | 10.3267 | 20.7010 | 4.4089 | 17.5519
3.1816 | 5.9689 | 7.6604 | B8.2558 | 10.1685 | 22.0541 | 4.1996 | 18.8725
3.2882 | 6.1330 | 7.8063 | 8.6023 | 10.6314 | 22.7177 | 4.4984 | 19.4295
3.3670 | 6.0103 | 7.8857 | 8.6293 | 10.1219 | 25.4969 | 4.1116 | 22.1299
3.4483 | 6.1818 | 7.9962 | 8.5358 | 9.8682 | 25.6687 | 3.6864 | 22.2204
3.6964 | 5.8168 | 8.0764 | B8.5638 | 10.0866 | 24.8394 | 4.2697 | 21.1420
3.8767 | 5.6461 7.9688 | 8.5296 | 9.7940 | 23.2087 | 4.1479 | 19.3320
3.7248 | 5.5192 | 7.9267 | 8.2617 | 9.7078 | 22.5929 | 4.1887 | 18.8681
34366 | 5.3241 7.4590 | 7.5754 | 8.9886 | 21.0132 | 3.6645 | 17.5766
3.8278 | 5.2060 | 7.3522 | 7.8823 | 9.0452 | 21.8166 | 3.7492 | 17.9889
3.8355 | 5.0091 6.8924 | 7.5486 | 8.2844 | 21.0863 | 3.2753 | 17.2508
3.7211 | 4.9882 | 6.6427 | 7.2633 | B8.1869 | 20.1339 | 3.1987 | 16.4127
3.6034 | 4.9385 | 6.3475 | 7.0641 8.0462 | 18.6801 | 3.1077 | 15.0766
3.5868 | 4.5483 | 6.0972 | 6.7164 | 7.7352 | 17.3462 | 3.1870 | 13.7593
3.6789 | 4.6014 | 6.0302 | 6.6089 | 7.8276 | 16.0287 | 3.2263 | 12.3498
2.9647 | 4.6480 | 5.9830 | 6.5952 | 8.1848 | 15.2230 | 3.5367 | 12.2583
3.2479 | 4.7488 | 6.1809 | 6.6462 | 7.8951 | 15.0022 | 3.1464 | 11.8443
3.1983 | 4.7139 | 5.9567 | 6.5529 | 8.0770 | 15.3302 | 3.3631 | 12.1319

4. TAPAT'ONTEX [TIOY EITHPEAZOYN TIX EKIIOMIIEX CO2

Ba 0éhape vo dOVUE OV KOl TAOGC 1 VTOYPAPT TOV TPMOTOKOAA®V Tov Ki1dto Kot tng
Ntoyo oe cuvdvacpud He PETOPANTEG OTOC TO KOTA KEQPOANY Akobdpioto Eyydpilo
[poidv — AEII), n yewpywkn tpootibépevn a&ia, n ékTaomn TG KAAMEPYNGIUNG YNG, M
KOTOVAAWDGT] OVOVEDGIU®V KOl [T TNYOV EVEPYEWG EMNPEALOVY TIG KOTA KEQOUANV
exmopmég 610&e18iov Tov AvBpaka TV yopmv perdv g EE v mepiodo 1995 — 2018.
Emiong peketdpe v eykvpomnta g mepPorioviikng kapmoing tov Kuznet oto
OUYKEKPLUEVO GOVOAO SEGOUEVAV.
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XpNOLOTOIOVTOG T dESOUEVE, TTOV TTEPLYpayoe oty Evotra 2 kat to Ttakéto 1med
¢ R (Bates, et al. 2014), kotookevdlovue poviéha pektov emdpdoenv (Mixed
Effect Models), o omoio Ba meptypd@ovy TV €MidPOOT] TOV TUPOUTAVED TOPUYOVI®V
oT1¢ KoTd kepainy ekmopnéc CO, (CO2_PC). Apyikd KoTooKELAGAUE TO HOVTELD 1,
pe toyaiovg otabepoiy OPOVS MG TPOG TIG YMPES Kot oTabepés KAIGES ™G TPOg TO
xpOVo, To omoio divetar omd T oyéon 1.

Yi=Xif+Zbj+¢&,i=1,...,27 (1)
b;~N(0,0,2), 5~ N(0, 02I)
Omov
1 1 1
Xy = =Xp7 = 1 2 ) Zy ==Ly = 1
1 24 1

To diod1dotarto didvucua otabepdv emdpdoemy [ anoteleitan and Tn UECT TN TOV
otabepov O6pov By kail v Ko KAion f,. Ta povodidotato SlavOcoUaTe, TUYOIOY
emdpdoewv b;, i =1....27, neptypdeovv po PETATOMION TOL oTadePod dpov Yia
Kkd0e yopa. Engdn vmdpyet Ko kAo, auTég 01 HETOTOTIGELS SL0TPOVVTOL Yiot OAEG
Ta £T1. LT GLUVEXELN KATAOKEVACAE TO LOVTEAO 2, Le TuYaiovug oTafepovg dpovg Kot
Toyaieg KAioEg ™G TPog ToV 1pdvo avd ympa. Ta dvo Tapamdve poviélo cuykpidnkoy
ypnoonoldvtag ™ ocvvaptnon anova m¢ R (Chambers and Hastie 1992) ka1
em éyxOnke 10 povtélo 2 wg Pétioto e Paon to kprerplo Akaike (AIC) (Burnham
and Anderson 2004). Xto povtédo avtd TpocBETOVE TOVG VITOAOITOVE TAPAYOVTES, TO
AEIT (GDP_PC), m yewpywn npootiBéuevn a&io (Agriculture), to mocootd g
éxtaong  koAlepynowng yng (Crop), TG  avavedolueg TNYEG  EVEPYELNG
(RNRG_consumption), tig un avovemoiueg mnyéc evépyetog (CNRG_consumption)
kobdg ko Tig petafintég Doha ko Kyoto, evd yio tov éheyyo €ykvpoTnTag TG
neptPailovtikng Kapmding tov Kuznet, coumepthdfape kot tov mopdyovio kotd
kepaAnv AEII oto tetpaywvo (GDP_PC2) (povtéro 3).

Me v e@appoyn Tov Hoviélov 3, mopatnpovue Tmg o mapdyovtag Kyoto dev eivan
OTOTIOTIKA OMUovTIKOG o€ avtifeon pe tov mapdyovra Doha. Avtd deiyvel mog n
VIOYPUPT| TOL TPOTOKOALOL TNC N1oya (2012) gaiveton va omodidel Guesa Kopmovg
TPOG TV Katevbuvon g peimong tov Katd kepainy ekmounmv CO2. Qotdoo, pépog
TOV KOPTOV 0vTdV umopel vo omodobel kol oto mpwtoékoAro tov Kidto xabivg
amorteitor Ypovog Yoo vo. vAomomBodv Kol vo amoddcovy ot dpAcEL; oV £YoVV
Eexwnoel pe v vroypagn tov 10 1997 war v evepyomoinon tov to 2005.
Mapaieimovtog Tov mapdyovia Kyoto odnyoduacte 6to tedkd poviédo (Loviéro 4)
(TTivakog 4.1).

1o povtéro 4 (Iivaxag 4.1) mapatnpodue Tmg 6A0L 0L TapPAyoVTES vl GTUTIOTIKA
onuoavtikoi. Ot péoeg Kot KEQUANV eKTOUTEG S10EE10T0V TOV dvBpaKapeldvovTOoL
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katd 0.11 avd étoc yio otabepéc Tipés Tov petafAntav katd keparv AEI, yeopyum
wpootfépevn afla, EKTaon KOAMEPYNGIUNG VNG KOl KATAVAA®MGNS AVOVEDGIL®V Kot
un myov evépyewog. Emiong, peidvovtan kotd 0.69 yio kabe povdada advénong tov
TOC0GTOV TNG €KTAONG TNG KaAlepynowng yng kot kotd 0.85 ya kdbe povada
avENONG TNG KATAVAAWDOTNG OVAVEDGIL®V TNYOV gvépyetas. AvtiBeta, S10mIoTOVOLE
avénon katd 0.18 yo kabe povdda avénong e Yempyikng tpocTiféuevng a&iog Kot
katd 2.88 yio kéfe povada ovénong tov kotd kepaAiny AEIL

IHivakag 4.1. Movtédo 4: Teliko puoviédo

Model 4 Est SEE. | tval p Random Effect
Std. Dev
Intercept 8.86 0.64 | 13.81 | 0.00 0.46
Year -0.11 0.02 | -5.05 0.00
GDP _PC 2.88 0.32 | 8.88 0.00
GDP_PC2 -1.34 0.20 | -6.67 0.00
Agriculture 0.18 0.07 | 2.69 0.00
Crop -0.69 0.18 | -3.76 0.00
RNRG consumption -0.85 0.15 | -5.55 0.00
CNRG_consumption 1.38 0.28 4.87 0.00
Doha -0.29 0.08 | -3.67 0.00

EmmAéov, emPePordveror kot n mepforroviikny kopmddn tov Kuznets (EKC)
ocOupova pe TV omoia. pe ovénon tov kotd keeoinv AEIT avEdvovtor ot katd
KEQPUANY eKTOUTEG O10E€10i00 TOV GvOpaKka Uéypl KAmMO0 OPlO0 KOl GTN GULVEXELD
napoatnpeitot peimwon Tov katd keeoiny exmopndv CO,. Kdtt tétoto vrodnidver pra
OGTPOYPTN TOV TO OVOTTVYUEVEOV OKOVOUIKA KOWWMOVIDV, G £Va MO OIKOAOYIKO Kol
«Prdoyo» Tpdémo {ong.

5. XYMIIEPAXMATA

Ymv napovoa epyacio peretnonke n e£EMEN TV Katd kepoAny ekmoundv CO; ta £
1995-2018 ypnoponowdvtag oedopéva amd tnv llaykdéopo Tpdanela Avorytmv
dedopévav kot v Evponaikn Ztatiotikny Yanpeoia. Eniong peketnke n oxéon mwov
ovvdéel Tig kKatd kepaAnv ekmounéc COz pe mopdyovieg OMmMG TO KOTA KEQOANV
AxaBdpioto Eyyopro IIpoiov (AEID), n yeopywr| TpoctiBépevn a&ia, To T0606TO TG
EKTOONG TNG KAAMEPYNOUNG VTG, 1] KOTOVIAMGOT] OVOVEDGILMY KO [T) TNYDV EVEPYELNG
6€ GLUVOLOCUO WE TNV VTTOYPAPT TOV TPOTOKOAA®Y Tov Kioto (1997) kot tng Ntoya
(2012). Awmotddnke 0t1 10 Katd KePaAv AEIL, 1 KotovaAmon pn avovedoi®v
TNYOV €VEPYELNG KOl TNG YE®PYWKNG mpootifépevne o&iag, emdpodv  apvnTikd
av&Edvovtag Tig katd kepaAnv exmounég CO,. Avtifeta pe v avénon tov mocosTon
™G £KTOONG KOAMEPYNOUNG YNG Kot TNV av&nomn xprong OVOVEDCIU®V TYOV
evépyelog ot katd kepoiny exkmounéc CO, petwvovtat. H vroypaen tov tpmtokdAiov
tov K1610 gaiveral va unv anodidel dueco kaprods kabmg amarteital xpovog yio, Tnv
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VAOTOINGN TOV TOAVETMV dpdcemv OV £ovv EEKIVIAGEL Pe TNV LITOYPAPY| TOV. AT
™V GAAN, N VIOYPOETN TOL TPMOTOKOAAOL TG NTdya @aivetar va amodidel queca
KOPTOVG, UEPOG TOV OTOImV Umopel ®@GTOG0 Vo, 0modobel Kol 6T0 TPOTOKOAAO TOV
Kioro.

Téhog, emPePormveton n mepforiovtiky kapmdin Kuznet (EKC) oto sivoro tov 27
YOpoV-uerdv ¢ EE k0bmg 670 TEAIKO LOVTEAD 1 GYECT) TV KATA KEQPOANV EKTOUTDOV
CO avogopikd pe 1o AEIT kot 1o AEIT? eivan Oetikn xou opvntiky avtictorya.
Yuvenmg 060 peyorodvel to kotd kepaAnv AEIL avEdver kor 1 mepiBailovrikn
vofadon, aAld amd éva onueio kol pETA, pe avénon tov Katd kepainy AEIT
mopotnpeitan peioon g mepParloviikig vrofadonc. Avti n oxéon LITOONADVEL
L0 GTPOPT] T®V MO OVOTTUYHEVEOV OIKOVOULKA YOPAV, GE £VO, TTLO OIKOAOYIKO KOl TTLO
«Puvoyo» tpoémo {wng amoocuvvdéovtag TV meEPPoAAoVTIK) emPBdpuvon amd TV
OLKOVOLUKT] OVATTUED.

Ta amotedéopato tng mapodcag epyaciog EpYovVTal GE TANPT GLUEMOVIN Kol UE To
anoteléopata Twv Aydogan and Vardar (2019) xoaw Waheed et al. (2017) g mpog v
apvnTikn exidpacn tov AEIL Tov un avovedoumy Tnymv eVEPYELNG KoL TNG YEMPYIKNG
npootBépevng agiag otig ekmopnéc CO,2 Mepikdg cuppmvovv kot e Tovg Mahmood
et. al (2019) ka1 Pata (2019) wg mpog tov mapdayovio g YE®PYIKNG TPOoTIBENEVNG
a&log kaBdg o1 LEAETES TOVG KATOANYOUV TG 1] AOENGN TOL GUYKEKPLUEVOL TOPAYOVTO,
umopel vo odnynoel oe peiwon Tov ekmoundv Swoéewiov Tov Avbpoko otnv
atpocealpo. Télog, oe O0TL agopd otnv mepiPariloviikyy kapumdAn tov Kuznet n
Topovoa Epyacio EpYETal 6e TANPN cvpe®via pe Tig perétec tov Aydogan and Vardar
(2019) ko1 Mahmood et. al (2019) kabmg ko o1 Tpelg peAETeS TV ETPEPUIOVOLV.

Evelmiotobpe n mapovoa epyacio vo omoTeEAECEL EPEOIGUO VIO TN CLGTIUOTIKOTEP
LEAETT] T®V TOPAYOVI®V TOL EMNPEALOLY TIG EKTOUTES TOV d1o&ediov Tov dvOpaka Kot
NV TEPIPAAAOVTIKT TOALTIKT O)L Lovo o€ enimedo EE oAld Kot o€ TaykOG o eninedo.
Eméktaon g uerétng 0o pmopovoe va yivel 6To chVOLO Y0p®OV EVTOG Kol EKTOC TOV
Opyaviopod  Owovopknis  Xvvepyaciag Kot  Avantvéng (OOXZA). Tha  pio
oeEoducotepn perétn tov exmopncdv CO,, Bo pmopodoav 610 TPOTEWVOUEVO HOVTELD
Vo eVoUaT®BoUV Kol GAAOL TOPAYOVTEG OTTMOC 1) TOYKOCGUIOTOINGT), Ol UETAKIVIGELS
Kot vo peleTnBobv mo ovvleta povtéra pe oAniemidpaocelg. Téhog Oa eiye evoiapépov
Kot 1) TaEvopnon Tev xopov og tpog Ti¢ eknounig CO-,

Ta mepiforrioviikd mpofAnuarta o yvopilovv cdvopa, oAAd emxnpedlovv 6A0 TOV
KOGLO, OTOLTOVTOC OVCIUGTIKA KOWEG OPAGELS KOl GLVELODVY Yo TNV AVTIUETOTION
tovg. Eivol mAéov Kowvd amodextd O6TL 0lKoVOpK avamTuén mov g Aapfdver voyn
TNV TPOGTOGIO, TOL TEPIPAAAOVTOG KOl T O10THPNOT TOV OIKOGVGTNUATOG deV gival
amodekt otnv Evponaixn kowvotta. [1pog tnv katevbuven avt, n EE Aaufdver pia
oEPa HETPAOV KOl TPMOTOPOLVADV Y10 TOV TEPLOPICUO TOV KAUATIKOV HETOPOADY UE
o61dY0 TNV EMiTELEN NG AEPOPOV AVATTVLENC.
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ABSTRACT

It is commonly accepted that human activities (industry, livestock, agriculture, etc.) in recent
years have resulted in the degradation of the environment, which now seems threatening to the
future of the planet and its biodiversity. One of the most important environmental problems of
our time is the greenhouse effect as the temperature conditions prevailing on the earth's surface
are disturbed with a serious impact on its flora and fauna. Greenhouse gases are about 20, but
according to the Intergovernmental Panel on Climate Change, they consist mainly (about
76.7%) of carbon dioxide (CO>). Recognizing the problem early on, the European Union (EU)
has adopted international legislation (protocols) to reduce climate change. This paper examines
the links between the economic activity of EU Member States and their environmental footprint
from 1995 to 2018 and the impact of the Kyoto (1997) and Doha (2012) protocols. Our main
aim is to assess the impact of per capita GDP, agricultural added value, percentage of arable
land and the consumption of renewable and non-renewable energy sources on per capita CO»
emissions. Mixed Effect Models confirm the impact of the Doha protocol, renewable energy
consumption and arable land in reducing CO; emissions. On the other hand, the impact of GDP
per capita, non-renewable energy consumption and agricultural added value is negative as CO2
emissions are increasing. The Kuznet environmental curve is also confirmed.

ANA®OPEX

Aydogan, B, and G Vardar. 2019. "Evaluating the role of renewable energy, economic
growth and agriculture on CO2 emission in E7 countries." International
Journal of Sustainable Energy 335-348.

Bates, D, B Bolker, M Michler, and S Walker. 2014. "Fitting Linear Mixed-Effects
Models Using Ime4." Journal of Statistical Software.

Burnham, K P, and D R Anderson. 2004. "Multimodel Inference: Understanding AIC
and BIC in Model Selection." Sociological Methods & Research 261-304.

Chambers, J M, and T J Hastie. 1992. Statistical Models in S. Wadsworth &
Brooks/Cole.

Grossman, G, and A B Krueger. 1991. "Environmental Impacts of a North American
Free Trade Agreement.” US-Mexico Free Trade Agreement.

IPCC. 2013. Climate Change 2013: The physical Science Basis. Contribution of
Working Group | to the Fifth Assessment Report of the Intergovernmental
Panel on Climate Change. Cambridge University Press.

Kuznet, S. 1955. "Economic Growth and Income Inequality.” American Economic
Review 45: 1-28.

Mahmood, H, T T'Y Alkhateeb, M M Z Al-Qahtanl, Z Allam, N Ahmad, and M Furgan.
2019. "Agriculture development and CO2 emissions nexus in Saudi Arabia."
PLOS ONE.

81



Pata, U K. 2021. "Linking renewable energy, globalization, agriculture, CO2 emissions
and ecological footprint in BRIC countries: A sustainability perspective."
Renewable Energy 197-208.

UNFCCC. 1997. Kyoto Protocol to the United Nations frameworkconvention on
climate change. Kyoto: FCCC/CP/1997/L.7/Add.1.

United Nations. 2012. Doha Amendment to the Kyoto protocol. Doha:
C.N.718.2012.TREATIES-XXVII.7.c.

Waheed, R, D Chang, S Sarwar, and W Chen. 2017. "Forest, agriculture, renewable
energy, and CO2 emission." Journal of Cleaner Production 4231-4238.

82



EXmviko Xratiotikd Ivetitovto
Ipaxtucd 34°° [oavelinviov Zvvedpiov Ltatiotikng (2016), oel.83-98

ENA MEIKTO SEIHCRDV-UKF MONTEAO I'TA THN
ITPOBAEYH TOY COVID-19. EPAPMOT'H XTIX HMEPHXIEX
KATAI'PA®EX TANAHMIAX XTH I'AAAIA

Bagcileiog E. Manayswpyiov', N'edpyio Toaxiions®
Tunuo Madnupatikov, Apietotéreto [oavemompuo ®eccarovikng, Oecocarovikn 54124, EALGSa
vpapageor@math.auth.gr?; tsaklidi@math.auth.gr?

IHNEPIAHYH

Y10 mopov Gpbpo, Tpoteivetal yia tn peré g e&EMENG ¢ tavdnuiog COVID-19 éva dwopepiopoticé SEIHCRDV
HOVTELO — U0 ETEKTOOT TOV KAOGIKOV povTélov SIR — to omoio AapPdvel vtoyn tovg TANOLCUOVG TOV EVAADTMV
(susceptible) ka1 Tov exteBeévov (exposed) acbeviv, tov poivopatikdv (infectious), voonlevduevov og
vocokopeio. (hospitalized) kor povadeg evratikrg Bepameiag (icu admitted), avappouévov (recovered), vekpov
(deceased) ko epporacpévav (Vaccinated), ce cuvdvacuo pe éva unscented giktpo Kalman (UKF), napéyovtog pua
Suvapkn ektipnon tov eapTdUEVOV and To ¥pOvo TAPAUETPOV Tov cvothuatos. E&etaletor 1 afomotio Tov
HOVTEAOL Yia i Lakpd Tepiodo 265 nuepdv, 6Tov TopatnpodvTot 600 CHUAVTIKE KOUATH KPOVOUATOV, EEKIVOVTOG
tov lavovdplo tov 2021 mov onuartodotel v évapén tov spfoliacumv oty Evpdnn, mapéyovrag evBuppuviikég
npoPrévelc. Idtaitepn éppacn divetar 6Tov LITOAOYIGUO EVOC TO AVTITPOCOTEVTIKOD POCIKOD AVOTAPAYDYIKOD
apBpot (basic reproduction number) R, ka1 ot Siepedvnon TG ACLUTTOTIKNG £voTdfelng Tov wolvyimv Tov
povtélov cuvaptioet Tov deiktn Ry. H pebodoroyio mov mapovstdletor pmopel €0KoAn Vo EQAPLOCTEL 08 GAAES
EMONiES, KAODC 01 TPOTEWOLEVEC KOTOOTACELS KOl LETOPAGELS EIVAL AVTITPOCOTEVTIKEG Y10, TIG TEPIOGOTEPEG AT
QUTEC.

Aé&erg Khewdd: Unscented Kalman Filter, Emidnuioloyia, COVID-19, Awapepiopoticd Movtéda, Moviéda Xmpov
Koatdotaong, Avvapum Extipnon Hapopérpov

1. EIXATQT'H

O véog kopovoidg SARS-CoV-2 (COVID-19) Eomace oty moAn Wuhan g Kivag tov Aeképuppto tov
2019 (Muralidar et al. 2020). Avti N e€opetikd PETABOTIKY VOGO AVOKNPOYTNKE OG Tavdnuio omd Tov
[Hayxoopo Opyaviopd Yyelag tov lavovdpro tov 2020, evd €va xpovo opydtepa, o 10G &lye LoADVel
neplocotepovg omd 100 exatoppdpla avOpdmovg (Coronavirus Research Center of John Hopkins
University 2021), Topd To TOIKIAQ VYEIOVOUIKA UETPO TTOL Oeomiotniay amd Tig ebvikég KuPepvnoels.

H coBapdtra g katdotaong pall pe v avaykn yio £yKoipn TpoAny, 00NyNCoV G€ SlEPEVVIION TNG
@vong tov COVID-19, xotd xdplo Adyo pécm pabnuotikng povtedomoinong. Xvvhbwc, N eEdmlmon
HLOAVCUATIKOV 0acbeveldv meptypdpetol pe TN ¥pNon OWUEPICUATIKGOV HovTéAwy, Omov 10 SIR
(Susceptible-Infected-Recovered) avtitpocwnedet 1o mo gupémg yvootd povtého (Brauer et al. 2019). Qg
amotéleopa, ToAAG dpBpa Pacilovv v e&epevvnon g dvvapikng tov COVID oto povtédo SIR (Cooper
I. et al 2020) 1 og opiopéveg and Tig enekTdoelg avtov, énmg to SIRS (Susceptible-Infected-Recovered-
Susceptible) (Salman A.M. et al 2021), Ta povtédha SEIR (susceptible-exposed-infectious-recovered) (He
et al. 2020) 1 SEIRD (Susceptible-Exposed-Infectious-Recovered-Deceased) (Rajagopal K. et al 2020).

Ol avetépm Tpoceyyioelg dev elval og 0éon vo Teptypdyovy T GOVOETT SLVOUIKN TNG TAVONUiNG, EI0TKA
YIOL UEYAAQ YPOVIKG OlGTAOTA, AOY® S0QOP®Y OLUKVUAVOEMY GTIC TAPOUETPOLS TNG VOocov. [a
ToPASELY LD, 1) OECTION TEPLOPIOTIKOV HETPOV OTMG 1) YPNON LOCK®OV G KAEIGTOVS Kol SNUOGLOVG YDPOLG
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N 1 Béomon tov lockdowns og ToOAAEG ydpeg ava Tov KOGLO, Heimoe To KaONUePIVA T0G0GTH LOAHVEEDY
(Atalan 2020), eved 1 eppdvion toparilayov o6mmg n B.1.1.7 (dAea) korn B.1.617.2 (3éhta) oyetiCovron pe
avénuévn petadotikdtra (Kidd et al. 2021), avénpévo kivduvo voonieiog kot eilcaymyng oty MEG, kabmg
Kot ovénuévn Bvnowotta (Tuite et al. 2021, Veneti et al. al. 2021. Aedopévov 0Tl Ol AGLUTTOUATIKEG
poivvoelg etvar d0VokoAo va aviyvevBoldv evd mavTo eival VIOPKTEG Ol TEPIMTAOGELS YELONDS OeTIKMV-
apvntikeov PCR kot rapid teot, avtidappavopacte v vmapén mbavav afefotottov ota avapepduevo
dedopéva (Hu et al. 2020, Keeling et al. 2020). EmmAéov, o1 KOTAGTAGELS KOl 01 AVTIGTOXES LETAPAGELS TNG
TAELOVOTNTOS TOV OLUUEPICUATIKOV HOVTEA®V dgv AapPdvouy voyn TV TANPN OLVOLIKT TG VOGOv.
Emopévmg, n petdfacn amd T VIETEPUIVIOTIKT GE L0 GTOYOCTIKY TPOGEYYIOT) OLOPOIVETOL OTOPOLTITY.

Ot Singh et al. (2021) ypnowomoodv 10 Pacikd eiltpo Kalman yia va Adfovv exktunoeig yo v
e&EMEN g mavonpioag oty Ivdio, aAld dTc avapEépovy, aVTEG Ol KTIUNGELS etvatl a&ldmoTeg HOVO Yo
oLVTOHO XpoviKo dtdotnua. Ot Ndanguza et al. (2016) cuvovdlovv éva poviéro SEIR pe éva extetapévo
eiktpo Kalman pe duvopikn extipnon mopapétpov tov emdnuoioyikod povtélov. Ot Zhu et al. (2021)
npoteivouy éva povtého SEIRD-EKF pe duvopukn ektipmon mopapétpov, v ot Song et al. (2021)
YPNOULOTOLOVV TO 1010 HOVTEAD, HE TN dlapopd OTL 1 ektiunon mapapétpwv tov SEIRD npaypatomoteiton
UEC® EMOVOANTTIKNG HeBOOOV BerTiotonoinong mov Paciletarl otn péyiotn mbavotnra.

Y10 mapdv GpBpo, mpoteivovue évo véo pewxtd SEIHCRDV  (Susceptible-Exposed-Infectious-
Hospitalized-ICU admitted-Recovered-Deceased-Vaccinated) povtélo oe cuvdvacud pe évo unscented
¢@irtpo Kalman (UKF) pe duvopukn ektipnon mapauétpmy, Tov HTopel Vo dVTILETOTIGEL OTOTEAEGILOTIKA
TIG £VTOVEG LUKV UAVGELS TOV GLVOdEVOVY TNV e&dmimaon tov COVID-19, petd to Eexivnua g meptddov
TOV EUPOAIOGU®Y, TOPEYOVTOS HId TOAD TO OVTITPOGMOTEVTIKY €KOVO NG Kadnuepvig e£EMENG G
TaVON OGS, AOY® TOL AVENUEVOL aptBol) KATAAANA®V KOTAGTAGE®V Kot LETAPAcE®V.

H avénon tov apbpod tov memleypévov So@Qopikdv eSlo®oe®Y, OOV 1) TAEWOVOTNTO TMV
KataoTdoemy (6 amd g 8) eivol mapaTNPY|GUYLES, GE GLUVOVOGHO LE TN OVVOLIKTY EKTIUNON TOPAUETPOV
OV TPOKVTTEL LEGD TG AVATPOPOSOTNGNG OO TIG NUEPNGIEG KATAYPAPES, AMOTPEMEL OKPAIES EKTIUNGELG
ToPOUETP®V, divovtag allomioTteg TPOPAEYELS AKOUN KOl Y10, TIG KPVPEG KATAGTAGELS TOL Hoviédov. H
CLUUTEPIANYT TOV KATAGTAGE®V TOV VOGNAELOUEV®DY G€ vocokoueioa kot ME® mopéyet évo axoum
OTUOVTIKO TAEOVEKTNHO. otV Tapovca avdivon. O COVID-19 yapaxmpiletor and vynid mococtd
UCVUTTOUOTIKOV QOPEWMY, YEYOVOG TTOL 00NYEL GTO CUUTEPAGUO TMG TO KOONUEPIVE, ETimEdA EvEPYDV
KPOLGUAT®V Kol avoppouéveoy Ba uropodcoav vo Bempnbodv mg dgikteg youning a&lomotiog yio v
e€EMEN g mavonpiag. Avtifeta, ot mAnBucpol twv voonievopevav ce vosokopeio kot ME® gléyyovton
degodika yio v emPePaimon g Aoipméng amd COVID, kahoTdvTog TIg NHEPT|OIES KATAYPAUPES AVTMV
TOV 000 KOTOOTACEDV MG TOLG 7o okpiPeig deikteg yioo v a&loAdynon TG TPOGOPLOCTIKNG-
TPOYVOGTIKTG KOVOTNTOG TOV TPOTEWVOHEVOL HOVTEAOL. Oa mpénet vo onpelwbel 6t 1 mpocHnkn Twv
TPOAVaPEPHEVTOV KATACTAGE®V dEV ONIOVPYEL GNUAVTIKT VTOAOYICTIKY] EXPAPVVOT GTO LOVTELO.

Emumiéov, péo® pobnuotikng aviivong mpoteiveTal £vog eVOAAIKTIKOG-BEATIOUEVOG TOTTOG Yo TOV
deik R, (Baotkog avamapaywykog puiudc) pe féon 1o TpotevOuevo SLapepIoatikd HovTELD, eEdyovTag
ocoumepdopota yio v e&EMEN kot To pEAAOV TG Tavonuiog. AkOun, dlepguvate 1 vIopEn EvOnUIKOD
eolvyiov kot 1 evetdbeia Tov wolvyiov EAAeWYNG TG VOGOV amd ToV TANBVGUO GLVOPTHGEL TOV TIUDV
Tov Ry. Téhog, eléyyovue tnv oélomiotioo Tov HOVTEAOVL OTIC Muepfoleg Kotaypagés otn [aiiia,
KOADTITOVTOG oL Hokpd TePiodo 265 muepmdv, TOPEYOVTOS EKTIUNCELS Yo TOvg TANOLGHOLS TV
LOALCUOTIK®V, VOonAguouevov oe  voookoueio kot ME®, avappopévev, amoboavoéviov Kot
eUPOAMACUEVDV.

2. MEOGOAOI KAl MAOGHMATIKH MONTEAOITIOIHXH
2.1. To mpotewvopevo povrého SEIHCRDV
Yy mapovoa Tapdypapo tapovotdlovue to dapeptopotikd povtého SEIHCRDV, péom tov omoiov

e€etdlovpe v e&dmimon tov kopovoiov ot ['odiio Pacilopevol otig nuepnoleg Kotaypapss. Onmg
avapéPONKe TPONYOVUEV®G, TPOTEIVETOAL [0, ETEKTOOT] TOL KAOGWKOU povtéhov SIR, eiodyoviog mévte
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EMMAEOV KOTAOTAGES/S10POpIKEG EEIGDOGELG (.€.), TPOKEWEVOL VO, EVOMUATMGOVIE GTO HOVIELO TOVG
TANBvucpovg TV extebelévev, voonilevdouevemy og vosokopueia, voonievouevoy ce ME®, amobavovimv
e&autiag tov COVID-19 kot epforlacpuévay.

Y10 Xynuo 1, mopovcidlovior ot petofdoelc petaEd TOV  KOTAGTAGE®V TOVL TPOTEVOUEVOV
eMONUOA0YIKOV povtédov. H emhoyn Tov mopovctaldUevev KOTAGTAGE®Y Kol LETAPACEDY EEETAGTNKE
UE HUeYOUAN TPOsOoYN, LE GTOYO TNV OKPIPBEGTEPT TEPLYPAPT TNG EEATAMONG TNG TovONUiag xmpic va owénOel
ONUOVTIKA 1) TOAVTAOKOTNTO TOV LOVTEAOVL.

B o ST N
— N ’ ’ -

: o —
™
AN
N

N Y
\ //p
¥

Vaccinated Recovered Deceased

2ynua 1. dioypouuoticy ovorapaotaon tov mpoteivousvov SEIHCRDV povédov

To cvotua (2) mapéyet £va VEO VIETEPLIVIGTIKO LOVTELO TNG LOPPTG

X() =f(t,X) €))

OV TEPLYPAPEL TNV eEEMEN NG e&dmAwong tov COVID-19 otov mAnbuoud. Ztov wivaxa 1, mepiéyovtat o
GLUPOAIGLOL TOV KOTAGTAGE®Y Kol TOV LETOPAGEDV TOV LOVTELOL GUVOOEVOUEVOL OO TN SoGONTIKN TOVG
epunveia.

Iivaxag 1. Opiouoc wopouetpwy koi korootaoewy tov apoteivouevov SEIHCRDV uoviélov
SopupoMcouog Opiopoc [apopétpov/Katactdoemv
Evddotot
Extebeypévor
MoAvepotikoi
Noonievouevor oe Nocokopeio
Noonhigvopevor ce ME®
Avappopévor
Amobavovteg
Eppolacpévor
PvOpog l'evviioewv
PvOuog Endaong
PvOudg Modrvvong
PvOuédg Etayoydv oe Nocokoueia
PuOuodg @vnootrog amd aida aitio
PuOuog MetaBaong amd Nocoxopeio e ME®
PvOuog Avappmong petd and NoonAeio oe Nocokopeio
PovOuog Ovnowomtog petd and Noonieio e Nocokopeio
PvOuéde ITAnpove Euforiacuon
PuOudg @vnoudttog petd ond Noonleio ce ME®
PuOuog Morvvong Epporiacpévov
PuBuog Avappwong petd and Noornieio oe ME®
PvOuog Metdpaong and Avappopévog oe Evdimtog
PuOuog Avappmonc Kpovopdtov pe Hrwo Zopntouorto

E€EAQD TR ANONDVR S cOTOT—M®
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To svotua d.€. (2) mov axoAovbel Topovstdlel avaivTikd T doun kot TNy eEEMEN TOL HOVTELOD,

ds@) ~ BS@®I®)
= A— T vS(t) + YR(t) — 6S(t)

AE@®) _ Bs@I®) + apv (I (L) —aE(t) — SE(t)
dt N N

YO _ a5 @ = y10) — wl® - 61()

dt
dH(t)
dt

= yI(t) — AH(t) — kH(t) — pH(t) — SH(E)

LO — JH(t) —C(t) — pC(t) — 5C(D) @

dt
dR(t)
dt

= wI(t) + KH () + TC(t) — YR(t) — SR(L)

() _ c
" H () +pC(t)

av(t) oBV (t)I(t)
o SOy —

=6V (t)

Tov a&lomoteiton Kot 1o Bewpntikd puépog g perétng pog. Ot pubpol petafdoewv y, Y, w Kot o pmwopodv
va Bewpnbovv otabepoi, evd n TocoTTO 1 — 0 AVOTAPIGTA T HECT] TPOGTUGIN TOV TAPEYETUL OO TOV
mnpn spPforiacud (Papageorgiou o Tsaklidis 2023).

210 povtéro (2), mapoatnpovpe 0Tt dev vdpyel petdfoocr UeTad HOAVGUOTIKOV Kol amofoavovtov.
Emumiéov, mepiéyeton pa dtapoptkn| eElcmon mov avTiotolyel 6Tov TANOVGUO TV TANPOC ELPOAOCUEVDY
OTOUMV, OVOTOPIOTOVTAG EVOL LOVTEAD TTOV TOPLALEL KAADTEPO, GTO LETAYEVEGTEPO, GTAAIO, TNG TAVOTLIOG,
dAadn and tov Iavovdapto tov 2021 kar émerta. H mepiodog peta&d g epepaviong tov COVID-19 (8
AgxepPpiov 2019) (Muralidar et al. 2020) kot g Evapéng g teptddov eUPoAAGHOD, NTOV ETOPKNG Yo
TNV KOTOVONGN TOV KIVOOV®V TNG VOGOV KOl Yol TV EVIUEP®GCT TOV TOMTOV GYETIKA LE TN coPapoTnTa
™G KOTAoTOoN. Q¢ €K TOVTOV, OEMPODIE TO TOGOOTO TMOV KPOLGUAT®V 7oV amePimcay e&attiag Tov
COVID-19 yopic va eicayBolv og vocokopeio 1 ME® apeintéo. Akoun, n apeintéa enidpacn avtng g
petdpoong, 0o propovoe va Bewpnbdei wg uEPog Tov ykaovolavod Bopvfov mov wpoctifetal ot &loMGELg
KOTAGTOONG, 00NYOVTOC GE £VOL GTOYUOTIKO 16000VaL0 TOL vietepuviotikod SEIHCRDV.

Mpétaon 1. O Pacikdg avomapaymyikog puouds (BAP) tov tpotevopevor SEIHCRDV povtédov gival

R - pa(S®+aV® BaA(S + av)
T Na+8)y+w+68) NS@+8)y+w+8W+6)

Amod€1&n. H dadikooio vroloyiopov Baciletal otn yprion tov mivaka exdpevng yeviag (next-generation
matrix) mov mpoteivetol and tovg van den Driessche ka1t Watmough (2002) yio. Tov opiopd tov Booctkod
AVOTOPOY®YIKOD pUOUOD Ry. ZNUEIOVOLUE OTL 0 GUVTEAEOTNC Ry amoteAel Tov aplfud tov dgvuTeEpOYEVOY
LOADVGE®MY OV TTPOKVTTOLV Ao £va 1101 LOAVGUEVO dTOpO TOVL TANOLGHOD.

‘Eoto X = (E, 1, H,C)T 10 d1Gvucpo. Tov mepléyel Tig 4 KaTasTAoELS oL dnAdvouy Thy drapén Thg vOsov

otov acbevi kot ¥° = (5°,0,0,0,0,0,V°) = (vf—s 0,0,0,0,0, 5(::—::))’ 10 160L0Y10 OTOVGING TNG VOGOV amd TOV

TANBucpd, 6mov 6Aog 0 TANBVGUOG Elval GLYKEVTP®UEVOG OTIC KATOGTACELS EVAAMTOG Kot ELPOAACHEVOG
X° =07, wog kot dev Ba TPENEL VoL VILAPYOVY TEPLGTOTIKG LOADVOEDY KATA TN SLAPKEIL TEPLOSMV TOL
oyvel 10 1olvyro. 'Eoto F(X) kot V(X) dwavdcuato didotaong 4%1, tov onoimv 1 i cuvieTtdoa TeptEyet
7O pLOUO EUPAVIONG VEDV LOADVGE®DY TTOV EIGEPYOVTOL GTNV KATAGTOOT I KoOMG kot To puOud e£660v evag
QTOUOV amd TNV KATAoTOOT § Y10 UN LOAVGUOTIKOVS Adyoug, avtioTolywc. Ot uetakivioelg Hetald tov
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KATOGTACE®MY TOL X gV AmOTEAOVV VEEC LOAVVGELS, TOPA LETOKIVIGELG VOGS 0T LOAVGUEVOL ATOOV EVTOC
tov ovothuatoc. Etol, X7 = F(X) — V(X), 6mov
_ (8BSt oBVI !
70 = (51 + £2,0,0,0)
Ko
VX)=((a+8E,y+w+8)]—aE,A+k+u+8H—yl, (T +p)C—AH)".

O mivaxag emduevng yevidg opiletar o¢ to ywopevo FV~1 émov F,V eivon ot lakopiavol mivakee tov
F(X), V(X) vroroyiopévor 610 1600710 YO, 'Etot, ot F ko V givan mivakeg Sidiotaong 4x4 kot popeig

BS° + opV?®
0 &—— 0 0
[ =5
Fyo=1|o0 0 0 0 (3)
0 0 0 0/
0 0 00
Kot
§+a 0 0 0
_ —a Y+w+d) 0 0
Vie=1 o —y (A+K+p+6) 0 ' *)
0 0 -1 (t+p+9)

avtioToya, evd o V givan évog avTioTpéyipog kdtw Tptyovikog tivaxag. 'Etot £xovpe

! 0 0 0
/ a+d \
a 1
| @+ +tw+0) Y tw+to 0 0 |
—— (@a+8y+w+6) y+w+é
- ay 14 1 0 ’
(@+8)EK+2+u+8)y+w+48) (k+2+u+8)y+w+6) K+A+pu+6
ayd YA A 1

(@+8)k+2+u+8)y+w+8)E+p+68) K+A+u+8)y+w+8)E+p+6) (K+A+u+8)T+p+8) (T+p+96)

gVl 0 deiktng Ry efvon 1 pacpatiky aktive Tov Tivaka emdpsvng yeviag FV ™1, kot Siveton mg

La(S® +aV?®)

Ro = p(FV™1) =
0o =PV = T O 0+ ) ®)
omov e p(A) cvuPoirilovue ™ oOoUATIKY oKTiva TOV Tivako A.
Avtika0ietdVvTog TI¢ TS Tov 1olvyiov YO ot oyéon (5) £xovue
afA(S + ov)
Ro (6)

T No@+ )G w0+ +o)
Me mapopoto tpdmo, uropoiie va vroroyicovue Tov (BAP) yia 10 ovomua (2) agarpdvtag tnv nidpoo
e€myevav mapaydvtoy, OTMG YEVVNOELS Kol OvnoindtnTo amd aAlo, aitio, dSnAady

B(S°+aV?)

T NG @

‘Eva. duvouiko 1codvvapo tov (BAP) Ry mov umopei va. vIoloylotel SUVOUIKG KaTd Tn OldpKeLo NG
TovON oG Elval 0 ATOTEAEGHOTIKOG OVOTOPAy®YIKOG puOUOC R, TOV TEPLYPAPETAL OO TOV TOHTTO

_ Be(Se + Vi)

f N+ w) ®)
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Hpétaon 2. [a 10 mpotewopevo poviého SEIHCRDV vmdpyel povadikd, Un-teTpyipévo evornuko
woolhyo 6tav Ry, > 1.

Amodein. 'Eoto Y* = (S*,E*, I*,H*,C*,R*,D*, V)T 10 gvdnuko 1colvyo tov poviéhov SEIHCRDV, mov
TPOKVUTTEL EEIGMVOVTAG OAES TIG d.€. TOL GLGTHLOTOC e To 0. Mmopovpe va meplopicovpe v avéAvon
ot 7 elomoelg, epocov to D(t) umopel va mePypapel ®¢ YPOUUKOS SUVILACUOS TV GAA®V 7
katactdoemv. Epguvodpe v vmapén kot tn povadikodtnta tov 16oluyiov autod GuVAPTHGEL TOV TIUAV
10V Bacikol avamapaywytkod pubpod Ry.

I'a Adyovg cuvropiog, Bétovpe B, = % > 0. Tote, and 10 cvotTua (2) £yovpue,

A=B S I"—vS"+yYR* =465 =0
S I +oB V" —aE*—8E* =0
aE* —yI" —wl* = 8I" =
yI"—AH*—kH"—uH*" —6H* =0
AH* —1C* —pC* = 6C* =0
wl"+kH +1C*—yYR*—6R* =0
vS*—of VT =6V =0.

Aappdavovtog vdyn 1o TEPOTAV® UN YPOUUIKO GUGTNLO, GTOYEVOVLE GTO VO TEPLYPAYOVUE TIG
KOTOGTAGELS TOL CLOTIHUATOC CLUVAPTNOEL TNG TOGOTNTOG ™, KOTOAyOVTOG 6TIG akOAOLOEC oYECELS:

B = y+w+61* 9
= — ©
14

- T gx 1
A+xk+u+6 (10
C* = Ay I 11
T Atk+pu+ST+p+9) an
WA +Kk+u+d)E+p+8)+ry(t+p+8)+tiy
R = I =¢l* (12)
W+HA+x+pu+8E+p+96)
A+ YPcl”
§'= ——— 13
Bil* +v+6 (13)
vA + vipeiI*
V= . 14
(aBI* + 8)(BI* +v + ) b
Oa mpénel va TtovioTtel Ot ¢y € (0, %) T to ¢ ™g oxéong (12) éxovpe
1 yAt+k(t+p+96)) Y+ w
¢ = W ) (15)
Y+6 A+x+u+d@+p+9) Y+6

KoODC AT+ k(T +p+8) < A+k+u+8)(T+p+9).
Avtikabiotovrag tig oxéoeis (9), (13) xar (14) ot 21 e&icwon Tov pUn YPOUUIKOD GLGTAOTOS O.€.,
naipvovue v kKuPikn e&icmon ywpic otabepod 6po,

aBi(A+ e IM) (o " + )"+ ofav(A + Yo I — (a+ )y +w+8)(0f " + 8B+ 6 +v)[*=0. (16)
H tetpayoviky eEicmon mov mpokvmtet and ) oyéon (16) sivarn
of?[ape, — (a+ 8y + w + 8)]I*?
+apy (AByo + P (8 + ov)) — Bi(a + 8y + w + 8)(68 + 8 + ov)]I*
+afi A6 +ov)—6(a+8)y+w+8)@E+v)=0. 17)
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Kévovtag ypnon tov kavova tov Vieta, umopolue vo, mpocdiopicovpe 10 TPOCTUO TOV ADGEMV TG
egiowong (17). Eoto I7 kot I o1 Moeig g (17), 6mov

afi A6 +ov) —6(a+6)y+w+6)(6+V)
offlape; — (@ + 8y + w +8)]

Ll = (18)
O mopovopootig g (18) sivar avompd opvntikdc, epdcov aye, < a% (w+y)<alw+y) <
(a + 8y + w + 8). Axdun, o apOunc ¢ (18) eivon Betikog 6tav

ap A6 +ov)—6(a+8)y+w+6)(+v)>0,

ondte, pe Paon v oyxéon (6) £xovue Ry, > 1. Enopévmg, av Ry > 1, kataAyovue og €tepoonues pileg
00N Y®VTOG G€ LOVOOTKO VoMK 160{0Y10, pag Ko 1 apvntikn pila Oa mpénet vo amoppipbei kabng dev
gtvar duvatov va Exovpe apvntiko aptiud kpovopdtov. Méow tov eéiodoswv (9) — (14) vrohoyilovtat ot
Aowmég mosOTNTES TOL 1oLVYiov.

Mpétaon 3. To 160lHy1o amovsiag g vocsov YO givon tomikd acvpmtotikd svotadéc 6tav Ry < 1, oproxd
evotaféc otav Ry = 1 kot aoctabég 6tav Ry > 1.

Am6oelln. Apykd, mepropilovpe v avaivon pog otig 7 6.€., epdoov 10 D (t) pmopel va mepLypapel ¢
YPOUUKOG GUVIVOOHOG TV VITOAOIT®Y 7 Katootdoemy. I'pappikonotodpe o cvomua (2) Taipvoviag tov
avtiotoryo lakmpPiavd mivaka VIOAOYIGHEVO 6TO 160L0Y10 0movsiag TG VOGov amd tov TAnduoud YO,

—(wv+96) 0 —B;S° 0 0 Y 0
0 —(a+8) Bi(S°+aV?) 0 0 0 0
0 a —-y+w+9d) 0 0 0 0
Jore = 0 0 y —A+k+pu+9) 0 0 0 |- (19
0 0 0 A —(t+p+96) 0 0
0 0 W K T -W+46 0
v 0 —apV° 0 0 0 )

To ovotua (2) eivar TomKE AGLUTTOTIKG gVGTAOEG OTOV OAEC OL 1O10TIUEG TOV Tiivaka J pry Aoupdavouv
YDOPO. 6TO aPLoTEPO UIYadIKO NUETinedo. To yapaktPIoTIKO TOAVOVLLO TOV TTivaKe J pre €Vl TO

p(s) = detUpre — SI7x7)
=G6+0)E+A+k+u+8)S+v+H)E+t+p+8)(+5+Y)
S2+(@a+y+w+28)s+é(a+y+6+w)+aly+w—L£S"—0p,V% =0,(20)
00N y®VTAG 08 5 apvNTIKES 1IO10TIHEG, CVYKEKPIUEVA
S ==6,5=—(A+Kk+pu+6),s3=—wW+38),s, = —(t+p+6) xar sg = —(5 +9).

INo o tetpaymvikd molvdvopo g oxéong (20), epapudlovue to kprripro tov Routh-Hurwitz, chpemva
ue to omoto ot pileg Tov ToALV®VOLOVL B BpickovTal 6TO aPIGTEPD UIYASKO NHETITEDO OTAV Ol GUVTIEAEGTEG
(a+y+w+28) xar §(a+y+86+w)+aly+w—p£S°—0p V% civar tavtdypova Betikoi. Koabig
(a+7y+ w+268) > 0, 10 kprpro v Routh-Hurwitz wavomoteitot av kot poévo av

Sla+y+o+w)+aly+w—pS°—ap V) >0

p1a(S°+ V) <aly+w+8)+86(y +w+6)

89



f1a(S°+ oV < (a+8)(y +w+6)

KabiotdVTag T0 cvoTNUa (2) TOTKE ACVUTTOTIKG EVOTOOEG av Kot Lovo av Ry < 1.
Ortav Ry = 1, 10 TETPOYOVIKO TOA®VVLO TG oxéong (21) maipvel T popen

s2+(a+y+w+28)s=0,
dtvovrag Tig Avoelg

5;=0, s, = —(a+y+w+28)<0. (21)

H s; Bpioketon nhve otov eaviactikd dEova y'y, kabiotdviag To cOoTnua oplokd evotadis, £pOGOV oL
vroAowmes 6 1010TIHEG Aapfdvouy xdpa 6To aplotepd pryodikod nuetinedo. Otov Ry > 1, 1 teTpoyovikn
egiowon &xel Moelg pe Betikd mpaypotikd uépog Kabiotmvtag to ovotnua (2) aotadés, dniadn n vrapén
€07 Kot EVOG PKPoD aptBol Kpovoudtov uropel va odnynoet o€ paydaio eEAmAmON TG TAvOT Lo,

2.2 Unscented ¢iltpo Kalman

To unscented gidtpo Kalman (UKF) givar pua mopodiayn tov ypappkov eidtpov Kalman mov otoyevet
oV ueiwon/eEaienyn TV TPOPANUATOV TOL TPOKOAOVVTOL OO TIG [N YPOUIKOTNTEG TOL GUGTNUATOG,
YPNOUOTOIOVTAG £V GVVOLO G-onueinv (Sigma points), pue 6tdyxo TV akpipn TepLypapn g KOTOVOUNG
KOTOGTACE®V Kot Tapatnpnoeny. Xkomog tov UKF elvar 1 anotedespotikn eEdietym tov BopHov mov
GLVOJEVEL TIC TAPATNPNCELS LE GTOYO Vo amoKaAvPOel 1 Tpaypatikny e£EMEN TOG0 TOV KATAGTAGE®Y OGO
TOV TOPUTNPNoE®Y €VOC HoVTEAOL Ydpov Katdotaong. Ot oyéoelg (22) kot (23) avimpoo®nedovy Tig
eE16MoelC KaTAoTAONG Ko Topathpnons, omov xk =[Sy Ex Ix Hy Cy Dy Vi] eivor 10 Siédvoopa
KOTOGTAGE®MY TOL Qavouévov. H e&icwon (22) mpokdmtel amd 1 S10KPITomoineT] 1oL GVGTHRTOS 0.€. (2)
KoL TV TpocHnKn yKaovolovod Bopvfov, eved 1 (23) aviimpocworevel Ty e&icmon TopaTHPNONS

X, = f(xp—1) + g, (22)
Vi = h(xi) + wy. (23)

H npoctnkn tov BopvPfov v, xat wy otig (22) ko (23), onuatodotovv T uetdfacn omd v
VIETEPUIVIOTIKY] GTN OTOYOOTIKN okomid. To tuyaio Stovicuata V) KOl Wy OVTITPOCOTEDOVY AEVKOLG
BopvPoug pe undevikn| péomn T Kot Tivakeg dStakvpovong-cuvotakopavens Q kot R, avtictoyyo.
Apyikd, Oe@podpe o apyKomoinon Tov SlVOGHOTOC KOTOGTAGE®DY Kol TOL OVTIGTOLYOL TivoKa
Sraxvpavenc-cuvdlaxkvpovons, X, = E[xy] kot Py = E[(xg — Xo)(x — Xp)T]. Ta v epoppoyy tov
alyopiBpov UKF, kotackevdleton pio oeipd omd o-onpeia §; pe avtiotoryo Bapn Ing tééng wit, dmov

N
E[xj] = zwﬁsi,j, j=1,..L (24)
i=0
Ko Bépn 2ng Tadng wy, pe
N
E[x]-xl] = ZWL'CS,:JS,:'[, ],l = 1,...,L. (25)
i=0

Ta 2L + 1 c-onpueia vroroyilovtal og

So = Xp—_1jk-1 (26)

a® -1
w§ = Pz (27)
wi=wi+1—-a*+p (28)
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S; =Xg_qpr +aVlA;, i=1,..,L (29)
Spai = Xpoqp—r — VLA, i=1,..,L (30)
wi =wf = ﬁ, i=1,..,2L 31
(Wan xo1 Van der Merwe 2000). To Siévocpa 4; eivarn § 6TNAn oV mtivaka A 0mov Py_q k-1 = AAT | evid
0 A pnopei va vmohoyiotel pécm g Tapayovroroinong Cholesky. H napdpetpog a kabopilet tn doomopd
TOV c-onueiov yopo omd to péco X kot cuvibwog maipvel Twég 0 < a < 1. H mapduetpog S
YPNOLOTOLEITAL Y10l TV TTEPTYPAPT] TNG EK TOV TPOTEPMOV KATAVOUNG TOV X, KO GTNV TEPITTMOOT KAVOVIKNG
Katavoung n Bértiotn tiun sivarn f = 2 (Wan ko Van der Merwe 2000).

Opoimg, 6mwg oe ahieg peBdd0vg piktpov Kalman, o UKF ypnoyonotet évay emavainmtid adydpifpo
TPOPLeYNc-610pbmong pe oTOX0 va TopEYEL TIC KoAvTepeg dvvatég ektiunoels. Katd tn dwdikacio
TPOPAEYNGS, 0 ahyOPIOUOC EKUETAALEDETOL TO G-OTUELN O10OIO0VTAG TO LECM TNG LT YPOUUIKNG CLUVAPTNONG
x; =f(5)),i=0,..,2L péow 1wV omoiwv vmoloyiCovtor 1 otabuopévn péon T Kol O TIVOKOG
SLOKVLOLVONG-GUVOLOKDLLAVOTG Y TO K-00TO Pripa TpoPreyng,

2L
X1 = z wix; (32)
i=0
2L
B _ _ T
Pije—1 = ) Wi = Xpem1) (X — Fepe—r) +Q (33)
i=0

Agdopévov TV PECHOV TIHOV KOl TOV TIWVAKOV SKOUUVONG-GUVOIOKOUOVGNG Yo TO0 K-06TO Prua
TPOPAEYNG, Xjek—1 KOL Pyjge—1, VEQ G-onpeio Sla6idovior HEGH TNG GLVAPTNONG TopUTHPNONG KOTd TO K-
0010 Priua d1opbwonc uéom g cuvaptnong y; = h(s;),i = 0, ..., 2L. Tote,  otabuouévn péon tiun Ko
0 TVOKOG SIUKDUOVONG-CUVIIOKDLOVOTS TOV TOPAyOUEVOY onueiov y; vodoyiletal g (Sarkka 2007)

2L
y= ) wiy, (34)
i=0
2L
Si= ) W@ -Di =P +R, (35)

i=0

O1 wivakeg Stacvvdlaomopas Kot kEpdovg Kalman umopovv va vrodoyiotovy,

2L
Cor = ) WE(si = Bipe )0 =) (36)
i=0

K, =C,, Si*. (37)

Téhog, n péon TN Kot 0 wivakog SlKOUEVONG-GUVILAKVLOVGTG Yo TO k-00T0 Prpa 610pbwong, divovtal
g

Xk = -1 + K = ), (38)
Pklk = Pklk—l - KkSsz- (39)

3. AIIOTEAEXMATA

v mopohoo evOTNTO OlEPELVATOL 1) TPOCOPHUOGTIKY] KOl TPOYVOOTIKY 1KAVOTNTA TOL HOVTEAOVL
SEIHCRDV-UKF pe duvopkn extipnon mopopétpov otig nuepnoteg mapatnpnoelg COVID-19 om
TaA)ia. ToviCovpe 611 0 TANOLoUOG BempnOnke KhelGTOG, INAadT| ot puBuoi A kot § de AMeOnKay VoYV
AOy® ™G apeintéag emidopaong tovg. E&gtalovue v e€€MEN g mavonpiog omo tig 16 Iavovapiov Emg Tic
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7 OxtwPpiov 2021 (ddotnua 265 nuepdv). To TAnpog spforiacuéve dropa gite Exovv Adfet dvo d00¢€lg
a6 to euPforia Pfizer | Astra Zeneca i pio d6om and ta euPodia Johnson & Johnson 1| Moderna. Ta
OgdOUEVE, TTOV YPTCLULOTOIOVVTOL YIO. TNV OVOAVGY, TEPIAAUPAVOLY KOTAYPAPEG YLl TOVG EVEPYOVG
LOALOUATIKOVG Qopelg, voonievduevoug oe vocsokopeio kor ME®, avoppopévovg, amobavovieg Kot
euporacuévouc. OLTapaTnPNGELS CLTAOV TOV 6 YPOVOGEIPADY UTOPOVV VO GUAAEYOVY LEGM TNG IGTOGEAIDOG
data.europa.eu. mov meplapuPdvel Tig emionpee, nuepnoleg kataypapés yio tov COVID-19 yuo 6Aa o
Kpatn-péEA g Evponaikng Evoong.

H e&eralopevn ypovikn mepiodog mepthapfdvel 600 KOUOTE KPOVGUAT®V TOV KOPLPOVOVTOL TEPITOV
v 801 (5 Azmpiiiov) kot v 2101 (15 Avyodotov) nuépa avaAvong, eved GLVOSEVOVTOL OO AVTIGTOL O
KOpoTo voonievouevoy ce vocsokopeio kot ME®. H mtotik) tdorn tov mpdTtov kOuatog mbavototo
emnpedomnke €viova and ta lockdowns mov emPAndnkav oe 16 yorhkég mepipépeieg, evd Beomictnke
amoyopevot kKukAopopiog petald 7 p.p. kot 6 .. (20 Moaptiov) o eBviko enimedo.

H gppdvion tov devtepov kvpatog wepimov v 1n gfdopdda tov loviiov (Muépa 170) oyertiletan ot
peydro Pabud pe ™ YOAGP®ON  TOV  TEPWOPICTIKAOV HETPOV, ONMOG TNV EMOVOAELITOVPYIN
eotiatopiov/prap/kapé pe 50% minpomrta (9 Iovviov), v dpon g LVIOXPEMTIKOTNTAG GTN XPNoN
uaokag og eEmtepikote ympoug (17 Iovviov) kot Ty Gpon g VuyTEPIVIS amaydpevong kukiopopiog (20
Tovviov). Evag dAlog onuavtikdg mapdyovtag yio tn 0evtepn edpainor tov COVID-19 ot NoAlio givan
1 dtaomopd TG HETAAAAENG SéATO 6T Ydpa, OTOL cvuPVa L Tov G. Attal (France 24, 2021), n e&opeticd
petadotikn avtn petdAraln aviimpocmneve to 40% tmv vémv poidveewv and COVID-109.
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2ynipa 2. Hugphoieg Katoypopés HOADGUOTIKDVY (EVEPYDYV), VOTHAEDOUEV®Y a€ Vogokoueia ko MEO,
oavappoUEV@Y, aroBovoviwy kai gufoliacuévav oty L otlio yia didatnuo 250 nuepov

Me Bdon 10 oynue 2, TapaTnPOvUE TNV EUEAVIoT) 2 €00V 1oYVPOV KVUATOV LoAvvong. 26TdG0, KoTd
™ SugpKeln TOV 20V KOUOTOS T OVTIGTOLXO KOPOTO VOONAELOpeEveVY o€ vocokopeio kot ME® etvon
onuoavtikd e&ocbevnuéva cuykpitikd pe to wpdte. To @owodupevo ovtd, toviler ™ Peitiouévn
avtpetonion tov COVID-19 oamnd tovg vyelovopkovg, kabdg mn eumelpion mov omokthonke omd
TPOTYOVLEVO KOUATO LOAVVONG GUVEPBOAE GNUOVTIKG GTNV KOTOVONGT TOV YOPOKTNPIGTIKAOV TNG VOGOV,
00N YMVTOG GE L0 GTOYEVUEVEC KOl ATTOTEAEGLLOTIKEG TEYVIKEC Ogpameiag. EmmAéov, o dapkdg av&avouevog
aplOpdc Tov TANpmg eppolacuéveoy atdpmv Tailel KaboploTikd porlo 6To TPoovVaPEPDEY QuvOUEVO,
ka0dc paivetor va petmvet (oynpa 2) v thoavotnto cofapav Aotudéewnv and tov COVID-19, odnyodvtog
o Myotepeg voonheieg oe vocsokoueio kot ME®. TlapdAinia, mapatnpodue adENCT TOL GLVOALKOV
aplOpod TV vEKpOY OAAG 1E EVTOVO TTMOTIKY TAGCT), EVOD 1| KUUTOAT TOV OVApPOUEVEOV TaPOVGIElel TV
aKpIP®OG avtiBeT CLUTEPLPOPE, VTOINADVOVTAG TNV OTOTEAEGLOTIKOTTO TOV EUPOAOGUDV.

Metd to TpMOTO GUUTEPAGUATO TTOV TPOEKVYOV OO TV TOPOTPNON TOV LYNUATOG 2, SIEPEVVOVLE TNV
OTTOTELECUOATIKOTNTO TG TPOGAPUOYNC — TPoPAeyng Tov poviélov SEIHCRDV-UKF otig mapatnpnoelg
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COVID-19 om Toiiia. Emmdéov, mpaypotomoieitor GUYKPIOT TNG OMOTEAEGUOTIKOTNTOS TOV
TPOTEWOLEVOL HoVTEAOD pe Tov oAyopOpo SEIHCRDV-UKF pe otabepég napapétpovg, tov SEIHCRDV-
EKF pe duvapukn extipnon mapapétpov, tov SEIRD-EKF pe dvvapukn extiunon mapopétpov (Zhu et al.
2021) kot to vieteppviotikd SEIHCRDV. 1o Zyfua 3, mapovotdaletol 1 TpPOGOPHOGTIKY KAVOTTO TOV
SEIHCRDV-UKF pe kot yopig SUVOLIKY] EKTIUNGOT] TOPAUETP®Y YPNCILOTOIDVING TIG YPOVOGEPES TOV
HLOALCUATIKOV (EvePY®V), voonievouevemy oe vocokopeia kot ME®, avappouévov, arobavoviov kot
euporacuévov otn l'ordia. To povtélo e tig 6tabepéc TopapuéTpoug ELEavilel VTOEKTIUNON TOV EVEPYDV
KPOLGUAT®V €181KA KOTd TN d1dpKeld TV 600 Kupdtov poivvong (Ampilio kot Avyovoto 2021) kot
VIEPEKTIUNOT GTOV avTioTOo apliud sloayoydv ce voookoueio kot ME®, oe ovykpion pe ta
amoteléopata oV Tpoékuyoay amd To duvapkd poviédo UKF — SEIHCRDV. H dwgopd avtr opsiletat
oTNV adVVapio TOV HOVTEAOL QVTOV VO AVOTPOGUPUOGEL TIG TAPUUETPOVS TOV DGTE KATA TN SIIPKELN TNG
Tavonuiog va petwbovv ot pubuoi petdfoong oe vocokopeio kat ME®.
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Zynua 3. Avamopdotoon e Tpocopuootikng ikavotntog v uovieiwyv SEIHCRDV-UKF ue kar yawpic
OVVOLILKN EKTIUNON TOPOUETPOV GTIC NUEPTTleS mopoTnproels oty T atlio

IHivakacs 2. Tiuéc NRMSE tov vretepruviaticod SEIHCRDV povtélon, tov UKF-SEIHCRDV ue arabepéc
rapauétpovg, oo EKF-SEIRD we dvvauirny extiunon mopouétpwv kot twv EKF kaa UKF-SEIHCRDV pe
OVVOLULKY EKTIUNON TOPOUETPDV

Infectious Hospitalized ICU Recovered Deceased Vaccinated

Deterministic 0.868560 0.960792  0.997148 0.967693 0.998600 0.846578
UKF-SEIHCRDV 0.214439 0.256795  0.098419 0.026397 0.092463  0.015045
Dynamic

EKE-SEIRD 0.131866 - - 0.024213  0.246692 -
Dynamic

EKE-SEIHCRDV 0.108814 0.227158  0.057104 0.024754 0.083265  0.015059
Dynamic

UKE-SEIHCRDV 0.087466 0.058741  0.039427 0.020921 0.069456  0.015074

Hopdriinia pe to oynua 3, mtapovoidletor o Iivaxag 2 pe t1g Tinég NRMSE yio to vieteppiviotiko
SEIHCRDV «at ta tpiae wpoavapepfévra otoyactikd icodvvaua tov UKF, EKF kot UKF pe dvvapiky
extipnon moapapétpov. Ot mapovsialopeves tiuég NRMSE vroAoyilovior cOUQ®va e TOV TOTO TOL
napovoidleton oto (Papageorgiou kot Tsaklidis 2021). Téco to SEIHCRDV-UKF yopic v ektipnon
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nopapéTpmv 6co kot to Suvapukd SEIHCRDV-EKF kot to SEIHCRDV-UKF Egmepvoiv onpavtikd v
axpifeta tov vreteppviotikov SEIHCRDV.

Emiong, to mpotetvopevo SEIHCRDV-UKF pe duvopikn ekTipnon TopapéTpoy TopEYEL TV To oKpip
wePypoen G £EEMENG TS movdnpiag ot LoAlia, oyeddv Kot Yo Tig 6 TOPATNPNCLUES KOTAGTAGELS.
Ewdwcotepa, to poviého avtd mopdyet petopéves nég NRMSE katd 145,17%, 337,16%, 149,62%, 26,17%
kot 33,12% o€ oyxéon pe to SEIHCRDV-UKF kot 24,41%, 286,71%, 44,83%, 83% xot 18% oe cvykpion
pe to SEIHCRDV-EKF vyia toug poAvopatikols, Toug vooniendpevoug o vosokopeio kot ME®, tovg
AVOPPOUEVOLS Kol TOVG amofavovTes avticTotya.

‘Eva. onuovtikd yopokInplotikd mov enoAnfevel v alomiotioo TG TPOTEWVOUEVIG SUVOUIKNG TOV
povtéhov UKF — SEIHCRDV eivor 1 maparxorovdnon tov petaforlopevov mopapétpov (Zynua 4).
[pmtov, o puOudc potvvong B, akolovdel TV pEAVIoN TOV V0 KUUATOV LOAVVGTG TOV TOPOTNPOVLE
evtog TG meP10dov TV 250 NUEPDYV, EVA KOTA TN S1APKELN TOV 20V KOLOTOG, 1 adENGN Tov pubuod f Kot
0 0plOUOC TOV HOAVGUATIKOV-EVEPYDY KPOLGUAT®V EEKIvOLV Tantoypova. Ot TopdueTpot petdfoaong y
kot A gpeoaviCovv pBivovoa cupmeprpopd Katd v e£EMEN g mavdnpiag, n oroia exiong CLUEOVEL L TIg
TOPOTNPNCUES YPOVOGEIPES. AVTO TO PAIVOUEVO VTOYPOUPILEL TOV pElOUEVO Kivouvo poAvveng amd
COVID, kaba¢ npoympape padvtepa otny mepiodo Tov epfoAlacuod.
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Zynua 4. H eCélién v 7 ustoffollouevav mopoustpmy o extyuavial puéow tov ovvourkod SEIHCRDV-
UKF ka1 o deixtng Ry katd ) didpxeia 250 nuepwv wavonuiog

Muo GAAN a&loonpeiotn Tapatnpnon eivar 1 eivovsa Téon TV TocosTOV BvnedTNTOS U KoL P KOTE
™ ddpkela Towv 250 nuepav, 6mov 0 pLOUSS BVNCIUOTNTAS TOV VOCTIAEVOUEVOV TEPIGTATIKMOV U YIVETOL
YOUNAOTEPOG 0md Tov pLOUd Bvnoodttag TV sloaynydv ce ME® p, yeyovog apketd ovapevouEVO.
Kobmg 0 suvolikog apBpdc Bavatov av&dvetar pe bivovsa téon (Zynua 2), n mibavotnta Bvnopdtntog
Tov loaybéviov oe ME® yivetor ocvykprtikd vynmidtepn amd v avtiotoyyn Ovnodmra tov
TEPIOTOTIKMOV TOL VOOAEDOVTOL 0Ad G€ KOO0 VOGOKOUELOKT povada. H cuumepipopd twv mococtdv
avApPOONG K KOl T EXKVPMVEL TNV 0EI0TIGTIO TOV LOVTELOL Hag, KaOMG Kot Tor SV0 avEAVOVTOL OTLLOVTIK
LE TNV TAPOSO0 TOL YPOVOL, VITOYPUUUILOVTAG TOV AVTIKTUTTO TOL EUPOMAGHOD KO TV TPOGAPUOGTIKOTNTO
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o0V €Bvikov cvotuatog vyeiog g I'odiiag otig mpokAncels mov B€tel 0 véog 106. 2 €k TOVTOV, TO
TOGOGTO AVAPPMCNG K TOV EIG0YHEVTOV 68 VOGOKOUEID TOPOVGLALEL 0VOSIKT| TAGT EVGD O1 TIES AVTOD Elvarl
SpKOG o€ VYNAOTEPQ EMimEdD KATA TN SLdpKELD TV 250 NUEPDV GUYKPITIKE [LE TO TOGOGTO OVAPPMOOTNG
tov gloayféviov ce ME®, 7. Xto Zynuoa 4, mapovcidlovpe v €&EMEN TOL OMOTEAEGUATIKOD
avamopoy®ytkov puiuov Ry, cvupova pe ) oyéon (8) katd v eEetalopevn mepiodo twv 250 nuepdv.
SOUEmVO e aVTOV TOV TOTTO KoL TN SLUVATOTNTA SUVOUIKOD VITOAOYIGHOD TOV TOPUUETPMY TOV HLOVIEAOL
(2), elpoote og Béom vo vroloyilovpe T0 Ry 0pKETA 0MOTEAEGUATIKA GE KabOnuepvi Baon mapéyoviag Evay
AVTITPOCOTELTIKO deiktn g e&dmlwong tov COVID-19.

Téhog, e€etaleton ) TpoPArentikn axpifeia Tov TPOTEWVOUEVOL HOVTELOV G VEEC Tapatnpnoels. [ivetan
xpon tov NRMSE, kobhg yioo Tipnég pikpotepeg omd Tn HOVASH TO TPOTEWOUEVO HOVTEAO TOPEYEL
KOADTEPEG EKTIUNGELS GE GUYKPLON LE TO PEGO OPO TMV YPOVOGEPGOV. XTO GYNUA 5, mapovsialovat ot
mpoPréyeig Tov duvapkod SEIHCRDV-UKF yuo 15 nuépeg pmpootd. Oieg ot tipég twv NRMSE yuo tig 6
TOPOTNPNCILES KATUOTACEL TOPOVGLALoVTaL G EEAPETIKA VTOCYKOUEVEG — Ol AVTEC TIEG EIval OpKETE
KOVtd oto undév — vmoypoppilovtog TV KATOAANAOTNTO TOV HOVIEAOL GTNV TEPLYPOPT] KOl TN
LOVTEAOTOINGT TPUYUATIKAOV ETLONUOAOYIKMY OES0UEVDV.

[T ovykekpuéva, Aapupfavoovue tiuég NRMSE g taéemc tov 0,24756, 0,44588, 0,32585, 0,45927,
0,39823 won 0,18285 yio Tovg €vEPYOVC UOALGUATIKOVG, VOOTAELOUEVOVG Ge vocokopeio kot ME®,
avappoUéEVoLS, amofavovieg kat epfoilacuévoug avtiotoryo. H vymiotepn Ty NRMSE avtictoyel otnv
TEPIMTOOT TOV OVUPPOUEVOV OTOL TOPOTNPOVUE MO WIKPT LEEPEKTIUNGOT Kabdg Tpoywpaue oe
LETOYEVESTEPES YPOVIKEG OTIYUEG. AVLTH M VIEPEKTIUNON eMNPeGleTol amd TIG NIEG VITOEKTIUNGELS OTA
TEPIOTOTIKG TV VOONAELOUEVOV 68 Vocokouel/ ME®, kabmhg avtéc o1 000 kaTaoTdcEl; cuoyeTilovtat
ypopukd oto povtélo SEIHCRDYV (2). Qg ek tovtov, kat ot 6 tipuég NRMSE givol oA pikpotepeg g
HOVAdOG, 0ONYDVING GTO GUUTEPOCUN OTL TO HOVTEAO WOG UTOPEL VO XEIPIGTEL OMOTELECUATIKG TNV
TPOPAEYN LEAAOVTIKOV KOTAGTAGEMV —OKOUO KOl Y10 (GO UAVO UTPOGTO— €01KY Y10, TOVS TANOVGHOVC
TOV EVEPYMV KPOLGUAT®OYV, VOonAguduevoy oe vocokoueio/ME® kot amofavovimv mov amotelody Tig
ONUOVTIKOTEPES LETUPANTEG Yot TNV a&loAdYNoN TS coPapdTNTOG TG TOVON UG,

— Reported
——- Dynamic UKF
—— Estimated

— Reported
——- Dwynamic UKF
—— Estimated

30000
|

Be+05
|

Infectious
Je+05
|
Hospitalized
20000
|

1e+05
10000
|

o} 50 100 150 200 250 0] 50 100 150 200 250

Time (Days) Time (Days)

7e+06

— Reported
——- Dynamic UKF
—— Estimated

5000
I

|CU admissions
3000
!
Recovered
Se+06
|

— Reported
——- Dynamic UKF
—— Estimated
T T T T T T T T T T T T

0 50 100 150 200 250 0 50 100 150 200 250

Je+06
|

1000

Time (Days) Time (Days)

95



o B ’_,./
1= 5 s
= ~ o
— | e
3 a 3 /7
ﬁ [=} § = /'/
A § 7 § &7 ‘//
— 'Jl
N —— Reported L ”~ —— Reported
o Dynamic UKF o I Dynamic UKF
g —— Estimated < R —— Estimated
=] T T T T T T &z T T T T T T
0 50 100 150 200 250 0 50 100 150 200 250
Time (Days) Time (Days)
2ynua 5. pofiertikn wcavornto tov SEIHCRDV-UKF ue dvvouukn extiunon mopouétpwy yio. oo unve.
UTPOCTO.

4. XYZHTHXH KAI XYMIIEPAXMATA

YovBog, M pabnuotiki povielomoinon petadoTik®v acbeveidv Pociletal o€ VIETEPUIVIOTIKEG
TPOCEYYIOELS, Ol OTOIEG GLYVA XPTOULOTOIOVV 10, EMEKTACTN TOV TuTKoD povtédov SIR, mpocOétovtag
Slpopikég e€IOMGEIC YO TIG TTEPITTAOCEL] TV ekTebEEVOV Kol TV amobavoviov. Qotdco, avti M
VIETEPUIVIOTIKY] TPOGEYYION AIOTVYYAVEL VO TEPLYPAYEL e aKkpifeta T ohvBetn duvapikn tov COVID-19,
KaOADG 01 TOPAUETPOL TV LOVTEA®V LETAPAAAOVTOL EVIOVO. [LE TNV ELGAYOYT TEPLOPIOTIKAOV HETPMOV Y10l TV
vyeia, 6nwg lockdowns kot pdckeg, 1§ ™) cvveyn epPavion véwv petaAldemv. Akoun, n vrapén BopHpov
OTIG NUEPNOIEG KOTAYPAPES EYEL TN PAGT TNG GTIS ACVUTTOUATIKEG LOAVVGELS, 01 OTOlE EIval SUGKOAO VoL
aviyvevbolv, Kot 610 T0600Td Yeudmg OeTikmv-apvntik®v rapid kot PCR teot.

>10 mopdv apbpo, mpoteivetan €va véo, pewktd poviého SEIHCRDV-UKF pe dvvapukn extipumon
TOPOUETP®Y, UE OTOXO TNV OVTIUETOTICN TOV TPOUVOUPEPDHEVTOV TEPIOPICUDY TOV VIETEPLVIGTIKOV
OOUEPIOUATOV HOVTEAWDY, EVIGYVOVTOS CNUOVTIIKG TNV TPoPAERTIKN TOLG KovoTNnTa. Emexteivovpe to
Tumiko povtédo SIR av&avovtog emapkdc 10 TAN00G TV S10popIK®OV EICOGEDMY TOV GUGTAIATOG GE OKTM,
Aappdvovtag emimAéov VoY TOLG TANOLVGUOVE TV EKTEDEIUEVOY, VOOAEVOUEVODV GE VOGOKOUELD KoL
ME®, anofavoviav kat epfoiacpéveov. H copnepiinymn twv voonievuduevav og vosokopeio kot ME®
TPOGPEPEL EVOL AKOUT CNULAVTIKO TAEOVEKTN L. ZTNV epintmon tov COVID-19, mov yapaxtnpileton amd
VYNAG TOCOGTA OGUUTTOUATIKOV QOPEMY, Ol MUEPNOLEG UOADVOELS KOl OVOPPOCELS UTOPOVV VO,
BewpnBovv mg deikteg yapuning akpipetog ya v eEEMEN T Tavonpiog. Amo TV GAAN TAELPA, TO ATOLO
Tov gl0dyovion og vosokopeio kKot ME® ghéyyovton die€odikd yia Aoipwén amd COVID, kabiotmdvtag Tig
TOPOTNPNCELS OVTOV TOV OV0 KOTAGTACE®V ®C TO 70 OEOTIOTO OEO0UEVO Y10 TNV EXIKVPMCT TNG
KOVOTNTOG TPOCAPUOYNS-TPOPAEYNC TOV TPOTEWOUEVOD LLOVTELOV.

EmmAéov, n pebBodoroyio tov UKF alomotel Tig muepnoleg mapotnpioelg OlEVKOADVOVTOG TNV
OTTOTELECUOTIKY EKTIUNGCT TOV TILOV TOV UETARUAAOUEVOV TUPAUETPMOV, 0ONYDVTOC GE IO GTOXOOTIKN
npocéyylon. H copmepiinyn tov mopapétpov tov HoviéAov oty dadtkacio «@iltpapicpatoc» fondd
NV TopaKorovinomn tov petafoidv g tavonuiog. Ta mapovstaldpeva AmoTEAEGLATO TG TPOSUPUOYNG
Kot TG TPpoOPreyng g e&dmiwong g vooov otn [odAdic — akdun kol yoo Wod PRvoe Umpootd —
emPePoardvovy v aflomioTio Tov HOVTEAOL. AVTH 1 GTOXAGTIKN TPOGEYYIoT gival amapaitnTn, Kadmg Ta
CQAALOTO OTIC TOPOTNPNOELS €lval YVOOTA KOl 1 EVOOUAT®OON OAmv Tov mlavdv petopdoswv Tng
avonuiog Bo 0dnyovse oe €va 1dtaitepa mEPIMAOKO HOVTELD, KAOIGTMOVTAG TN O1001KAGIN VTOAOYIGTIKA
damoavnpn kot v TpoPAentikn amddoon avosidoniot. o tapddery o, ot petafacels mov yapaxtnpilovron
amo apeANTEN TOGOOTE, OTMG N petdfoon amd T uodAvvon amevbeiag oty lcaymyn oty MEG 1 amd ™
puoéivven amevbeiog oto Odvato, mteptrapfdavovtal otov Tpodcheto B6pvPo Tov cuotiuatoc. H daducacio
OpYIKOTOINoNG TAPUUETP®V GE Un Ypappukég pebodoroyieg Bo mpénel va ekteleital pe peydin mpocoyn.
H dvvapukn ektiunon nopapétpmy ovILETOTILEL OUTH TV OVOYKOIOTNTO OTOTEAEGUATIKGA, EVICYDOVTOGC
NV 0£10ToTiO TOL LOVTEAOL HOG.

H Bewpnrikn avdivon mov Paociletor oto mpotevopevo povtédo SEIHCRDV armokodvmtel modvTya
ovumepdoparta oxeTikd pe v e€dmimon g mavonuioc. Ou mopayoueveg oyéoelg yio 1o Ry kot R
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TaPEYOLV UL IO OVTUTPOCHOTEVTIKY €1KOVA Y10 To HEAAOV NG Tovonpuing, eved Aappdvovue onuovTiKd
ocoumepdopata yio TNV €EEMEN ¢ pe Pdon v TR Tov Ry. Zduemva pe mpoavapepbeiceg £pguveg, o
deiktng Ry yw tov COVID gival ToAd vymAdTtepog TG LOVASAG, EVA 1) T TOVL Pmopel vo pelwbel povo
HEC® OTOPAGIGTIKOV Tapepufdcenv, omwg eivar ta lockdowns. Agdopévov avtdv —TOLAG(LGTOV Y10 TO
apeco péALov— Ba mpénet va dobel peyaldtepn EUPOCT) GTOV TEPLOPIGUO TOV GOPAPDY AOUMEE®Y KOl TOV
Oovatov, koBdg 0 TEPOPICHOG TNG UETAOOTIKOTNTOC TNG VOGOV (QaiveTtonl 0pKETA OVOKOAOC,
vrootnpifovtag T onpacio Tov TANPoVG EUPOALNGHOD oTOV TANBVCUO.

H peBodoroyia mov mapovcidletar pmopei ed0kolo va e@apuootel oe GAAeg emdnuieg, Kabdg ot
TPOTEWVOLEVEG KOTAOTAGEIC Kol UETAPACEIC €IVAL OVTITPOCOTEVTIKEG Y0 TIG TEPIGGOTEPEC OMO GVTEC.
Tavtoypova, avti 1 peBodoroyia eivat 1AVIKN G TEPUTTOGELS OTOV TOGO 1) SUVAUIKT] TOL GUGTHUATOG OGO
KOl Ol OVTIGTOLYEG TAPOTNPNOELS GE TPAYLOATIKO YPOVO SV UTOPOVV VO ATOTLIIMGOLV pe oKpifela v
eEdmlmwon g emdnuiog Adyo apefaotitov, pe otoxo v edhetyrn tov BopHBov mov emnnpedlel v
eEEMEN KOTAOTAGE®V KOl TOPATPTIGEWDV.

ABSTRACT

In this paper, for the examination of the evolution of COVID-19 in the population, we propose a
SEIHCRDV model — an extension of the classic SIR compartmental model — which also takes into
consideration the populations of exposed, hospitalized, admitted in intensive care units (ICU), deceased
and vaccinated cases, in combination with an unscented Kalman filter (UKF), providing a dynamic
estimation of the time dependent parameters of the system. Apparently, this new consideration could be
useful for examining also other pandemics. We examine the reliability of our model over a long period of
265 days, where we observe two major infection waves, starting from the January of 2021 which signified
the initialization of vaccinations in Europe, providing quite encouraging predictive performance. Finally,
special emphasis is given to the proposal of a representative basic reproductive number R, and the
investigation of the stability of the model’s equilibriums in accordance with the formula produced to
estimate R,. The presented methodology can be easily implemented in other epidemics, as the states and
parameters of the model are representative for the majority of them.
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HHEPIAHYH

Adwppiopnmra mpotepadtnra Kabe kpdtovg Bo mpémel vo anotelel | opydveoon Tov Zuotiuatog Yyelog
Kot 1 duvorTdTTa KeboMKNg TPOSPacns TV TolTdV og Kabe £100¢ vyglovopukg tepifaiync. 1o TAaicto avtd,
oTNV Topovoa EPYAcic Topovstifovtal Kot peAeT@vTat dtaypovikd amd to 2004 £wg to 2018, o1 eTNoieg damhveg
Tapeiov Kowvovikng Acpaiiong aAld Kot 01 GUVOAKEG KPATIKES OATAVES, ava XIAOVG KATOIKOVG KOl MG TOGOGTO
tov emolov AEIT tov yopdv EAlddac, I'eppaviag, Iomaviag, OAlavdiag, EcBoviag, Bedyiov kot IToptoyairiog
Y vanpecieg mepiBaAYNG KOl ATOKOTACTOONS E0MTEPIKAOV Kol £EDTEPIKAOV acHEVAY, Y10 £PYOCTNPLOKEG
e€eTdoelg, OYVOOTIKEG OMEIKOVICELS KOl VANPECIEG HETOQOPAG acbevdv, i Vanpecieg LOKPOypoOviag
nmepiBaiyng acbevdv 1660 610 omity, 660 Kot VOGS TOV VOCOKOUEI®V, Y10 QOPLOKELTIKG ayafd kot AAAES
Bepamevticég cLOKEVEG LaKpoyPOViag xprong. Ot damdves vyeiag, To etoo AEIT kot o mAnBuopdc kébe yopog
mv 1 lavovapiov kéBe £tovg, g GToyEin EMICNU®OV GTATIOTIK®V, avakTnOnKay amd T Pdon dedopévav g
EUROSTAT kat 1 avélvon cuotddonv og dioypovikd dedopéva €yve pe epapuoyn tov aiyopifpuov KmL. And
T Sy poviKn TOEWVOUNoN TOV XOP®V EXAANOEHTNKOV TAPATNPIOES OKOVOUK®OV LeheTdv g Eurostat, Tov
Haykocpov Opyaviepod Yyeiag (IT.O.Y) kot tov Opyavicpod Owovoptkng Zvvepyosiog kot AvAamtvéng
(OOZA) oyetkd pe v opydvwon towv Tvotnudtov Yyeiag kot Ty €EEMEN TOV S0TOVOV TOV YOPOV TOL
KATOTAGGOVTOL TNV 19100 KAGO).

AEEEIX KAEIAIA: Aondveg vyeiog, Enionpeg Zrotiotikég, Availvon Zvotadmv, KmL

1. Ewoyoy

Etvor kowva amodexto, 6t kdbe kpdtog eivar avaykoio va Peptva yio Ty kaboAtkn dvvotdtnro
TPOGPaoNC TOV TOMTOV GE 0TO0VINTOTE €id0VE TPKNG mePiBaiymg katl kdbe Tootnua Yyelog
opeirel vo eEacpalriosl 1o dikaimpo e Kabe TOATN Vo ATOAOUPAVEL TO VYNAOTEPO EPIKTO EMITEDO
vyglovopkdv mapoyadv. Emmpocherta, ol dibpopeg Evpomaikés xdpeg opyavmdvouv LEe SapopeETIKO
Tpomo 10 Xuotnua Yyeiag Toug kot To Xuotnua Kowovikig Acediiong. Zuyyxpdvmg, 1 Evpomaixn
"Evoon og otkovopukn évaon mapatnpel TNy HeTaKivoN EPYOTIKOD TPOCOTIKOD Kol EVOLUPEPETOL Y10l
M Béomion vopobeciag 1 onoio. GTOXEVEL GTNV AGPAAIGTIKY] KOAVYN, OGOV 0QOPA TNV VYELOVOLIKTY|
mepiBaiym, kabe epyalouevov og omola Evpomaixn ydpa kot av Bpebel. Lto mhaiclo avtd Aowmdyv,
evolPEPov Tapovctdlel | KatevBuvon g Kpatikng domdavng Kabe ydpog v TOUER TOV VYELOVOULKOD
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OLOTAUOTOG aveEdpTNTA amd TOV TPopUnBevTh VYelag. ZOpEova pe To Tootnua Aoyoplacumy Yyeiog
(2018), otovg mpounBevTéC VYElOG EVIAGGOVTOL: VOGOKOUEID, SOIEG VOOTIAELTIKNG QPOVTIONS, OOLES
OVTILETAOTIONG KIVNTIK®V TpoPAnudTmv, dopég eravéviaing, KAITH, olkol evynplag, popeic mapoyns
eEVOGOKOUELNKTG PPpOoVTidng, Tpounbevtég fonbnticdv vanpecidv vyeiog (KAVIKA Kot dloyVOOTIKA
gpyoomnpur, EKAB, K.Am), éumopotr AOvikig Kot GAAOL QOpPELS TOPOYNG LOTPIKAOV TPOIOVIMV
LOKPOYPOVIOD T} 1N 10TPIKoD EE0TAIGHOV Kot TEAOG POpPEig TOL agyoAlobVTaL LE TNV S101KNGT TOV TOpEN
g vyeiag kot v acediion vyeiag (EOD, EDET). Ot kpatikoi ypnpuatodotikoi popei Tov Topéa
vyeiag etvor or popeic g KeVIpKNg kuPépvnong Tov kabe kpdtovg, dnAadr| to Yrovpyeio Yyelag kot
Kowaovikig AAAnAeyyomg, to Ymovpyeio Owovopkav, to Yrnovpyeio Iadeiog to Yrovpyeio EOviknig
Apvovag, Aot popelg g Tomikrg avtodioiknong kot ta Tapeio Kowvovikng Acpdiong (TKA). O
Qopeic g kKevrpikng kKuPépvnong Beomilovv Tig damdveg Tov KpATIKOD TPOVTOAOYIGHLOD Yo TNV LYEIM.
A&ilerva onueiwbei moc, 1 GLVOAIKN KPATIKN Sodvn Yo KATO0, Tapoyn Tov Xvotnuatog Yyeiag eival
10 dBpotopa g damdvng TKA kot g damdvng mov opiletan and Tov Kpatikod TpoHToAoyIGHO Yo THV
GUYKEKPIUEVT] VYELOVOLUKT] TTOPOYT].

2. XtoTioTikoi dcikrteg (statistical indexes) perétng

2V mopovoa epyacio KEVIPIKO GEOVH EVILIPEPOVTOG UTOTEAEL 0 OPIOUOG KOt 1] GOYKPLOT| LE XPOT
depguvnTikon odyopibpov tagvounong 5 otatioTIK@V delktdv Yo Tig xopeg ['epuavia, OAAavdia,
Békyo, EMGSa, Iomavia, Iloptoyoiia «ot EcBovia. Zoppove pe v EUROSTAT
(https://ec.europa.eu/eurostat/statistics-explained/index.php?title=Glossary:Statistical_indicator) ¢
oToTIoTIKOC dgiktng (statistical index) opileton n dropbwuévn T evog oTatioTikod dESOUEVOL Yl
TOLAGYIGTOV Lol 0146TaGT TOV (GUVHBWS 0POPE TO GYETIKO HEYEDOC), GE GUYKEKPILEVT XPOVIKT OTLYUN,
GUYKEKPLLEVO YDPO 1 AAAO GYETIKO YOPUKTNPIOTIKO, MGTE VO EIvat dOuVATH 1 XPTOT) TOV Y10 GLYKPIGELS,
AvoduTikoTepa, 0TV TOpoHoO gpyacion pHeEAeTHONKaV Yy TIc 7 avotépm yopes ¢ Evpomaikng
"Evaoong ot akdrlovbot ototioticol deikteg:

a) odamavn TKA mpog ovvolkég kpatikég damaves. H domdvn TKA yia xdBe mapoyn tov
Yvotiuotog Yyeiog exppileTol ¢ TOG0GTO €M TNG GCLUVOAKNG KPOUTIKNG dUTAVNG Yo TN
GLYKEKPIUEVT] TTOPOYN TOL ZVGTHATOS Y YELOG, LE GTOYO TNV TAEWVOUNCT TOV YOPDOV OC TPOG
TOV TPOMO KPOTIKNG YPNUATOIOTNONG TMV VYEWOVOUKOV Topoy®v. Me diio Adyo,
mpaypoatomodnke talvopnon Tov 7 cuykekpipuéveov Evponaik®dv yopdv avdAoya [e To av
TO HEYOADTEPO WEPOG TMV GLVOMK®OV KPOATIKOV O0mavdv VYelag amotedel damdveg Tov
KPOTIKOU TPoVTOA0YIGHoD 1| domdveg TKA.

b) odamavn mpog oo AEIL Toco orvystovopukés dandvec TKA oo kot o GuVOoMKE KpoTikd
£€oda vyelag exppdotniay ®g mtocootd Tov AEI kau o1 ydpeg Ta&voundnkav g Tpog 1o
1060010 Tov €tnotov AEII tovg mov aviiototyel oV ¥pNUATOdOTNOT OGS TOPOYNS TOL
Xvotpoatog Yyeiog.

C) damavn mpog péyedog Tov mANOVopov M oAb damdvn avd yilMovg katoikovg. Kdabe
vyetovopukn domavn TKA, odhd kot ta. cuvolikd kpatikd ££0da vyeiog o kdbe mepintmon
KavOVIKOTomOnkav avd xiAovg Kotoikovg pe okomd ot ydpeg va ta&voundovv coupmvo e
TNV KATd KEQUANV XpNUaToddTNGN KobeUIds Topoyng Tov Zuothuatog Yyeiag.

3. Ta&wvopnon Yyswovopkov Hapoymv
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Ot Topandvm oTaTIoTIKOL deikTeg PeAeTdvTal, Onmg Exel 10N avaeepbel yio 7 Evpomaikés xdpec,
v 15 dadoykd £t amd 10 2004 £mg to 2018 Kot Yo Tig aKOAOVOES VYEIOVOUIKES TOPOYEG:

a) evdovoookopgloky OgpamevTikny mepiBodlyn ko omokaTdoTOGY, MOV TEPAAUPAVEL
OpuoTNPOTNTEG EVOOVOGOKOUEINKNG TEPiBalymg mov Aapfdavovuv yodpo o€ dNUOCLH Kot
WOLOTIKA YEVIKC, YOYLOTPIKE Kot E01KG VOGOKOUELD KOl LOTPIKEC KOl TAPOIOTPIKEG VITNPEGIES
OV TOPEYOVTOL GTO TTANIGLO QPovTidag acBevdv mov €yovv glouyBel oe KEVIpa KAEIGTNC
amokotaotaons (kootkoc EAXTAT/EUROSTAT: HC.1.1 + HC.2.1).

b) &fwvocokopsiokig OepamevTikég vanpeosiec. To voocokoueio pHECH TOV EEDTEPIKDV TOVG
TPElOV TPOCoPEPOLY Kot EEMVOGOKOUEINKES VTINpecies. Katd ouvénsia oty katnyopia auth
OVIKOLV 10TPIKEG KOl TOPUIaTPIKEG VANPEGIEC TOV TopEyovTal o€ e&mTePkovg acbeveic Kot
VINPECiEG amd KIvNTEG Hovadeg mepiBoiync, amd WOMTIKES KAVIKEG KOl OlyVOOTIKA KEVTPO
(xwdwkog EAXTAT/EUROSTAT: HC.1.3 + HC.2.3).

C) £VOOVOGOKONELOKY] LOKPOYPOVIO VOGNAEVTIKI] GPOVTIdO. LTV KOTNYopic. avTh aviKovv
VINPEGieg voonAenTikng mepibolyne oe eowtepikole acheveic mov yperalovian Porbeio oe
ovveyn Baon (kwotkog EAXTAT/EUROSTAT: HC.3.1).

d) poxpoypévia voonrevTiKi] PPOVTIdN KOT 0iKOV, OV TEPIAAUPAVEL KOT OIKOV 1OTPIKT KOl
TopalaTpiky epovtidon oe acBevelg mov ypeldlovtar Ponbeio oe ocvveyn Pdorm (kwdikdg
EAXTAT/EUROSTAT: HC.3.4).

€) VANPEGIES KMVIKAV EPYUSTIPIOV, SLUYVOGTIKNG UTEIKOVIGIG KUl HETUPOPES 0.60EVOV.
2NV GUYKEKPLUEVT] DYELOVOUIKT] dPAGTNPIOTNTO, EVIACOOVTOL VANPECIEG GE WKPOPLOAOYIKE
EPYOOTNPLO. OTMG LUTPIKEC EEETAGELC, OLOYVMOTIKA TECT, OLOYVMOOTIKEC VIINPEGIEG OMEIKOVIONC
OV TTOPEYOVTOL 6€ EMTEPIKOVG 0G0eVEIG OTMC aKTIVOYPaAPiES, 0EOVIKES TOUOYPOPIEC, LEAETES
0GTIKNG TUKVOTNTOG KO VITNPEGIES TOL ALPOPOVV TNV UETAPOPE, OTTO KO TPOG TIG LOVADEC VYELOG
Y10 GKOTOVG WOTPLKNG PPOVTIONG OALY Kot TNV PHETAPOPA Le cupPoTikd oyuata 6tav o 0cOeVg
amolnudvetot yio ta oxetikd £€0da (kwdwkoég EAXTAT/EUROSTAT: HC.4).

f) pn dwpkn QUPUAKEVTIKG KoL GALO VYELOVOMIKE OVOAAGINA, OTTMS SIAQOP POPHOKEVTIKA
Tpoidvta, Qapuaka, opol, epPorta, enidespot, K.AM. (kwdikoc EAXTAT/EUROSTAT: HC.5.1)

g) OgpamevTIKEG GVEKEVEG KO GALD LATPIKE 0y 00d drapkeiag, 1.y, YOOAMA 0pAGE®MS, AKOVGTIKA
Bapnroiag, opbonedikég cuokevég K.AT. (kodiwog EAXTAT/EUROSTAT: HC.5.2)

4. Agdopéva Merétng

O AOYOC OV GTN GLYKEKPIUEVT] EpYOGio TOPOLGLALOVTOL LOVO KPOTIKA VYEIOVOLKG ££000 gival
vyt vy 11§ ovykekpéveg Evpomaikés yopes, pe eaipeon v lomavia kot v Iloptoyoiia,
arotelov mtepimov 10 70 pe 95% tmv cuvolkdv danavadv vyeiag. Emmpdoherta, kpiveton amapaitnto
va emonuovOel 0Tt TPOKEUEVOL VO, VITAPEEL 1] SOLVOTOTNTA GVUYKPLOTC TOV JATOVAV VYEING LETAED TV
eTMV, KABe oTaTIOTIKOG Ogiktng vmoloyiotnke pe €to¢ Pdong to 2009. Xvvende, m otlo kdbe
VYELOVOLKNG damdvng, eite avtr amotelel domdvn TKA gite cuvoAdikd kpatikd é£0da, Omm¢ emiong Kot
10 etoto AEIT kd0e ydpag vroroyiotniay pe £tog faong to 2009 Aappdavoviog vaoyy 1o HECO ETHCL0
mnBopiopd. T'o v cvykekpluévn epyacio ypnolpomodnikay dedopéva GYETIKA UE TIC KPOTIKES
damaveg, To ethoto AEIT kot tov mAnfuopod kabe ydpag mov dnpootevovtar omd v EAZTAT kon tnv
EUROSTAT. Movdada pétpnong kéfe vyslovoukng damdvng, oAid xar tov AEIT eivar 10 1
EKOTOUUDPLO EVPD (EKOT. EVPD) KOl MG ETNGL0G TANOVGHOG YPTCILOTOONKE 1) EKTIUNOT TTOL diveTan
a6 v EUROSTAT 1 Iavovapiov ke £tovg yia tov mAnbucud kdbe yopas. A&iler va avoeepbet,
OTL T0L 0eSOUEVA OVTA EIVAL OTTOYPUPLKE, OEV EXOVV TPOKDLYEL SNANOT OO KATOL0 OETYLATOANYiaL.

5. O aAlyoprOpog KMmL ywa dwaypovika ogdopévo
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5.1 H évvouwa g TpOyLag

O oiyopiBuoc to&vounong KmL  amotehei mapadiayny tov olyopibuov k-means «ot
ypnoponoteitat yio v opadomoinon dwuypovikdv dedouévav. Baoiletor oto kpiripro Expectation-
Maximization eni tov domopdv «péoa» otig opades (Within Clusters Variance) kot «peta&o» tov
ouddwv (Between Clusters Variance). Ta v ovdmtoén Oempiog oyetikd PE TOV GUYKEKPIUEVO
aAyopOpo, o€ TPMTO GTASI0 KPIVETAL OTOPAITTO VO OPIOTEL 1 EVVOLHL TNG TPOYLNS.

‘Eoto S éva chvodo N avTikeluévmy kal yio Kabe avtikeipevo pio tocotikn petafinm X petpiéton
G€ V JI0POPETIKEG YPOVIKEG OTIYHEG. XTNV TOPOLCO EPYNCic TO GOVOAO S gival o mAnBuoudc twv 7
Evponaikev yopov, EALGSa, Teppavia, Iomavia, OAavdia, Bélylo, EcBovia kot [Hoptoyoiio xon
Kataypaeovrat yia o £t 2004 émg 2018 o1 oToTIoTIKOL dEIKTEG TTOL JlATVLAGONKAY GTNY TAPAYPUPO
2. H 1 g X yio to avtikeipevo j oto ypévo i copPolriCeton pe X;;. oty cvykekpiuévn epyacio
OC AVTIKEIPEVO | AVOQEPETOL KATTOL OO TIC TOPOTAV®D YMPeS TS Evpdang kot 6to ypdvo i avtiotorysl
Koo ypovid pHetald Tov etdv 2004 ko 2018. O petpnioelg g 1010¢ TOGOTIKNG LETAPANTAS X Vi Ta
1010 aVTIKEILEVA Y10 U SLOQOPETIKEG YPOVIKEG GTIYHEG OMOTEAOVV emovalapfovopeveg petpnoelc. I
KGBe avtikeipevo j m akolovbic tOV X;; Koheiton Tpoywdh Ko mapovoiiletor g X; =

(X1j,X2j, X3, -, Xpj) (Genolini and Falissard, 2010)
5.2 Opopdg améotaong peTald TOV TPOYLOVY Kot 0peon BELTioTov 0prtOpod Khdcewy

Onwg kot oty mepintmon Tov oiyopifuov K-means, i tavounon tov Tpoyldv GOUPOVO UE TOV
oalyopiBpo KmL omnpiletar omnv €vvola TG amdoTaoNS. LTV TApoLGH EPYACIH YPNCILOTOLEITAL 1
€VKAEIdEID OMOGTACT] Y10 TOV VITOAOYIGHO TNG AmOGTACTG UETAED TOV TPOYLOV. AVOALTIKOTEPO KoL
obupova pe tovg Calinski and Harabasz (1974), éoto Py, ..., P, tpoyiéc 1 addg onueia tov v-
SLACTATOL YMPOL KOl EPOCOV €Yl 0p1oTeEL £val LETPO amdoTOoNG LETAED TV TpoyLdVY opiletaion X n
nivakag Q = {qi j}i i=1m omov q;;: eivon n amdotaon petatd twv poydv P; kar P;. Eniong opiCetan

0 v X v mivakog cuvoloonopmv R = {ri j}ij—l ” 0mov r;; N cVVdCTOPE TV TpoYIOV Py ko P; ko

Téhog opiletar 0 v X n wivaxkog X = {xi j}, 0mov X;; &ivar M TN NG TOGOTIKNG HETABANTHG TOL
TPOPANLLOTOG Y10l TO OVTIKEILEVO | TNV Ypovikh otrypn . 'Etot, o mivaxag X icovton pe X = (X4 X,.. X,),
omov N 6tiAn X; mepthapBavel thv akorovdio twv napatnpnoenv g tpoyias P;. Mo mapdderypa X, =
[X11 X1 - Xp1]T. TNV Tapodoa epyacio to TANO0G TV TpoxtdV sivar 7, 660 Kou To TARHOC TV
Evponaik@v yopdv yio T omoieg HEAETNOMKOV Kol KATOYPAENKOV Ol GTOTIOTIKOL O&ikTeEC TOV
avaépOnkay mopomave. AKOUO, Ol TPOYLEG avijkovy oe Y®mpo didotacng 15, kabmdg 1 mocotikn
UETAPANTN, OV GTNV CGLYKEKPIUEVT] TEPIMTOOT €ivol KATOLOC OO TOLG GTATICTIKOVS OEIKTEC OV
dttvmmtnKav oty Tapdypago 2, katoypdeetar yio 15 dadoykd £t and 1o 2004 éwg to 2018.
Emumpdcbeta, dev mpémetl va mopainedel 6T1 oty mapodoa epyacio n Tocotikn petafint X dev givar
Toyoio HeTaPAnT, 010t AapPavel otabepég TIES Kot 0L TIEG e kdmola tlavotnta. [a ke pio amd
TIG 7 VYEIOVOLIKES TOPOYES IOV dOONKOY GTNV TOPAYPaEO 3 avVTIGTOLKODV Ol 5 GTOTIGTIKOL OEIKTEC TNG
TOPOYPAPOL 2 e 15 d1aypovikég mapoTn P oELC.

Ztov gukhAeidelo ydpo M amdotacn petald tov Tpoxidv P; kot P; cupBolriCeton pe d;; xon to
TETPAY®VO TG amdotaong avtig divetar oo (Calinski and Harabasz 1974):
T
df = (Xi = X;) (Xi = X)) @)
O6mov 6mwg £xel NON avoaeephel X;: v X 1 wivaxog Tov cuvieTayuévey g Tpoyldg P;.

21006 KO TOEVOUNOTG EIVOAL O GYNUOATIGUOC OUOIOYEVMV KoL KOAG Stoympiopévev khacewv. H
omdotaoT HeTalld TV TpoyldV Kabe kKhdong ekepdletal amd 10 dOPOIGHO TETPUYDVOV KUEGO» OTIG
KAdoeig (Within Sum Squares), evo 1 andotoom peta&d Tmv KAAGEmV, He GAAA AOYL0L 1] AVOLOIOYEVEL,
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HeTaEy TV KAGoE®V, ekepaletal and 10 ABpoloUa TETPAYDOVOV «UEeTAED» Tov Khdoewv (Between
Cluster Sum Squares). Ot enopeveg mpotdoels Pacilovior 6o Keipevo g epyooiog tov Calinski and
Harabasz, 1974.

Hpétaon 1: 'Eocto xidon m pe n,, tpoylec kor k€vipo KAdomng v tpoyid X,,, 6mov X, =

an nm nm T
X Qe
j=1 J j=1 J j=1 7
o o om

. To @Bpoicpa teTpaymvov «uéco» otn khdon m cvufoiileton pe

WSS,,, ka1 icovTon pe:
WSSy, = 30 (Ko = Xp) T (X, — Xip) )

Onwg &xel avoeepbel n dStoomopd evtdg g KAdong ekppdletal omd TNV AndcTOoN LETOED TOV TPOYLDYV
g KAdomng. Av 1 kKhdon m amoteieital amod 2 tpoyiéc X4 kot X5, 01 0T0ieg avikovy G€ YMPO d1AcTACTG
2, otV TEPITT®ON ONAST| OTTOL Yol 2 YDPES KOl Y10 KOO0 0t TIG VYELOVOUIKES TTOPOYEG KOTOY PAPETAL
€V0G OTATIOTIKOC 0EIKTNG Y10l 2 ¥POVIKEG OTIYUES, TOTE EQapuOlovTag TNV oyéon (2) mpokdmtel 61t WSS,
= %(Xl -X)TX; —X,) = %d%z. I'evikd anodeikvigTal 1) enduevn TpoOTAo.
Ipétacn 2: To aBpowopa tetpaydvov WSS, otny kKAdon m pe tA00¢ Tpoyidv n,,, 0l 0Toieg aviKovy
OTOV V-0140TATO EVKAEIDELD YDPO 1GOVTOL UE:

WSS,y = ! (df,(m) + dis(m) +..+ df 1, (M) ®)

omov d2

](m) glvatr o TeTpaymvo g gvkAeideiag andotaong petadd Twv tpoxidv P; kat Py g khdong

m.

(np—1)

, 3 ’ 7 r n . I ,
Mpétoon 3: Av pe d2, supBolriletor o pécog 6poc Tov —=2 5 TETPAYDOVOV TOV OTOCTAGEMV LETOED

TOV TPOYIDV TNG KAAoTg M T0TE amd TNV oyéon (3) TpoKvTTEL OTL:
m—173
WSS, = 2—dj, (4)

potaon 4: To dBpoicpa teTpaydvev avaueco (within) otig kKhdogig WCSS yia v mepintoon K
KAdoemv divetan amo:

WCSS =2 ((ny — 1)df + -+ + (n — 1)dZ ) )

zn n n T
DT WL
j=r ) =Y ="
n n

n

Mpétaon 5 Av X= glvor 1 péon Tpoyld TV N TPOYLUDV TOTE TO

GOpotopa tetpaymvev peta&d (between) tov kKhdcemv yia K kAdoeig, copporileton pe BCSS ko ivar
{oo pe:

k — — — —
BCSS= ) _ 10X =X X —X) (6)
pétaon 6: I'a to aBpotopa tetpaydvev BCSS arodecvoeton ot
BCSS =2 ((k — DA + (n— k)Ay) @
. 1 = 3 = 3 = 3
omov Ay = —((ng — 1)(d2 —d?) + (n, — 1)(d? —dd) + ... + (ny — 1)(d? — d}))

n(n-1)

ko d? givan 0 pé€cog Opog TV TETPAYDOVOV TV EVKAEISEIMV 0mT0GTAGEMY TMV GLUVOLAGLAOV OVE

dVo oL dNUIOVPYOVVTOL OO 1 TPOYIEG.

Hpétacn 7: I'a to aBpoopa tetpaymveov WCSS anodetkvoetar 0Tt
WCSS = (n — k)(d? — Ay) (8)
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potaocn 8: To cvvolkd GOpoicua tetpaydvov (Total Sum Squares) oobtan pe to dOpoicua TV
WCSS ka1 BCSS ko amodekvoetat 6Tt givor ico pe:

TSS =2 (n - 1)d? 9)
O Bértiotoc apBpdc KAGoE®VY Yoo TV TOEWVOUNGT TPOYLOV LE ToV aAydpiBpo KmL emAéyston pe
xpron tov kpirnpiov Calinsk kon Harabasz

Kpvrmpo Calinsk ken Harabasz (1974): To kpurmpro Calinsk ko Harabasz sivon faciopévo oty apyn
mg eldyiotng doomopds. ZvuPorifovtag pe K tov apBpd khdoewv otig onoieg tagvopodviol ot
TpOYIEG, emAéyeton exeivn 1 Tiun Tov K yia tnv omoio, peyiotonoteitar o Adyog Tov 106TopmV:

_ BCSS n—k
Ck) = WCSS k-1 (10)

Av oty oyéon (10) to abpoicuata tetpaydvov BCSS kot WCSS avtikatactaboiv pe tig oyéoetg (7)
ko (8) avticToyo, amodekvoeTal OTL:
rel n:’; Ak

+_

= (1)

Ipétaon 9: Av ot amootdoelg Hetaé&d Tmv N TpoyLdv ovd dvo givan ioeg tote C(k) = 1.
5.3 A&woréynon g opadomoinong

2V Topovca gpyocio yio TV aE0AGYNoT TG OHOd0TOINGoNG XPTCILOTOONKE O GUVTEAEGTNG
silhouette (Rousseeuw, 1986) o omoiog TpokimTEL WG €EAG: Yo pia Tpoytd i pog kKAdong vroAoyileton
1 evkAeideln amdoTaon omd KABe AAAT TpOoYLA TNG KAGOMC 0VTNG Kol bITOAOYILETOL O LEGOG OPOG AVTHOV
TOV 0TO0TACEOV 0 omoiog ovuPolriletar pe D;. Znv ocvvéyelo, vmoroyileTor M omOCTOON NG
GUYKEKPLLEVNC TPOYIAG 0 KAOE TPOYLA TOV AVIKEL OTNV KOVTIVOTEPT KAAGCT Kot AAUPAVETOL Kot TOAL
0 HEGOC OPOg TV EVKAEIOEIV OMOGTACEMY TOV TPOKVTTOVY, 0 0moiog cvuPoriletan pe C;. 'Eto, o

ovvieleotrg Silhouette yia v i tpoyid divetar omd:
Ci—D;

i = max(Ci,Di) (12)

Tiveton avtinmtd ot yo kabe tpoytd i woyver —1 < §; < 1. Oetikég TYéG Tov cvvteheotn Silhouette
KoL 110{TEPA TIHEG KOVTIA OTNV HOVAS (OVEPDVOLV TOAD IKAVOTOMTIKY Ta&vouncn. Avtifétwg, av
npokOyeL apvnTikog cvviedeotnc Silhouette yia kdmola tpoyid tdte 1 TpoYLd £xet talivoundel oe
LavBaopévn kKhaon kor av o cvviedeotg Silhouette 1oovtal pe undév tote M tpoyd Ppioketan petaly
V0 KAUCE®V. TNV TEPIMTMOT TOV 1] KAAGCT amoTeAeital amd pio pévo Tpoyid, otnv Piprioypapio dev
AVOPEPETOL O TPOTOG VITOAOYIoUOL ToL cvvieleotr Silhouette yi” avt) v tpoyd ko cupPotikd
Oswpeitar undevikog. H emdoyn tov pundevdg sivorl toyaio Kot QUOIKG dev onuaivel 0Tt 1 TPoyLd
Bpioketon petac&d 600 KAAGEWDY.

5.4 IMieovexkTiporto ko Merwovektipoto Tov aiyopifpov KmL

O aAyopbpog tavounong KmL, maporo mov og mapariayn tov akyopibuov K-means eEoptdrtat
OO TNV OPYIKN ETA0YN KEVIPMV, EIVOL EDKOAOG GTNV KOTOVONGT Kal £XEL yprolorondel pe apkem
eMTVYi0 G€ PLEAETEG DIEPEVVTIKNG TAEIVOUNOTG, LE OTOTEAECILA VO ELVOL KATAAANAOC Y100 SLEPEVVITIKY|
ta&vounon atopmv evog TANBVG LY. ZUVETMG, KPIVETUL KATAAANAOG Yio TNV ToSIVOUNOT TV 7 YOPOV
MG Topovoag UEAETNG, OMOV TO OEOOUEVO, OTOTEAOVV TOPAUETPOVS omoypaens. Emmpdcbeta,
ocuykprtikd pe Tig pedddovg mov Pacilovral o mBavobempntikd poviéda kot eEAEyyovs vobécemv, o
oAyopBpog KmL dev omottel yvdorn g KOTAVOUNG TV OEdOUEVDV, EAEYXO KOVOVIKOTNTOGC M
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OO0 TOTE AL TOPAUETPIKY] TOPASOYT KOl ETOUEVMG Ogv gival amapaitntn omoladnmote vTobeon
OYETIKG pE TO oyfuo TG Tpoylac. Télog, oe oyéon ue GAAec mapailayic Tov adyopibuov k-means yio
™V mepintwon Tavounong dtauypovik®my dedopévav, o adyoptBpnoc KmL dwoyeipileton kaAvtepa T0
TPOPANUa TV yapévav Tumv (Sentenac et. al., 2015).

6. Amotedéopara

Ta anoteAéopoto Ta&vOUNoNS TOV YOPOV OC TPOG TNV €EEMEN TOV 5 OTATIOTIKOV OEIKTOV,
obpupove, pe Tov odyoplBpo tafwounong KmL, Sivovior pe T HOpen  OHOSOTOUNUEV®V
YPOVOSIALYPOLUATOV KOl KEWEVOL HOVO oTnv Toapdypago 6.1, evd Adym EMAeymg YDOPOv OTIG
TOPOYPAPOVS 6.2 g Kot 6.7 divovtan pe amdALTA avOAOYO TPOTO HOVO LE TNV HOPON KELWLEVOL (Tal
OLLOOOTOULEVA YPOVOILOYPAULATA Y10 TG TTOPAYPEPOVS AVTES UITOPOVV VO, GTOAOVV GE OTOLOVONTOTE
EVOLUPEPETAL LETA OO EMIKOVMVIOL LE TOVG GLYYPUPEIG).

6.1 Kpatikn ypnpatodoton EvoOVOGOKOUELOKOV VANPECLAOV TEPIOaAYIG KUl UMTOKOTACTACNG
ac0evarv

210 yphonua mov akolovdei cupporilovue wg Be: Béhyio (Belgium), Ne: OAlovdia (Netherlands),
Ge: T'eppavia (German), Es: EcfBovia (Estonia), Gr: EAldda (Greece), Sp: Ioravia (Spain) kot P:
IToptoyokio (Portugal). O apiBudc mov mponyeitor ™ GLVTOUOYPAPING TG YDPOS, PAVEPDVEL TNV
KAdom oty omoia tagvoueiton 1 yxMdPO.

Eixova 1. Kpatiki ypnuatodotnoen evoovocokoueglok®y vanpeci@y nepibalyns Kai

OTOKOATAGTAGHG.
o i . JGea-at
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1Ge »?
003 JZG{ e o 3 = ¢ g IS ZNRQB?: 2 H
N ./- -\\-/; a8 & & P : o /.3G\r - & - = =
~ae Be \ O % ASR e
§2;E90- gcaaas éefe ng"cg o-0® e “ '('i n‘ 4 :'": o —,\?._: ?_,: iy
2Ge : 3;;;«555--- $.8%06R2%0 00001
s 828 sssr;ap‘,.SEs-'
a8 - I w:\.l n‘.cxpn'n(fcﬁaﬂavr(rrpogmrmmo.dfﬁ‘ e qu}:‘.".’x’tr{x;o‘c:‘rurc“ﬁ;rmvf‘é‘&vdfl,l‘]‘lou(x;;éimu'('l
m"“"/ __-"‘:Q___G;P \'\-.\ _/'-" 1Ge o aa a® .16& 1
Nt 1] '

48[3 aasa a8 8 84, ._"il“ghtlB
Lﬂ,’,,”oaﬂa{aﬁ’:".‘-'__.nnu-""“zaPu s "'::%@.
Aamdves TKA npoc ouvelikés kparicés Sandvec - - '..:“-""r{_'_'}_g 2 - - 3 a _\“.H.L‘ osdd @ l\’ie

:::BES faaaalzia] =?
i 4Gr —r & 2 :H_ s £ §Gf_ apaa - ﬁQES‘

aam]vcc TKA fpog To ETae AEn’T .ﬂnrmrzq 'H(A v ,r:)uou'( KATOIKOUG

Ocov apopd tnv Kpatikn yPMUATOdOTNOT VLANPECIOV EVOOVOGOKOUELOKNG TepiBolyng o
ATOKOTAGTAONG, TO BEAy10 dev ta&vopeitol otny idwo kKAAo pe Kamola GAAN xdpa. 1o BEAyl0 émg To
2014 10 99% TtV GLVOAIK®OV KPATIKOV SUITOVAV Yol TNV TOPOTAVE VYEOVOLIKT TopoyY| amotelel
damaveg TKA, eved amd 10 2015 10 ovykekpipuévo mocootd @bivel kot otabeponoleitol TePimov 610
95% v ta €t 2016 péypr 2018. OAavdia, [epuavia kot EcBovia tagvopovvrar oty idio kKAdon
otV onola mapandve amd to0 95% Tng GUVOAKNG Kpatikng xpnuroatoddtnong mpoépyetor and TKA.
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Ymv EAGSa k0plog KpaTikog ypnUeTod0TIKOS POPENS VANPECIOV TEPIBOAYNC KOl OTOKOTACTACNS
000EVMV EVTOC TOV VOGOKOUELOKOV LLOVAS®VY EIVOL 01 OPELS TNG KEVTPIKNG KUPEPYNONG KAl OVOPOPTKE
HE TOV TPOTO YPNUATOdOTNONG dev TaSvopeital oty 101a KAGon pe kamowa GAAN ydpa. To mocootd
TOV GUVOAIK®V KPOTIKOV damavaV ov avtictolyel o€ dandveg TKA napovoidlel peyordtepeg eTnoteg
SWKVUAVGELS GLYKPLTIKA LE TO TOGOoTO T™V vroloimwv ywpdv. H ITloptoyoria ko m lomavia
Ta&vopovvTaL oTNV 1010 KAAOT) avOaQOpPIKE LLE TOV TPOTO KPATIKNG XPTLOTOd0TNONG, TIC damdves TKA
®¢ 1060070 10V AEIT ko t1¢ xatd kepoAn domavee TKA. IMa Tig ydpeg avtéc, oxeddv €&’ oAokAnpov
01 GUVOMKEG KPOTIKEG SaMAVES OMOTEAOVV dUTAVEG TOV KPATIKOD TPoVTOA0YIGLOY. AV Kot 1] OAAavdia
ta&wvopeitorl oty ido KAdomn pe v EcBovia 66ov apopd to mocoatd tov AEIT mov aviiotolyel og
damaveg TKA, ot avtiotoyyeg Katd kepainy damndves g EcBoviag dtapépovv Katd oAl amd Tig Kotd
KeaAnv doamdves g OAhavdiag, 1 omoia Ta&vopeitor otny idta kKAAom pe to Bélylo. To yeyovog avtod
opeiretar 0to VYMAS Tocootd AEIT tg OAlavdiag. [N'evikdtepa, mapoatnpeitar 6t ot damdveg TKA avd
yidovg katoikovg ¢ [epuaviag, OMhavoiog kot Bedyiov sivar apketd avénuéveg cuykpitikd pe Tig
avtioTtoryeg damaveg Tov yopov Ecboviag, EAALGdag, [Toptoyariag kot Iomaviag. Alamiot@veTon 0Tt o1
GUVOMKEG KPATIKEG damiveg ¢ tocootd Tov AEIT kot avd yiltovg katoikovg tov yopov I'epuaviag,
OMuovdioag, EcBoviag kat Behylov dev dapépovv amd Tig avtiotoryeg damdveg TKA, kabd¢ kdplog
KPOTIKOG YPNUATOS0TIKOG POPENG TV Y0paV avt®dV gival Ta TKA. Avtifétmg, o1 GUVOMKEG KPATIKES
damaveg ®g m060oto Tov etfolov AEIT kat ot damdveg avd yilovg katoikovg g EALGdac, lomaviag
kot [Hoptoyaiiog mapovcidlovtar avénuéves kot piiiota amd to 2009 émg to 2011 10 TOGOGTO TOL
AEII ¢ EALGOaG Tov avTicTolyel 08 GUVOMKEG KPOTIKEG OUTAVES Y10 TIV GUYKEKPLUEVT] VYELOVOUIKT
wapoyn €lvar To LYNAOTEPO PeTAED TV aVTIGTOLY®MV TOGOGTAOV TV VRoAoinmv yopmdv. H EcBovia
OlBETEL TIG YOUNAOTEPES KATA KEPUANY GUVOAMKEG damdve Kat Ta&tvopeitatl oty id1o KAAGN pE TNV
[Moptoyoria. Eivar @avepd 611 0 mocootd tov etioiov AEIT g T'epuaviag mov avtictoyel o€
OLVOMKEG Kpatikég damaves Kot 1o mocootd Tov AEIL mov avtiotoyel o damdveg TKA yia v
OCULYKEKPIUEVT] VYEIOVOUIKT Tapoyn mapovctdlel paydaio avénon to 2013, xabdg to AEIl ¢
epuaviag exetvng g YpOoVIAS LELMVETOL EVTOVO Kol ETAVEPYETOL G€ oTabepd enineda katd ta €t 2014
péypt 2018. Qotdc0, dramiotdvetol 0t To ['eprovikd KpATog avamTANp®OVEL TO GUYKEKPIUEVO EALELLNA,
a0V TOGO 01 GLVOAKEG damaveg 600 Kot ot domdvec TKA yia evéovosokouelokég Topoyég mepiBoiyng
KOl OTOKOTAGTAONG O)L LOVO OEV LELMVOVTL BALY TOPOLGLALOVY GLVEXDG 0LENTIKY Tdon armd o 2009
éwg 10 2018. To B0 mapatnpeitoar Kol KOTA TNV ¥PNUOTOdOTNON KAOe piog amd TG TOpoKAT®
VYELOVOUIKEG OpaoTnPLoTNTES TOL [epuavikod Tvotyuatog Yyeiog.

6.2 Kpotwki] ypnpratodotnon eEmVocoKopELOKAY VNPECLOV TEPIOUAYNG KOL ATOKOTACTUGTG

Avoeopikd pe tov TpdémO YpNUaTodOTNoNG, mopatnpninke 6t 0 Béhylo war m OAlovdio
ta&wvopovvior otnv 6o kKAdor. Ao to 2004 Emg 10 2015 oyeddv to 100% TV CLVOMKOV KPATIKOV
dUTOVOV TOV TOPATAVD YOpdV orotedel dandvec TKA, 1060616 T0 0010 TopovoIdleL LiKpT| TTOON
70 2016 xon otabepomoteitor Emg o 2012. EcBovia kan I'epuavia ta&vopovvtal otny id1a KAGGT], VO
1n EALGOa dev Katnyoplomoteital 6€ Ko KAGGT He KOOl AAAN ydpa, O10TL Yia To TEPLGSHTEPA £TN
KOPL0G KPATIKOC YPMUATOS0TIKOG PopLag eival ot popeic Tng Kevepikng kKuPépvnone. [a ta £étn 2004,
2011 ot cuvolkég Kpatikés damiveg TG EALASOS Yo TV GuYKeEKPLLEVN DYEOVOLKNY TapoyY| efvor Katd
0o Nuov domdveg TKA xor yio to 2005 kot 2006 ot damdveg TKA eivor Alyo vymAdtepec amd Tig
avTioTO(EG OUMAVEG TOV KPaTIKOD Tpoimoroyicpov. [Toptoyaria kot lomavia ta&ivopodvior otny 1010
KAAOM, KOOMOC TO LEYOADTEPO UEPOC TNG YPTLLATOOOTONG LANPESIDV TEPIBaAYNC EEMTEPIKMDY 0lG0EVHDY
TPUYUOTOTOLEITOL aIO QOPELG TNG KEVIPIKNG KVPEPYNONC. XVVETMG, 660V apopd Tig damaves TKA mg

106



1060010 T0v AEIT kot avd ¥iAovg katoikovg ylo TNV CLYKEKPIUEVT] DYELOVOUIKT] OpacTNPLOTNTA,
EMGda, TToptoyorio ko Iomoavia ta&vopovvioan oty ida kKAdomn. Ot damdveg TKA avd yiliovg
Kkatoikovg Tov Bekylov eivar apketd vynAotepeg omd Tig avtiotoryeg oanavec TKA g EcBoviag,
dtapopd o dev TapaTnPNONKE GTOV 01 GUYKEKPIUEVES SOTAVES EKPPAGTNKAV MG TOGOGTO TOL ETNGLOV
AEIL. Téc0 ot cuvolkés, 660 kat ot damdves TKA g OMhavdiog kot g I'eppoviag etvor vynmAidtepeg
GULYKPITIKA LLE TIC AVAAOYEG OATAVEG TV VITOAOITOV YMPDV, AVEAVOVTOL CUVEXDC KOTA £T0G KO £TGL 0L
YOpeG avTég TaSvopovvtal oty 0o kKAdom. Eedcov, khplog kpotikodg YpnUOTOS0TIKOG QOpPENS
eEmVocoKOoUELNKOVY VINPESLOV TTEPIBaAYNG Kot amokaTdoTacng tov Belyiov, EcBoviag, Olhavdiag kot
Iepuavioag eivar ta TKA v mopovctdotnkoy onUovTIKEG dlapopég otny eEEMEN TOV GUVOAIK®V
KPOTIKOV damovav Kot Tov aviictotyov damavdv TKA tov yopdv avtodv. AvtiBétmg, avénuéveg
TAPOVCIAGTNKAY 0l GuVolKES damdves ng [loptoyariag ko g lomaviag. MdMota 10 TOGOGTO TOL
etqolov AEIl g I[loptoyoiiog mov avTioTolyel GE GUVOAIKEG KPOTIKEG OOMAVEG YO TAPOYES
nepiBoiyng eEmtepikdv achevdv givor vyniotepo amd to 2004 €wg 1o 2012 cuykptikd pe To0
avtiotoryo mocootd AEIl twv vmoloinov ywpov. Metald tov yopov, n EAAGSa dwabétel Tic
YOUNAOTEPEG GUVOAIKEC KPOTIKEG OUMAVEG TOGO KOTA KEQPUANV 0G0 Kol ¢ T0c0aTd Tov AEIL

6.3 Kpotwki] 1pnprotodoTon) vanpestdv KAVIKAOV EPYUCTNPIOV S10YVOOTIKIG UTEIKOVIGNS KOl
HETAPOPAS 0.60EVOV

OAavdia, Béryo ko Teppovio ta&ivopovvror oty ido kAdon 66ov apopd TO TOGOGTO TV
CUVOMKOV KPOTIK®V d0movdv Tov omoteAovv emnocing domdves TKA 7y vanpecieg KAVIK®OV
gpyooTnNpimv, SoyVOCTIKNG OTEKOVIONS Kol PLeTaPopds aclevdv, kabdg 10 T0c06Td avTd £TNGIMG
elvar peyaAdvtepo tov 95%. Ze avtifeon pe Tic mapoyéc mepiBodyng E0OTEPIKOV Kol EEDMTEPIKDV
acfevdv, To PeYOADTEPO UEPOG TNG KPOTIKNG YPNUATOIOTNONG VANPESIDY KAWVIKAOV EPYOCTNPI®V,
SlOYVOOTIKNG OMEIKOVIONG Kol HETOQOPAS acbevav ommv EALGde mpayupoatomoleiton and TKA.
AvVOATIKOTEPO, TO TOGOGTO TMV GUVOAK®OV KPOTIKOV domavadv g EAAGSag mov avrtictoyel o€
domaveg TKA yio tnv cLYKEKPLLEVT DYELIOVOUIKY TTapoyn VO tvorl 6Tabepd YOop® o610 90% katd ta
€t 2004 £mg 2008, ebivel cuveymg amd to 2009 £mc to 2012, aAld dev mapotnpHONKe WKPOTEPO TOV
73% ko avaver ex véov to 2013. T'a v EALGSa, mov dev tagivopeitatl oty 1610 kKAGon pe Kamola
AN xdpa, TapatnpONKav Evioves £TNOEG LETAPOAES OVAPOPIKE LLE TOV TPOTO YPTLATOSOTNONG TG
ouykekpipévng mapoyns. I'a v Ecbovia, mov eniong anoteAel o Egxympioti K Ao, mapotnpnonie
OTL 1] KPOTIKT] XPNUATOdOTNON TTparyLoTomoteital mepimov Katd 75% etnoing and TKA. To peyardtepo
LEPOG TV GUVOMK®V KpaTk®Vv damavadv g lomaviag kot g [optoyaiiog yio v cuyKekpiuévn
VYELOVOUIKT] OpaGTNPLOTNTO £VOl SOUTAVEG TOL KPOTIKOD TPOUTOAOYIGUOD KOl Ol dVO OVTEC YDPES
ta&tvopodvrol oty 1010 KAAGT GYETIKG [E TOV TPOTO KPATIKNG XPNUATOSOTNONG TNG GUYKEKPILEVNG
VYELOVOIKT G TTopoynG. Iomavia kot [Toptoyaiio sivatl o1 LOVadIKEG YDPES TOV TAEIVOUOVVTOL GE KOV
KAdomn 0cov agopd tic dandvec TKA wg mocootd tov AEIT kot avd ¥ilovg katoikoug yio, KAVIKEG
e&eTdoelc Kat dlayvmoTikovg eEAEYYovs. Alamicotdvetot 0Tt e e€aipeon ta £tn 2012 ko 2016 €wg 2018,
Aoy tov vyniov AEIL, 10 tocootd Tov etotov AEIT g OAAavdiag mov avtiotolyel og dambveg TKA
glvan yapmAotepo and to avtiotoryo mocootd AEIL g EALGSac. Q26T0060, 01 Katd KeQOANY damdveg
TKA ¢ OAlavdiog givar vyniotepeg and Tig ovtiotoryeg Katd kepoinv domdves g EALGdac.
Iepuavia kot BEAy10 8100£T00V TIG VYNAOTEPEC KOTA KEQUATV GUVOAKES KPATIKEC OUTTAVES KOl O0TAVES
TKA, aArd dev ta&ivopodvior oty 1o kKAdon. Ilapatnpndnke 6tTL o1 KaTd KEPOAV OATAVEG TOV
Belyiov otabepomotovvrol omd 1o 2012 émg to 2018, evd 01 OVTIOTOLYES KOTO KEQUANY damdves NG
I'eppoviog katd ta mapamdve £t avEdvovy cuveyds. To Tocootd Tov ethoiov AEIT g EcBoviag mov

107



avTIoTolKEl 1060 o€ damiveg TKA 660 kol 68 GUVOMKESG KPOTUKEG SATAVEG EIval LEYOADTEPO OO OVTO
TV vIToAoinwv yowpdv Katd ta £tr 2008 wg 2018 pe e€aipeon to 2013. Metald TtV YOPOV, Ol
GUVOAIKEG KpaTikEg damdveg ¢ mocootd tov AEIL tng OALavdiag yio TNV TOPOTAVED VYEIOVOULKY|
mopoyn €lval ot YouNAOTEPES, EVAO Ol WIKPOTEPEG KOTA KEPOANYV GUVOAIKEG KPOATIKEG OQMAVES
onueidvovion oty EALGS.

6.4 Kpatuci (pnpatod6Tnen vanpecLov HoKpoypovIas EVOOVOGOKONELOKNG TEPiOaiyng ac0evarv

e 0Tl 0QOPA TOV TPOTO KPOTIKNG YPNHOTOOOTIONG VANPESIOV LOKPOYPOVING EVOOVOGOKOUELNKTG
epovtidag, OAhavdia kot EALGSa ta&tvopovvtatl oty idia kKAAon. Ot GUVOMKEG KPOTIKES SUMAVES TV
YOPDOV QVTMOV YL TNV CUYKEKPUULEVT] VYELOVOUIKT] TOPOYT OITOTEAOVV GYEAOV €& OAOKANPOL daTAveES
TKA. Kd0e pio amd T vmdA0Imeg YDPES, AVOPOPIKA LE TO TOGOGTO TMV GUVOAIK®V KPATIKOV SUTAVOV
mov avtiotowyel oe dandveg TKA, oynuariler Eexwpiot) kAdon. Ze avtiBeon pe Tig Tponyodueveg
VYEIOVOUIKEG  TTOPOYES, KOPLOG  KPOTIKOG  YPNUOTOSOTIKOC (POPENG VTNPECIDV  HOKPOXPOVIOG
gvdovoookouelakng Tepifaiyng acbevav g [Toptoyoiriog eivar ta TKA. Me e€aipeon to 2004 kot ta
€ 2014 éwg 2016, 6mov o v tpletion awt 0 50% TOV CLVOMKOV KpaTKdV eE0dmV amoterel
damdveg TKA, K0plog KpaTikog ¥pnUaTodoTIKOG QOPENS TNG TAPOTAV® VYELOVOULKNG TOPOYNS TOL
EcBovikob Zuoetriuatoc Yyeiog eivor o1 popeig tng kevepikng kuPépvnong. Xto BéAy10, evd katd ta £t
2004 ko 2005 10 TOGOGTO TOV GLVOAK®V KPATIKAOV £E60MV Y10 TNV TOPATAV®D VYELOVOULKT TOpOYT|
mov avtictolyel og damaveg TKA etvar pikpotepo tov 50%, and 10 2006 £wc 10 2015 t0 T0G06TO VT
av&dveton ko otabepomoteital mepinov oto 52%. To ovykekpyévo mtocootd ebBiverl paydaio to 2014
Kot yivetor oyxeddov undevikd €mog 1o 2018, H ypnuotoddtnon vanpecidv  HoKpoypoviag
£VOOVOCOKOUEINKNC TTEPiBaiyng acBevadv ¢ Iomaviag TpayaToTolETOl OTOKAEIGTIKA ad QOPELS TG
KEVIPIKNG KLPEpvnomng. Akdpa, dtomotdbnke 6Tl TOGO 01 GUVOMKEG KPOTIKES OAMAVEG OGO Kol Ol
doamdvec TKA ®g mocootd tov AEIT ko avd yilovg katoikovg g OAlavdiag givor diaitepa
QVENUEVEC GUYKPLTIKG, LLE TIG OVTIGTOLYEC SATAVEG TV VITOAOITOV Y®phv. EmmAéov, mapatnpndnke o1t
ot damaves TKA tov Belyiov yio mapoyég pakpoypoviag tepifaiyng e00TEPIKOV ac0EVOV MG TOGOCTO
tov AEIT kot ava yiAtovg katoikovg eBivovy paydaio to 2015 ko etvon 1dtaitepa youniég amd to 2015
£€w¢ 10 2018. Qotdo0 T0 EMAEUO TOV PAVIKE VO TapoLGLdleTan otny xpnpatoddtnon and TKA katd
TaL €T QUTO KOADTTETOL OO POPELG TNG KEVIPIKNG KUPEPYNONG, LLE OMOTEAEGLOL 0Ll GUVOMKEG KPOTIKES
damdvec Tov Belyiov o¢ mocootd Tov AEIT kot avd xiAlovg Kotoikovg vo GTUEIMVOVY TEAIKA EAGYLOTT
ntoorn 10 2015 wor yevikotepa va givor ot dgbtepeg vynhotepeg dOmAVES UETA TIS OOMAVEG TOL
OXhavdKoD KpATOVG Yo TNV CUYKEKPLUEVT VYELOVOIKT] apoyh. Ot katd kepoinv dambves TKA g
EcOoviag, IMoptoyoriag, EAAGSag ko Iomaviag yia vanpeoieg pakpoypoviag £vOOVOGOKOUELOKNG
@povTidas acBevav eivar apkeTd YapnAég, ot yauniotepes petald tv vroAoinmy ywpmv. O Técoepig
QVTEG YDPEC TOEIVOLOVVTOL TNV 1010, KAGGM avapopikd pe Tig katd ke@aAny damaveg TKA. Ouwc dcov
aQOPd TIG KOTA KEQOANY GUVOAIKEC KpaTikeG domaveg 1 Iomavia amotelel Eeywpioth KAdom. Onmg £xel
avapepbel o1 damdveg TKA g lomaviag yio v mpoavagepbeica vyglovopukn Tapoyn ivar undevikeég,
EMOUEVMG GE QLT TNV TEPITTOOT] Ol GLVOAIKEC SUTAVEG TOV 1GTAVIKOD KPATOVG £Ival JATAVEG TOV
KpaTiKo Tpotimoroyiopov. Metabd tov yopav, n EAAGSa dabétel Tig xapmAdtepeg damdveg T0G0 MG
1060010 T0V AEII 660 Kot avd YiAlovg KOTOTKOLG Yo VANPESIEG LAKPOXPOVIAG EVOOVOGOKOUELOKTG
QpovTidog.

6.5 Kpotwki] ypnpratodotnon QupuokevTIKOV ayadov fpoyvrpodeoung ypnong
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Oocov agopd Tov TPOTO KPATIKNG YPNUOTOOOTNONG PUPLOKEVTIKOV ayabdv Bpoyvrpodeoung
ypPNong dumiotmdnke 6tL 0 BéAy10, 1 OAlhavdia,  EsBovia, n EALGSa kot ) I'eppovia tagvopodvran
otV 10 KAdo™, 6mwg Ppébnke ota dedopéva, KOPLOG KPOATIKOG YPNUATOO0TIKOG POPENS TV YWOPDV
QUTAOV YO TNV GLYKEKPHEVT vyelovouikn opactnpotnta sivar ta TKA. Avoivtikdtepa, yo Tig
TOPOTAV® YDPEG TO TOCOGTO TOV CLUVOAIK®V KPOATIK®V Samavady Tov omotedovy damdveg TKA dev
elvar pkpotepo tov 90%. AvTIBETOC, TO TOGOOTO TV GUVOAIK®V KPATIK®V domavmv tng lomaviag kot
¢ [Moptoyarioc mov avtictotyel oe damdveg TKA yio pappokevtikd ayadd Bpayvmpdbeounc ypnong
elvar yio xéBe €tog apketd YounAd oxeddv UNOEVIKO, HE OTOTEAEGHO Ol VO OLTEG YDPES VO
ta&vopovvial otny it KAGON GYETIKA [Le TOV TPOTO KPATIKYG xpnpatoddtnone. And 1o 2004 mg 0
2012, ta mocootd tov etfjotov AEIT g EALGdag mov avtictoryodv og damdveg TKA kot og cuvolikég
KPOTIKEG OOMAVEG vl OPKETE VYNAG SLYKPITIKA pe To. avtictoyo €tiola mocootd AEIl tov
VROAOIT®V YOPOV, eVD Topovstalovy nTmTiky tdon amd to 2011. [Saitepa avEnuéveg etvar Kot ot
KaTé KeaAny damaveg tng EALGSC Yo pOopUOKEVTIKE ayafd pun HokpoypoOviag ¥pnong, ol omoieg
@Bivouv cvveymg amd 1o 2010 émg to0 2014. H Tepuavia dabétel emiong vynAég QUPUOKEVTIKES
damaves Kot a&ilel va avapepBel 61t and 10 2013 £wg 10 2018 evd 01 GUVOMKEG KPATIKES dUmAVES Kot
ot damdveg TKA g I'eppaviag og mocoatd tov AEIL dev dapépovy Katd moAd and TG ovAAOYEC
damaveg Tov EAANVIKoy kpdTovg, o1 avTioToleg Kotd keparv domaveg e ['eppaviog eivar apketd
vynAotepeg omd ekeiveg g EALGdac. H EAAGSa ko ['epuavia o kdBe ypovodidypappa oynuoatifovv
N ka0e o tn d1kn g KAdor. OAlovdia kot EcBovia ta&ivopobviot otny id1o KAAGT avopopikd. e Tig
damaveg TKA wg mocootd tov AEIL yuo eoappokevtikd ayabd Ppoyvmpdbeoung ypnong, Omwg
napatnpnOnke dev mapovctdlovy £vioveg eTNCEG OMOKAICELS. L2GTOCO, Ol OVTIGTOLYEG KATH KEPAANY
damaveg TKA g OAlovdiog ivar apketd vynAdtepeg amod TI¢ avaroyeg damaveg g Ecboviag kat n
ké0e o ta&vopeiton oe dikn TG KAdom. Agv mpémel va mapoineBel, 6Tl petalld TV Ympdv ot
OULVOMKEG KOTA KEPAANV damdveg Tov EcBovikod kpdtovg yia oprokeutikd ayadd Bpayvnpodecung
YPNONMG Elvar o1 YOUNAOTEPES.

6.6 Kpatui] xpnpratodotnon 0£pamsuTiK®V GUOGKEVMOV HAKPOYPOVIAS XP1ONS

Avagopikd pe ToV TPOTO KPUTIKNG YPNUATOOOTNONG BEPATEVTIKOV GUOKEVMV LOKPOYPOVING
xpNong EALGSa kot Bédyio ta&ivopodviat oty 1810 kKAAGT), OTc mapotnpnOnKe, 0l GUVOAMKEG KPATIKES
damdveg TV SV0 OLTMOV YOPDV Y10, TNV GUYKEKPLULEVT DYELOVOLUKT TTopoyN Eival oxedOV €5’ 0AOKATpOL
damdveg TKA. T'eppavia kot OAlavdio emiong ta&tvopodvial oty idto KAGoT, He KOPLO KPUTIKO
YPNLOTOOOTIKO POPEN TOV YOWPOV aVT®V Yo Bepamevtikéc cuokevég dtopkeiag Ta TKA. AvtiBétmg to
LEYOADTEPO WEPOC TV GLVOAIK®V KpaTikdv domavov g lomaviag, Ecboviag ko IHoptoyoiiog
OVOPEPETAL O JATAVEG TOV KPATIKOV TPOVTOLOYIGHOV. Q6TOG0, KAOE pio amd TIg TPELG OVTEG YDPES,
OGOV aPOPE TOV TPOTO KPATIKNG XPNUATOdOTNOoNG, oynuatilel Eeympiot kKAdon. A&ilet va avapepOel
ot yw v lomovio and TG vyglovoukég mopoyEs mov peEAETNONKOV péYpl OTIYUNG, MOvo oTnv
YPNLOTOOOTNOT OEPATELTIKDY GLGKELOV dlapKeing 1 cuvelsPopd TV TKA dev eivat oyeddv pndeviky,
aAld kopatveton peta&d tov 20 Emg 25% mepimov. H tagivoumon tov yopodv mov TpokvnTel GXETIKE
pe 115 damdveg TKA og mocootd Tov etiioiov AEIT tavtileton pe v ta&vopunon mov tpokOnTel dTav
ot damiveg avtég exppdlovtal avd yiAovg katoikovg. ‘Ocov a@opd AoOV TOVG GUYKEKPLUEVOLS
otatiotikovg deikteg EcBovia, Iloptoyaria kot Iomavia givar ot povadikéc xdpeg mov Ta&tvopovvtan
o€ Kown KAGGN, OTTm¢ TapatnpnOnke, dabétou Tig xauniotepeg dandvec TKA mg mocootd tov AEIT
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Kol ovl ¥iAovg katoikovg kot mapovstdiovy mapopola ypovikn e&éMén. Tepuavia kot OAAavoio
KATOYPAPOLV TIC VYNAITEPEG GUVOAIKEG KPOTIKEC damiveg kot damdveg TKA 1660 wg T06006Td TOV
AEII 660 kot kot KePaAny yio Bepamevtikés cuokeveg drapkeiag. Qotoco, Ieppavia kot OAlavdio
dev ta&vopodvTon otnV 1010 KAGGoT. Metald TV d0o auTmV YOpaVv, Tapatnpninkay eTNoleg S10popEg
OTIG GLYKEKPLUEVES OOMAVEG. XVYKeEKPEVA, TopatnpnOnke O1L evd ol kAT KEPAANV Oamdveg
OMhavdiag kot [eppaviag oxeddv tavtilovral amd 1o 2004 émg to 2013, 10 2014 o1 KATA KEPOAV
damaveg g epuaviag av&dvouv kot tedkd otabepomolovviar €w¢ 1o 2018 kol cvyxpoOVOS o1
avtioTor(eg Katd KePaAnV damaveg g OALavdiog Tapovstalovy peimon Kot 1 eTioia Stpopd HETOED
TOV S0TaVOV TOV 000 aVTOV XOp®V dlevpovetal. Idwaitepa avénuéveg g mocootd tov etotov AEIL
elvar kat o1 Kpatikés damdves tng EALAdag Yo Bepamevtikéc cuokevés drapreiog kot paiota to 2016
elvar vymAotepeg petald TV VTOAOIT®V YWP®V. QCTOGO, Ol AVTIGTOLES KT KEPUANY dAmAves TNG
EAAGOag elvar pikpdtepeg oe oxéon LE TIG KaTd KePaANy damaveg tng ['eppaviog kot tng OAavdiog kot
eBivouv cvveymg and 1o 2009 éwg to 2013. To mocootd tov etfictov AEIL mov anoteAel cuvolikég
KkpoTikég damaveg kat domavec TKA g EALGdag Yo Oepamenticég GUOKELEC LaKPOYPOVIAG XPNOTS,
0AAG KOl Ol OVTIGTOLYES KATA KEQPUANY dOTAVEG TOpoLGLaLovy cuveyn Gvodo amd to 2013 £wc to 2016.
Ymv lomavia Kotaypdeovior ot yoUnAOTEPES GUVOMKEG KPOTIKEG OUMAVEG KATO KEPOAV KOl MG
1060070 Tov AEIT 1o Oepamevticég cuokevég dlapkeiag.

6.7 Kpatui] xpnpratodétion vanpeciadv paxpoypovias nepifaiyng acdevav oto onitt

To peyahdtepo HéEPOC, mM0c0oTd peyahiTepo Tov 90%, TGS KPATIKNAG XPNHATOOOTNONG VINPESIDV
poxpoypoviag @poviidag acbevov oto omitt yuo v OAlavdia, Ioptoyoiio ko [eppovia
mpayporomoleitar amd TKA kot £T61 avopopucd, Pe ToV TPOTO KPOTIKNAG YPNUATOSOTNONG Ol YDPEG OVTES
ta&wvopovvtol 6e kown kAdorn. To moGooTd TV GUVOMKAOV Kpatik®dVv damovav g EcBoviag mov
avtiotoryel og domdvec TKA éwc to 2015 givor peyakvtepo tov 90%, aAld @bivel paydaio, KAt TOL
50%, 1o 2017 ko drotnpeiton otabepd Kot Kotd o enduevo £€1og. Onwg mapatnpndnke, n Ecbovia,
ocov apopd Tig damdveg TKA mpog cuvolkég kpatwkés damdves, oynuatiter Eexwpioty kAdom.
Avoeopikd pe Tov id10 oToTIoTIKO dgikTr, Kbe pia amod Tig ydpeg Bédyo kat Iomavia tagivopovvral
oe Egympoty kAdorn. Amd to 2004 émg 10 2015 o010 Béhylo kotd TO UGV KOPLOG KPOTIKOG
XPMUATOSOTIKOG (POPENG VIINPESIDV Pakpoypoviag tepiBaiyng acbevdv oto omitt givan ta TKA, evd
Y0 TNV GUYKEKPIUEVT) DYELOVOUIKT TTaypoy artd T0 2016 £m¢ to 2018 KHP1og KPUTIKOC YPTUATOS0TIKOS
popéag eivor ot eopelg g KeEVIpKNG kuPépvnong. H cvykekpiuévn vysiovopikn moapoyn €ivan m
HOVadIKY|, 6OV Yo KAolo €T TAPATNPEITAL OTL TO TOGOGTO TMV GLVOAMKADV KPOUTIKMOV SATOVOV TNG
Iomaviag mov avtiotoyel og damdveg TKA givan peyarvtepo tov 40%. Znv EAAGSa amd to 2004 £mg
70 2008 dev veioTATAL KPOTIKT] XPTLOTOSOTNOT VANPECLOV LAKPOYPOVIAS PPOovTidas acbevdv oTo omitt
Kot yevikotepa, pe e€aipeon ta. £t 2009 kot 2010, ot damdveg TKA yio TV GUYKEKPIUEVT] VYELOVOLIKT
mapoyn €lvar undevikég, pe amotélecua vo, givor avouevopevo n EAAGSa vo dwabétel petold tov
VIOAOIT®V YOPAOV, TIG YOUNAOTEPESG damiveg ¢ Tocooto Tov AEIT kot avd yilovg katoikovg. Me pia
TPOTN UATO SamoT®ONKe 0Tl 660 AVOPOPA TIG GUVOAIKEC KPUTIKEG dumaves kot Tig domavee TKA
1660 ®G 10600t Tov AEII 660 Kot avd ¥iAlovg KaToiikovg ot Ydpeg dlopovvtal oe dVO KOTNYOpPies.
Ieppavia, OAhavdio kot Bélywo dwbétovv vymhéc damdveg, eved apketd yopuniotepeg sivol ot
avtiotoryeg damaveg ¢ lomaviag, [optoyoriog, EALGdac kot EcOoviag. H povadikn dtapopd petalhd
g ta&vopnong avaeopukd pe Tig dandves TKA g mtocootd tov AEIT kat tng ta&ivounong o oyéon
ue tig avriotoryeg domdvec TKA avd yiAlovg katoikovg eival 0Tl otV TEPITTOOT TOV KATH KEQUANV
doamavav n OAlovdio ta&voueitor oe Kovr kKAaon ue v I'eppovia kot 6y pue to Békyo. Ta v
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OMhavdia kan v [epuavia, amd to 2004 g 1o 2016 ot dandveg TKA avd yilovg katoikovg oyedov
tavtilovtatl. To Béhylo onueidvel Tig vynAOTEPES GLVOMKES KPATIKES dATAVES ¢ T0c0oTO Tov AEIL,
OAAG KOl KOTA KEQOANV YLl TNV CLYKEKPLUEVT] VDYEIOVOLUKY TOPOYN, Ol OToieg UAMGTO avEdvouy
paydaics To 2016. O1 KAGGES OV TPOEKLYAV OGOV OPOPA TIG GUVOAIKEG KPUTIKEG KOTO KEPOAV
domaveg glvar apkeTd kaAd daympiopéves pe To Bédyo va unv ta&vopeitol og kown kAo pe GAAN
xopa. Ceppavia kor OAhavdio Ta&tvopodvtal oty idto KAGON, V@ Ol YOPES UE TIG YAUUNADTEPES
damaveg, oniadn [Toproyairio, lomavia, EsBovia kot EAAGSe oynuatilovv eviaia kAdon.

7. Zoykpion anotereopdtov pe Biploypo@ikéc anyég ko copnepdopata yio. tov KmL

Exnpoécwmotl tov Opyavicpov Owovopukng Zuvepyooiog kot Avantuéng (OOXA) oe avapopd Tovg
nov ko600 ke to 2018 (Health at a glance, 2018) peAétnoav dandveg vyeiog Tov Evpomaikdv yopov.
AvorutikdTtepa, HEAETNOOV damdveg vYelog g T060otd Tov AEIT kot Kotd Ke@oAnv damdveg vyeiog
Kot mwapotpnoay ypapikd v e&éMén tovg. ‘Enerta, katéAngav o€ mopatnpnoels GYETIKE UE TIg
gtnoleg petaPorég TV domavmdv vysiog Tng kibe yOPOC, OAAL KOl GYETIKG UE TO TOIEG YDPES
napovcidlovy mapopoln eEEMEN damavav vysiog daypovikd. Ta amoteléopata Ta&vounong otnv
napovoo epyocia emPefoardvovior amd TO GUUTEPACUOTH TNG TOPATAVED OWKOVOUIKNG UEAETNG.
Awmotdvetal Aouwdv 0Tt 0 adyopdpog KmL, arnoteiei Eva ypriouo epyodeio yia Ty diepevvnon Tov
oxéocemv PETOED TOV YOPAOV, OC TPOG TOV TPOTO KOl TO VYOG TNG KPATIKNG YPTUATOSOTNONG TMV
SPOp®V TAPOYOV TOV Xuotnudtov Yyelog Kot Kat' eTEKTAOY TNG OYETIKNG vopobesiog ywo tnv
0oQOAMOTIKY KAALYT ToV gpydlopévev Kol TV OLvoToTnTo TPOcPacng tovg oe kdabe &€idog
LTPOPAPUAKEVTIKNG TTEPiBaAyNG.

ABSTRACT

Undoubtedly, the organization of a Health Care System as well as the access of its citizens to all
kinds of health services should be a priority of every state. Thus, in the present paper we present the
expenses of Social Healthcare Funds, but also total state expenses per thousand inhabitants and as a
percentage of the annual GDP of the countries of Greece, Germany, Netherlands, Estonia, Belgium and
Portugal for inpatient and outpatient curative and rehabilitative care, laboratory services, imaging
services, patient transport, long-term care, both at home as well as in the hospital, pharmaceuticals and
other medical non-durable goods and therapeutic appliances and other medical durable goods. In
addition, illustrated the evolution of the percentage of total state expenses which is expenses of Social
Security Funds of the above countries for each of the above health services. Health care expenses, the
annual GDP and the population of every country as of Jan. 1st of every year, are published by
EUROSTAT. In the sequel, categorized health expenses longitudinal data of each country according to
the KmL algorithm. From the longitudinal classification of countries, verified observations of economic
studies of Eurostat, the World Health Organization (WHO) and the Organization for Economic
Cooperation and Development (OECD) on the organization of Health Systems and the evolution of the
expenses of the countries in the same class.

KEY WORDS: Health-Care Expenses, Official Statistics, Cluster Analysis, KmL
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EAANVLIKO ZTATLOTIKO lvoTitouto

Mpaktikda 34°° NaveAAnviou Zuvedpiou Itatiotikng (2022) (oeA. 113-121)

Yyéora Astypotoinyiog Xauniov Ilpovrorloyiopnov og
Ynootvora Tov Emnédov R?
Xotiyuyaiji. Xpiotival, Mrnatoidxa Mapial, Popudrne Nikéiaog'

IIMZ Tuipo Moadnupoatikov AILO.
xristina.k.xatzimixail@gmail.com, marmpat@hotmail.com, farmakis@math.auth.gr

INEPIAHYH

H Aswypotolnyio copPdiret otn perétn dopdpmv tuyaiov petafAntdv pe moAd Kohd
amoTEAESHOTO OO Amoyn akpifelag Kol Kupimg TaydTNTOG Kot XOUNAoD KOGTOVG. YTapyouv
OUMG KOl EOIKEG TEPUTTMOCEL OOV O TPOVTOAOYIGHOG NG HEAETNG pmopel va Exel Kot
vromoAlomAdolo péyeboc omd Tt cvviOn peyédn. Tétown oyxédo detypotoAnyiog eivan
TEPUTOGELS 61OV 0 TANOLVGHAG Efvarl vTocVvoro (xopio) D tov Sidiictatov emmédov R? ko
VITOKOOIGTOTOL OO TUALLOL LOVOSIAGTATOV VITOYXMPOVL TOL (TOE0 povodidotatng kaurding C). H
derypotolnyia yiveral pévo oto povodidotato tunque avtod g C. Etotvrofifaletorl to k66T0G
Oeopntikd dmelpeg popég kKo TpakTikd vrofiPaleton 80 £mc kot 100 popéc. 1dyog eivar Thvo
1N eKtipnon tov S1edpmv TapousTpov g Toyaiog puetaAntg (t.u.) Z=f(X,y) mov peletovue
Kot 18img N extipnon g péong Tiung kot g dacmopdg. Edd (X,Y) givon onpeio tov ywpiov D.
2& KOTOOTAGELS GOV TNV AVOTEP® £XOVUE GLVHOWOG KATOIEG TANPOPOPIEG CYETIKA LLE TN LOPOT|
™mg ovvaptnong f(X,y) pe mpocéyyion icwg kanolag (-wv) TOPAUETPOV (-Tp®V). TE UEPIKES
neputdoelg umopel vo emdé€ovpe petad 2 N 3 mbavav popeadv mg f(X,y) kot puowd
vioBetovpe TNV o £HYPNOTN, T.X. TOAVOVUUIKT], TPIYOVOUETPIKY|, eKOeTIKN, KA. Bplokovpe
oTN GLUVEYELN TIG 000 HECEC TIUES TG T.). Z: Mia pe Bdon 6Aov tov minbuoud-ywpio D ko pio
pe Paon 1o 16&€0 g kKapumding C kat tig e&ilodvovpe. H Mon g e&icwong avtng g mpog Tig
mapapétpovg g e&icmong g C mpocsdiopilet v koumvAn C kat to t6&o-topn g C e 1o
xopio D. To t6&o avtd givar o mAnBvopog 6tdyog o’ dTov ToipveTal To delypa pe KAmolo
péBodo derypatoinyiog, .y, TuoTNUATIKN AStyaToAnyia.

AéEarc khewdrd: Astypotonyia, Toyaio petafint, Héomn tun, Suomopd.
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MSC: 62D05; 62E17

1.Ewaymy

Aswpovye 1o eminedo ywpio D € R2, m.y. éva opBoydvio mapariinidypappo ABTA ue
dwnotdoelg (AB)=a xor (BIN)=B. Kd&be onueio A tov ywpiov D eival éva dropo tov
mnBvcopov I kot 6g ovtd avticToy el pia Tiun Z g Toyaiog petafAnmg (t.).) Z mov
peietape. Eneldn to A mpocdiopiletor amd Tig suvietaypéve tov (X,Y) yo v T.1. Z
woyvel Z=f(x,y)=f (A), VA € D, 6mov 1 cuvaptnon f £xel oxetikd omhny popen. Ato
TPOTYOVUEVEG EMAPEG LOG LLE TO TPOPAN LA, BepodE OTL £YOVUE ETOPKT TANPOPOPIQ
Yo TV LOPPT TG cvvaptong g T.)u. Z=f (X, y). Mg tov 6po emapkng TANpo@opia.
gvvoovpe ouvnBwg OtL glval YVOoT N HOpPeN TS cuvdptnong Z UE MPOGEYYIoN
KATO1®V TOPAUETP®V Kal pia TpoderypotoAnyio Bo fonbnoel va S10moeT®GovpE OTL
VO0eoT HOG 1OYDEL, EVD LE TNV KAVOVIKT GACT TNG SEIYUUTOANYING OE LETAYEVESTEPO
o61ad10 Ba €yovpe oAV mo kobopn TV edvo TG KOTAGTAGNS. XTO onueio avtd
v1oBeTovVTOL 01 TOPOKATO GVUPBOAIGLOT, 01 0TTOT01 Bat LG S1EVKOAVVOVY GTNV AVATTVED
Tov BépoToc:

(11): eninedo (Oy, 0,) [D|: euPadd tov ympiov D
(1,): enimedo (0y, 0,) C: 16&0 xapmnding (C) oto eninedo tov D
(I3): eminedo (O, Oy) [Col: pixoc TpoBorfc Tov td6E0L C otov Ox

|C]: pAxoc Tov t6E0L C

Kvprog 61630¢ T mopodoac epyaciog sivon va extyum0ei n péon tun e t.u. Z, Z,
udvo HECH TOPATNPNCEMY TOV AVIKOLY 610 T0E0 KoumdAng C kot cuvidmg vadpyovv
KoL GALOL SgVTEPEVOVTES GTOYOL, OTTMG Eiva 0 vVITOAOYIGHAG ToL ] i (x,y) dx dy.

2.Bacun 10éa g pedodov

H pébodog mov mpoteivetol otnv mapodoo epyacio yio TV EKTIUNGT TG HEOTG TWUNG
e T.1. Z £xel wg eE7G: Owpodpe v cuvdptnon Z=f(x,y) / D € R? olokAnpdoiun
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oto D, vroloyiCovpe 10 oroxAfpopo [ of (x,y) dxdy kot pe Baon to Osdpnua
Méonc Tyung OroxAnpwtikod Aoyiopod (OMTOA) n péon tiun g T.1. Z divetal amno:

=i o £ () dxdy (€

Eoto topa emedveto (1) kébetn oto (I3) kau pe yevérepo ypouun v koumdin (C)
o710 eninedo (I3). ZvuPorilovue pe T tnv Toun Tov I pe 1o ypdonua g Z. H xoumdin
(C) eivon n wpoPorn g toung T eni tov (I3). H toun tov (C) kot D givar to 16€0 D N
(€) = C, pe punxog |C| ko pe e&icmwon opiopov y = @(x).

v ouvéyxelo, Ppiokovpe TO OAOKANpOUQ fc f(xy)dx =fc f (x,(p(x)) dx «o

otpouevol cto OMTOA cvpmepaivovpe 0TL 0 EKTIUNTAG TNG LEONS TIUNS TNG T.JL. Z
1G0VTOL LE:

= e o (2 9(0) dx @

Y& emduevo otédlo Oswpovpe ™ Swapopd AZ = |Z' — Z| xou eivon mpopavég 6t M
modTNT0. TOL ekTUN T Z' eEaptéton amd To uéyedog tov AZ. H 1davich mepintwon sivon
PLGIKA VoL emTOYOVUE TETOWL TOUN-TOED C doTe vo oydel AZ = 0. Avtd sivon opketd
dVoKOMO Ko 101 6TV TPEEN OPKOVUAGTE VO EXOVHE OPKETA kPN T Tov AZ 1
avtictoya Tov AZ / Z, GGTE vo. £YOVLE IKOVOTOMTIKEG TPOCEYYIGELS, Ie Phon TavTa
TI¢ £KAGTOTE AmAUTHGELS poc. O Adyog AZ / Z eivon ) etk omOKAIoN ¢ Tpog Z Kot
OTOTEAEL LETPO TOLOTNTOG TOV EKTIUNTH.

3.Extipmon g péong Tyimg g T Z = f(x,y) = ax” + BxVryK

‘Eoto ta uédn tov minbuopot eivon otoryeia tov D = [0,1] X [0,1] pe |D|=1 o
oOUE®VE e TNV OodIKOGio OV TEPLYPAPETOL GTNY TPONYOVUEVT] TOPAYPAPO
AapBavetar vromnbuopds, Papudkng (2015,2016) C= {(x, g(x)),x €[0,1],g(x) €
[0,1]} and tov omoio TpokvITEL N} EKTIUNON Yo TV péon Tiun ™G T. 1. Z. Eivar gavepo
011 0 apykog TAnBoopog avikel 6g ydpo ddotacns 2, 610 eninedo (Oy, Oy ), evod ta
LEAN oL VTOTANBVG LoD lval GTOLYELD LOVOOIAGTOTOV LITOYDPOV.

YroBétovpe thpa 6t Z=£(x,y)= ax'+BxV KyK k,v > 0 kon Osmpodpe apyikd 16E0
deryHaTOANYioG:

= {&xy),y=8gx =2xx€[01]y € [0,1],A € [0,1]} ne |Co|=1, Dapudxng
(2015,2016).
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H Bewpnrtikn péon tyun g .| Z vmoroyiletar og e&ng:

v—k,k G
Z= [T, £ (o) dxdy = f Jy a4+ Bty dxdy = 4 s
ZUVETWG,
— B
2=yt (k+1)(v—Kk+1) @)

O extyumtg Z', 0 omoiog mpokvmTEL 0md delypa atdpmv-onueinv povo omd to t&o C
dtveton omo:

k

v- L Bt
= o J f (0 8(0) dx = [ (ax” + Bx (") dx = . Enopéva,
_,_a Bk
it (4)

AkohovOng, Tposdopiletar n khion A étot dote AZ = 01 Tovddyiotov AZ = 0. Ioydet
oL,

a B _a  BAk K v+1

A =0 7=7 + = + oSN =——
v+l (k+1)(v—=k+1) v+1 v+1 (k+1)(v=k+1)

"Eyovtog vmobéoet 6t A € [0,1] 610 onueio avtd mpokvmel 0 mepropiopdc k —v < 1
v toug ekbéteg k, v. Zoumepaivetal Aowmdv, 0Tl 1 T NG TOPAUETPOVS A Yo TNV
omoia woyvel AZ = 0 16o0T0L pe:

v+1 1/k
A= ((k+1)(v—k+1)) ®)
I'evikevovtag, Bempoipe T6E0 derypatoinyiog, Dapudakng (2015, 2016)
C={xy), y=gx) =AxP, x€[0,1],y € [0,1],A € [0,1],p € [0,1]}. T,

a_,_ B
v+l v+1+(p-1)k

7'= (6)

kot AZ =0 dtav
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v+1+(p—1k

k =
(k+1) (v—k+1) (7)
Eg@odoov, p € [0,1] amodeikvoetar ot
1 K v+1 1/k v+1 1/k
(k+1) =A< (k+1)(v=k+1) 1 (k+1) =is ((k+1)(v—k+1)) (8)

Xoppova pe Tig oxéoelc (3) kat (6) woyvel ot

Ak 1

027 - 2| B = -
v+1+(p—-1k  (k+1)(v—k+1)

v+1+(p—1k  (k+1)(v—k+1)

Eg@dcov éyovpe vrobéoel 6t A € [0,1], p € [0,1], v,k € N* kot €181kOTEPO Y100 TOVG
exbéteg v kan K 1oyvet o meplopiopog v — k + 1 > 0, damoetdvetat 6TL 1 ToGOTNTA

Ak _ 1
v+1+(p—1k  (k+1)(v—k+1)

glayiotomoteitan o p = 1. Xvvenmg, yio p = 1 mpokdntel OTL

1

AZ _|B| v+1 (k+1)(v—k+1) '

Apa Y10 CUYKEKPIUEVEG TIUEG TOV V, K KOL A ETAEYOVE T LEYAAVTEPT] TN TOL P (ONA.
mv p=1) kot epyaldpocte pe v koumvin (C): y=Ax, Zvykexpyéva n (C) givar o
(vmo)mAnBvopdc otdYo¢ amd Tov omoio Ba mhpovpe TO delypa Yoo TV KOAOTEPN
TPOGEYYIoT TNG MEOTS TIUNG TG Tuyaiag petaPintig Z(X,y), ®opudkng (2001, 2015,
2016), (PAéme mapAdelypo TOPAKAT®).

‘Eyxovtog mpocdiopicel v PéAtiotn Tun tov p Y TV omoia 1 Sopopd AZ
glayloTomoteitatl, 6TOY0G EIVOL VO TPOGOIOPIGTEL 1] TIUN TG TAPUUETPOL A Y10 TNV OTToi0l
woyvet AZ=0 1 TovAdyiotov AZ =0, Snhadn:

Ak 1 xk

v+l (k+1)(v—=k+1)

= 01 tovAdyioToV | m| = 0.

Topmepaivetor Aowdv 6t yio p = 1 1 Srapopd AZ ghoyicTomotsitan wg Tpog A dTa

v+1

k _ v+1 1/k
A T (k+1)(v—k+1)’ ) !

smadi 610y A = (Gorpoesin

OOV cVUPOVA LE TNV oxéon (8) amodeucvoetal OTL eivat 1) HEYIGTN TR oL dHVOTOL
va Aapel | TopapueTpog A.
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Koatomy tov avotépom oyetikd He TIG Topoy®@Yovs evolapépov mapovcstdlel o
napokato [ivoakog 1 0mov epeovifoviol ta Opla TV TUOV TOL A Y10, TIG SIAPOPEG TILES
TV ekbetdv v kat K. To yeyovog 6t égovpe T popen g g(X)=y=AX? onuaivetl 6L M
kapmoAn (C) mepvaet and mv apyn tov a&ovev (0,0). Exiong ovopdlovue:

/k /k
A= (ﬁ)l ko B = (#:ikm)l .

Axolovbei o ITivaxag 1 yio tiuég v=1,2,3,4 xat tipég tov kK=1,2,...,v.

Na onuewwbei 611 n kapmwdin (C) mepvdel oplokd mpog Ta Tave amd o onueio (1,B)
yevikd. Oprokd mpog ta Tave Tait amd To onueio (1,1), 6tav givon k=v, d6mwg eaiveta
ond v €kepaot tov B avotépm. H oplaxn Ty mpog ta kdtm givon 1 Y2 0tov Exovpe
k=1 ywa kaOe Tiun Tov v 810TL T0 v dev gpEOVILETOL 6TV EKPPOOT] TOL A, TOV KAT®
opiov Tov A.

ITivaxag 1
v k A A<A<B B
1 1 % A 1
2 1 1 A 3
2 4
2 2 % A 1
3 1 1 A 2
2 3
3 2 A3 A N
3 3
3 3 % A 1
4 1 1 by 5
2 8
4 2 NE] A N
3 3
4 3 P A B
2 2
4 4 41525 A 1

4. E@appoynq yiwo v=2 ko k=1

Ytov akoAovbo Tivaka divovTal ot EKTIUNTEG Yo TV péon T g t.i. Z = f(X,y) =
ax? + BXy y10. TI¢ TEPIMTMOGELS OOV
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C={xy),y=gx) =Axx€[0,1],y € [0,1],A € [0,1]} ko
C={&xy).y =8x =MWxx€[0,1],y € [0,1],A € [0,1]} pe |Co|=1.

Y& kG0 mepintwon vroloyileton n Stapopd AZ ko GOPPmVA e TV nedodoloyia mov
avomtoyOnke mapandve tpocsdiopiletar N kKhion A, étot wote AZ = 0 1| TovAdy IGTOV

AZ =~ 0. Ty t.p. Z = f(x,y) = ax? + Bxy 1oydet 611 Z = %1;23[3
ITivaxog 2
C zZ' A AZ
y =2x a+pA 3/4 B(4A —3)
3 12
y = AWK 5a + 6BA 5/8 B(8A-5)
15 20
) _, a+BA -, 5a+6BA ) _ B(4A-3) _
YJupBoAifoupe Z; = - Zy = s Ko kat' emektoon AZ; = " kv AZ, =
B(8A-5)
20

_ _ A _ _
Enedn, AZ; - AZ, =1—85T[pOKL')T[t£LéTLVLaB > 0,47, < AZ,. Yuunepaivetal SnAadn,

Ot petafy twv meputtwoewv omov C = {(x,y),y =g(x) =Ax,x € [0,1],y €
[0,1],A € [0,1]} kou

C={(xy),y=gx =A/xx€[0,1],y € [0,1],A € [0,1]}

N péon T g T Z = £ (%, y) = ax? + Bxy eivor mpotindtepo va ektiun0ei omd dropa-
puéAn mov oaviAkovy oto 1060 C = {(x,y),y =gx) = Ax,x € [0,1],y € [0,1],A €
[0,1]}.

Hopaderypa: 210 yopio D={(x,y): x € [0,1],y € [0,1]} opiletann T.u. Z(X,y)= ax? +
Bxy. Na extiun0ei n péon tiun g Z oto yopio D. Atvetor 611 etvon f>0.
Andvinon: Z0upova pe to mopandve (PAéne oeiida 5), n uéon T ™¢ Z sivor
TPOTIUOTEPO VoL kTN Ol omd TV Y=AX, dnAad"| eivon p=1. Zvumepaivovpe 6TL TpEMeL
va mapovpe deiypo omd 1o TUAUO NG evbeiog pe e€icwomn Yy=AX pe 10 pEYIoTO
gmpendpevo A mov mpoPrénetor omd v (8) yio v=2 kot k=1. Ao ™ dedtepn ypopuun
tov mivaka 1 (dnAadn v=2 kou k=1) wpoxdnter A=0.75, frot 10 t6E0 mov Oa eivar o
TANBvopdc otdyog Oa givar Tupa TS gvbeiog
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(C): y=0.75x.

H péon mym mg Z = f(x,y) = ax? + Bxy oto ywpio D eivon Z = = + E 4a1+236 Oa
whpovue €va cvoTnuatiko dsiypa amd n+1 onueia g y=0.75x, (D(xpuomng (2015,
2016). To onueio ovtd o givar Tng popeng:

xi,¥i) = (%,E),izo,l,Z,S...,n, omoOTE 1M eKTiUnon ¢ péong TWNG g T.U. Z, 1M

V4 (n)> TPOKOTTEL

ai? 3312 _ (4a+3p)i? 4a+3f 2n+1

Zi —ax + Bxyy; = nz 4n2 4n? Z(n) 4n2(n+1) Zi=0

= (4a + 3[3)

H extipnon ¢ péong tyung eivar ocvvdptnon tov peyébovg n+1 tov delyuartod.
MdaAota 6tav i derypaToAnyio eivatl GLGTNIATIKY AEYETOL OTL 1] EKTIUNOT TG HEONG
TIWAGC ™G T.WL. Z, M Z_En), glval ouvapTnon Tov TANBoLE N TV TUNUATOVY IGO0V URKOVG
ota omoia ympileton n mAevpd [0, 1] Tov ywpiov D mave otov dEova twv X. To 6plo

mc; EKTIUNONG 0vThG KOOMG TO N TEIVEL 0TO AmELPO Elvar:

4a+38
=limZ,) = ——

n—-oo
o péyedog Seiyparog n+1 1 Srapopd AZ cuvapticet Tov N eivo:

5 51 2n+1 4a+3B _ 4a+3B ( 2n+1 . __ 4a+3B
A7 = Ziyy -7 = (4a+3p) 2 e (_ _)__—m.
[popavmg To 6p1o kabmg To N Teivel oTo dnelpo eivan AZ = Z, ('n) —-Z=0.

2n

, . = ., AZ _ 1
H oyetucn amdxiion wg wpog Z givor 5 S o

ABSTRACT

Sampling contributes to the study of various random variables with very good results
in terms of accuracy and mainly speed and low budget. However, there are special cases
when the study budget may be smaller than the usual size. Such sampling designs where
the population is a subset D of the two-dimensional level R?and is substituted by a part
of its one-dimensional subspace (arc of the one-dimensional curve C). Sampling applies
only to the one-dimensional part of the curve C. Thus, the budget is reduced
theoretically infinite times and practically it is reduced 80 to 100 times. The aim is the
estimation of the various parameters of the random variable Z=f(x,y) that we study and
especially the estimation of the mean and the variance. Here (x,y) is a point of the D.
In situation like the one above we usually have some information above the form of the
function f(x,y) by approaching perhaps some parameter(s). In some cases, we can
choose between 2 or 3 possible forms of f (x, y) and of course we adopt the easiest to
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use, e.g., polynomial, trigonometric, exponential, etc. We find the two means of Z: One
based on the whole population D and one based on the arc of the curve C and equate
them. The solution of this equation determines the curve C and the arc-cut of C with
the D. This arc is the target population from which the sample is taken by some
sampling method, e.g., Systematic Sampling.

Key words: sampling, random variable, mean, variance
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ABSTRACT

Covid-19 is undoubtedly a pandemic that the international society will remember and
one of the most important events of the 21st century that has costed many lives and
has had a large social impact and economic consequences. The disease responsible for
a large number of deaths worldwide raised much scientific interest from a statistician’s
perspective and different models are proposed in the literature. The novelty of our
methods lie on the fact that they are based on the hidden information of the total —
rather than the observed — cases, since the disease is really expanding via cases that are
not recorded. Using the compartmental type of epidemic models, we propose various
ways of tackling the problem taking into account characteristics of Covid-19 that are
known in the literature. The fitting procedure has been performed on data from many
countries other than Greece using the Bayesian way of thinking via Hamiltonian Monte
Carlo (HMC).

Keywords: Covid-19, epidemic, Bayesian, HMC

1. INTRODUCTION

Since December of 2019, Covid-19 has been spread on the whole world with
millions of cases that suffer from simple symptoms till serious, chronic ones and
even death. Due to the high transmissibility of Covid-19 (its Ry was estimated
to be approximately 3.8 in Flaxman et al., 2020), it is imperative that we mon-
itor its progress for performing proper decision-making regarding intervention
measures against it. The statistical models focus on estimating useful quantities
about the epidemic in many countries and guide this procedure. There exists
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a spectacularly large amount of literature regarding Covid-19, but the majority
of epidemic modelling in general works on the level of observed cases (see for
example Andersson and Britton, 2012 and Bjornstad, 2018). In this article we
present such kind of models, but we extend their foundational ideas to models
that work on the total number of cases, which include the unobserved ones. The
most basic model, which is always used as a starting point, is the SIR model on
the continuous-time domain. In this article, we are concerned with discrete-time
models, but it is useful to present the original SIR to gain insight about the
interpretation and intuition of the equations that follow next.

The simple SIR model is given by the following system of ordinary differential
equations

S=-\-S-I/N
I=X\-S-I/N—1I/r (1)
R=1I/T

where A is the infection rate, 7 is the infectious period, S and I are the number
of susceptible and infectious individuals respectively and N is the size of the
population. The dot symbol on top of a variable indicates differentiation with
respect to ¢. This model sets the base for our proposed ones in the present
article.

All of the described models posit a Poisson or Negative Binomial distribution
on the data (either daily cases or daily deaths) and we refer to the mean of the
assumed distribution at time ¢ as ;. When both daily cases ¢; and daily deaths
d; are utilized, we make the distinction 0§C) and Gt(d) to denote the mean cases and
deaths respectively. From now on, we use the Negative Binomial distribution
when describing a likelihood, but Poisson models have also been trained for
comparison. The Negative Binomial is expressed in terms of mean and dispersion
parameter. The goodness of fit and predictions were assessed by information
criteria, criteria regarding predictions accuracy and visual inspection.

At the beginning of the epidemic, Google and Apple started publishing mo-
bility information for every country, which could potentially be used in the infer-
ence or prediction procedure. However, these mobility data (of eight variables)
needed to be merged and processed in a sensible way in order to be utilized. We
briefly discuss about this in the next Section, but actually the mobility variables
took a lot of our time and effort in order to gain insights about them and relate
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them to the epidemic. We do not include such an analysis to this article in order
to focus on the epidemic modelling. Other data sources we use for training our
models are the number of daily vaccinations, the age distribution of cases and
the number of daily tests performed as discussed in the next Sections.

The remainder of the article is organised as follows. In Section 2, many
models capable of inference or prediction are presented based on the observed
Covid-19 data, while we also provide more advanced models that work on the
latent level of total (both registered and unregistered) cases. In Section 3, some
results of the best models are shown. Section 4 concludes the article. For all the
analyses we use the R programming language and the model fitting procedures
were performed using the Stan probabilistic programming language through R.
Last but not least, we use the Bayesian methodology for all our models, which
we train using HMC and the algorithm NUTS (see Hoffman and Gelman, 2014).

2. DISCRETE-TIME STOCHASTIC MODELS

As far as the mobility data are concerned, it seemed sensible that they could
be used as a covariate on the infection rate A, since larger mobility would cor-
respond to more contacts. After experimenting on different methods, such as
Principal Components Analysis (PCA), Independent Components Analysis and
Factor Analysis we investigated whether such a procedure performs better than
just keeping the variable with highest correlations with the others. We con-
cluded that PCA is a straightforward and sensible way to proceed, so the next
step was to decide on the number of Principal Components (PC) to keep. After
trying models with different number of PC’s, as well as an analysis regarding
on the information discarding when dimensions are reduced, we decided to work
with the first PC. Thus, when we refer to the mobility variable m;, we mean
the first PC of the eight variables, which are “Retail and recreation”, “Gro-
cery and pharmacy”, “Parks”, “Transit stations”, “Workplaces”, “Residential”,
“Driving” and “Walking”. The first six of the original variables refer to percent
change of mobility in places like restaurants (for the first variable), groceries (for
the second variable) etc. gathered via cell phones by Google, while the last two
refer to percent change in driving and walking as captured by requests on the
maps application gathered by Apple.

According to the SIR formulation , the mean Covid-19 cases 6; can be es-
timated by the quantity A\;—1S;—11;—1/N. Using backward differences, we trans-
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form the cumulative number of cases, deaths and recoveries provided by the
Johns Hopkins University (https://github.com/CSSEGISandData/COVID-19/
tree/master/csse_covid_19_data/csse_covid_19_time_series) into daily data
and construct the number of susceptible individuals by S; = N — 22:1 ¢; and
the number of infectious individuals by I; = c¢f — df — rf, where cf, df and r{
are the cumulative number of cases, deaths and recoveries at time t respectively.
The parameter A; is written in various ways, some of which utilize mobility
information.
One class of models we have trained is the following:

Ct ~ NB(9t7 ¢)

0 = /N

= MSt—1li—1 + P11
log(A\) = Bo + Bimy + d2log(Ai—1)

where we investigated removing terms such as any of the two autoregressive
ones, or the mobility effect. The last equation is the one that incorporates the

mobility data and we also tried to regress on many past days using log(\;) =
7

Bot + Z/Bimt_i + ¢log(Ai—1) (i.e. we put coefficients on the whole past week
i=1

before each time ¢) or write it in a mixed effects fashion as log(\:) = Bos +
Bm.t + ¢log(At—1). Moreover, we fitted models with alternative combinations of
fixed and random intercepts and fixed and random mobility effects. The mixed
effects formulation allowed to use the mobility data in a special way. Instead of
placing a non-informative Gaussian prior on the coefficient of m;, we performed
a moving-blocks Bootstrap scheme to estimate the error of the mobility PC and
used a Gaussian prior centred at the observed PC with variance the one obtained
by Bootstrap.

Another class of models was one that makes a distinction between cases
that are led to death or recovery. Thus, we trained a mixture of two Negative
Binomials — one for each group of either death (j = 1) or recovery (j = 2) — with
mean 6;/N where

Hjt = )\jt . Stflftfl + ¢1j0jt71
log(Ajt) = Boj + Bijmy + Bajrje + dailog(Nje—1)
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with z;; being the number of deaths or recoveries at time ¢ for j =1 or j = 2
respectively. Again, removing terms from this general form was under study in
order to build a type of SIRD model.

The construction of the reproduction number is straightforward by R; = A\;-7.
For the infectious period 7 we tested either random draws from Half-Normal or
Gamma distributions with a mean of approximately 7 days (which was a plausible
choice), but we also tried to estimate it from the available data. To this end, we
designed a “first-infected, first-died” or “first-infected, first-recovered” method to
approximate the time-to-death, time-to-recovery and time-to-removal by using
only information of the daily cases, deaths and recoveries. Then, we fitted a
Gamma distribution by numerically maximizing the likelihood using the BFGS
method and used random draws from this Gamma to scale the infection rate.
Other versions of tested models just use a fixed number of six days.

It is known for Covid-19 that when one is infected they do not become infec-
tious immediately, but they experience an initial exposed period. The exposed
period is a time interval during which the infected individual is not yet capable
to transmit the disease. In our initial models we incorporated such a period of
four days by shifting the number of susceptible individuals that are available at
each time ¢, i.e. S7Y = Si14. Thus, the SIR and SIRD models become SEIR
and SEIRD respectively.

Another important part of our research was the number and position of
change-points to the model parameters. Covid-19 is an epidemic that lasts for
more than two years and affects the population differently during different time
intervals. Due to this change in the disease characteristics change-points on the
model parameters are essential to accurately describe it. For instance, one way
to break \; was to train different intercepts c1; and cz; in the log-equation, i.e.

log(A¢) = Bo,t + Brmyg + glog(Ni—1)
Bog=p-cre+ (1 —p)-cay
p=(1+exp(—K))™"
K=2-(t-T)

where T is the time of change.
Two cases when we used different kind of likelihoods were first, when we
experimented on data from other countries, where we assumed exchangeability
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of their parameters and second, when we used a bivariate Negative Binomial that
incorporates information from both recorded cases and deaths. Regarding the
first case, we investigated the cases of Greece, Italy, Germany, Sweden, Cyprus,
Finland, Netherlands and United Kingdom, by placing the likelihood

WTLZ'

L= HHNB(Ct,i; O, )

i=1t=1

where W is the number of countries considered and ¢ indicates a specific country
with sample size n;. Regarding the bivariate likelihood, we tried versions of the
following model:

¢t ~ NB(0\ 1)
dy ~ NB(6 )
0 = \eSi_1I,_1 /N
log(A\¢) = Bo + Bimy + dlog(Mi—1)

t—1
egd) _ Zptﬂ't—jej('d
j=1

where p; is the infection fatality ratio (IFR) and 7y is the percentage of deaths
due to cases from s days ago. This percentage is taken by the discretized density
of the infection-to-death distribution 7(¢) (taken from Flaxman et al., 2020) as

s+0.5

Ty = / (t)dt

s—0.5

Finally, we performed one-week-ahead predictions for the number of cases and
deaths using the predictive distribution of the parameters. Thus, we trained the
model until time n{ and predicted the period n; +1,...,n1 + 7, then we repeated
this procedure training until no > n; and so on, therefore predicting the next
week after several time periods.

While working with the recorded cases can be helpful and direct for decision
making, there exists a large number of unregistered cases that drive the epidemic.
Thus, we followed many paths to estimate the total number of cases CY, like
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connecting linearly the total cases with the mean registered cases as in C; =
ch) +x; or Hic) = wy-Ct. The former assumes that x; is the number of unregistered
cases and the latter assumes that w; is the proportion of the cases we observe.

t—1
Last but not least, the mean daily deaths were changed to 91@ =D Zl m—j-Cj.

We placed different prior distributions on the parameters and] tested the
performance of the models when adding change-points on the infection rate A,
the infection fatality ratio p; and the proportion of observed cases w;. As far as
the mobility variables is concerned, we tried to pre-process the data by fitting a
generalized additive model (GAM) on them and then use the fitted mobility as
the covariate m; so that we reduce some noise.

All of the above formulations have two drawbacks: first, they use the recorded
number of susceptible and infected individuals and, second they use the recovery
data provided by Johns Hopkins University, which they turned out to be highly
untrustworthy. Thus, we present a whole new class of models, that work on the
latent total cases utilizing only information by the observed ones.

2.1 Estimating the total number of cases

The discrete-time stochastic epidemic models we presented so far set the
foundations for even more complicated and accurate ones, which span a larger
time series and take into consideration vaccination, demography and variants
of the initial virus. The first novel approach to an epidemic model suitable for
Covid-19 is given by the following equations

d ~ NB(by,v)

t—1
0: = p@) - L(t € (I, 11 — 1)) 'Z?Tt—k - Ck
k=1

Cy =M 1511 /N (2)

Sy = St1 - Cy
t
I = Z Ci
i=t—T

where Ay = A -I(t € (uj,ujp1— 1)) The indices b and j determine the number
of change-points and the [;’s and u;’s determine their positions for IFR and the
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infection rate respectively. The above formulation of an SIR model acts on the
total number of cases assuming that individuals stay in the Infectious state for 7
days. Then, it estimates the mean number of deaths as a proportion of the cases
determined by the IFR, while past cases also contribute via suitable weights.
Once again, many models have been tested based on this formulation, which
test its performance placing covariates and autoregressive terms on A, or simply
testing different change-points.

The best change-point strategy for the infection rate turned out to be the
following: we keep it constant for the first four weeks, then we change it once
every two weeks and for the final interval we keep it constant for four weeks.
The first and last periods are larger because of the larger uncertainty around the
estimates. Every interval received a Log-Normal prior. The prior distribution
for the IFR parameter p) needed some extra work. We placed an informative
Gaussian prior distribution with standard deviation 10~* and mean computed
as

1 lpr1—1 4 © Cor
0 f
Elpw] =7 > D P ST o
t=lp, k=1 1= )

where p,(fo) is the age group-specific IFR given in Ward et al., 2020, which we

consider to be close to real and c¢;j are the cases at time t for age group k in
a given country. Thus, we scale the estimated IFR by the age distribution of
the cases in a specific country and then average the result over the four groups
0-17, 18-39, 40-64 and 654. The times [ are determined by inspection of the
country-specific IFR series S ¢_; p,(co)(ct,k)/(zzlzl Cti)-

The idea of model [2| works surprisingly fine on the real Covid-19 data, since
it could re-create published estimates For instance, R; took plausible values
according to non-pharmaceutical measures applied at every interval, lock-downs
or the effect of summer. However, we further generalize it using more realistic
assumptions, such as taking into consideration the vaccination effect, the exposed
period before infectiousness and the demography. To this end, we enhance the
previous model with a few extra steps before the estimation of the daily deaths

129



d; using the following equations

dy ~ NB(O )

t—1
0r = p@) - L(t € (I, lb11)) 'Z?thk - Cy
k=1

Cy = Mop—1St—h—11l—n—1/N (3)
Si=8_1-Ci—V,+A-N—-—A-5_4

T—1
Iy = th—k -A-Ii

k=0

where h is the length of the exposed period, A is the birth rate (which we assume
equals the death rate) and

0 G t=1,..14
Vi={ 04-v14 Af t=15,...35 (4)
(0.4-vt,14+0.1-vt,35) ,if t=236,...,n

where v; is the number of vaccinations at time ¢. Thus, we assume that 40% of the
vaccinated individuals move to the Removed state two weeks after vaccination
and 10% more follow after three weeks to make a total of 50% protection. The
0.4 and 0.1 percentages were initially 0.68 and 0.95 respectively, but these had
to be changed due to the effect of the delta variation.

One final model based on the new formulation is one that utilizes the observed
cases data into the likelihood and, thus adding the steps

ci ~ NB(O, )

© (5)
07 =wi-Cig

to the aforementioned model. Using this formulation we expect to have feed-
back on the total number of cases from the observed ones, instead of indirectly
estimate them via the daily deaths. Moreover, we tried writing wy in a log-linear
fashion to relate it with the number of tests performed, since we expect that
there is the correlation: the more tests, the higher w;. This model is very hard
to train, so we do not have any trustful results yet.
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Putting covariate information on the infection rate for this class of models was
very difficult, since proper training needed very sensitive algorithm parameters
that led to slow completion of the desired iterations. Many times the fitting
procedure had to be interrupted because it took over two weeks for less than
one forth of the iterations. For the models we managed to fit, the results were
not satisfactory (in contrast with the results when we worked with the observed
cases), so we decided to perform a post-processing procedure in order to examine
prediction accuracy of the infection rate given the mobility variable my;. Thus,
we assumed that the mean estimated A\; has no error and considered it as a
response variable with mobility being the independent one in a regression-type
scenario. We tested a few methods, such as linear regression, regression trees,
GAM and gradient boosted regression trees to discover the one with the most
accurate predictions (based on a 5-times repeated 10-fold cross validation). The
best among them was the gradient boosted trees, but the correlation between
the two variables is so low that it is not advisable to make such predictions for
any decision-making process.

3. MAIN RESULTS

In this Section, we provide some of our results based on models , and
(5). The most complete version of the proposed epidemic models is the SEIR
with vaccination, demography and the bivariate likelihood, which produced very
plausible results. The proportion of observed cases ¢;/Cy can be seen in Figure
calculated by the median estimated C}. Thus, at the beginning of the epidemic
in Greece, we observed approximately one third of the Covid-19 cases, while
this percentage increased due to more testing. Figure 2| shows the estimated
reproduction number R; as a piecewise constant function of time, produced by
model with fitted deaths given in Figure Finally, the simple SIR model
has been proven to be capable of very accurate results, since its estimates come
in agreement with the REACT study (Ward et al., 2020) in United Kingdom,
which was thorough enough to be considered very close to reality. In Figure [4]
we plot the cumulative total cases for United Kingdom and we also indicate the
estimated cumulative total cases of Ward et al., 2020 at 17/7/2020. It seems
that our model is very close to reality, although much calibration for the model
was needed at the time this plot had been created. Therefore, we believe that
our more complex models updated with the latest modifications will be even
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more accurate by the time we end this research. All of our plots use a black line
for median values, while the dark and light blue ribbons correspond to 50% and
95% credible intervals respectively.

4. CONCLUSION

In the present article some new approaches for epidemic modelling are pro-
vided to deal with the Covid-19 pandemic. We propose models that act on the
observed level of registered cases, but also models that estimate useful quanti-
ties through the latent level of the total cases. Using HMC, we obtain plausible
estimates that can be used for monitoring purposes and train models capable of
either accurate inference or prediction. The models that estimate the number
of total cases are hard to train and they typically need three to eight days, in
contrast with the models acting on the observed cases, which need a few hours.
Thus, we suggest that the former be used for inference (since they are way closer
to reality), but one can use the latter formulation for fast predictions. This re-
search is still ongoing (as part of a PhD thesis) and was initiated at the beginning
of the epidemic. Thus, we have obtained numerous results and comparisons that
cannot be fitted in the present article. However, we have presented the core of
our work, as well as the main intuitions that lead the way for our approach. We
are currently working on better calibration and tuning of our models on data
from Greece and a few more countries, while we also train models with deeper
hierarchies that make the inference procedure more robust. Moreover, using our
proposed methods, the behaviour of the virus can easily be studied as a dynam-
ics system, so that further intuition and help in decision-making processes be
provided. Since the dynamics analysis is not yet completed, we did not include
results in the present article.

ITEPIAHYH

H movonuio Covid-19 etvan adroppioBritnta plo tou Yo uetvel otn uvAun tng mo-
YXOOULOG XOWOTNTUC WG EVOL AN TA ONUOVTIXOTERA YEYOVOTO Tou 210U ouwva, To
onolo x60Toe TOMES Lwéc xan elye UEYEAO XOWVWVIXO OVTIXTUTIO XL OLXOVOUIXES
emntooec. H davatngpopa acdéveia xivnoe 1o emotnuovixd evilopépoy and tnv
omTX?) Yovio TS LTaTo TS %o SlapopeTixd LovTéla mpotelvovTal 6Tt BiAloypa-
pla. H xouvotopio twv puedddnv yoc Beloxeton oto yeyovog ot autée Bacilovton
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OTNY TANEOYOELa TOU AMOCTATAUL UG ToL GUVORXE — %ok OYL OTOL TORUTNEOVUEVA —
%xpoLoUTA. XQENOUOTOLWVTAS TOV TUNUATIXO TUTO ETUONULXGY LOVTEAWY, TROTEVOU-
UE TOIAOUC TEOTIOUC VoL OV TIUETOTIOEL XAVEIC TO OTATIOTIXO TEOBANUA AaBdvovTog
umodn To Wiadtepa yopoxtneloTixd tou Covid-19, yvwotd and tn Bihoypagpio. H
OLadxaolar TNE TROCUPUOY NS TWV HOVTEAWY EYIVE GE GEOOUEVA TOADY YWEMOY EXTOG
e EAAGSag yenowonowwvtog tn Mrebliavr) yedodoloyio péow tou Hamiltonian
Monte Carlo (HMC) ahyopiduov.
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England following first peak of the pandemic: REACT?2 study in 100,000
adults.

Figure 1: Proportion of observed cases using the median values of Cy from model @
We also smooth the output using a local regression (seen in blue color) for a better visual
inspection.
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Figure 2: Reproduction number estimates obtained from model @)
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Figure 3: Fitted deaths of model (@ for Greece.
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Figure 4: Cumulative total cases obtained from model (@ Although this model was
trained some time ago and it corresponds to the simplest SIR wversion, it seems to be
close to reality. The two horizontal dashed lines indicate the 95% confidence interval of
Ward et al., 2020 at 17/7/2020 (indicated by a vertical line). The dots correspond to
the cumulative daily observed cases data.
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ABSTRACT

Building on a proper selection of macroeconomic variables for constructing a Gross Domestic
Product (GDP) forecasting multivariate model (Kazanas, 2017), this paper evaluates whether
alternative Bayesian model specifications can provide greater forecasting accuracy compared to
a standard Vector Error Correction model (VECM). To that end, two Bayesian Vector
Autoreggression models (BVARS) are estimated, a BVAR using Litterman’s prior (1979) and a
BVAR with time-varying parameters (TVP-BVAR) (Primiceri, 2005). The out of sample
forecasting performance of all three models is then evaluated over a period of 21 quarters
(2016:Q1 to 2021:Q1), where the Litterman BVAR is found to greatly outperform both the
VECM and the TVP-VAR.

Keywords: Bayesian VARs, Forecasting,GDP,VECM

1.Introduction

Macro-econometrics according to Stock and Watson (2001), serve a quadruple
purpose: Data description, forecasting, structural inference, and policy analysis. To that
end, several types of models, from single-equation to large models with hundreds of
equations have been used, like Klein’s LINK model in 1980 (Klein, 1976) and more
recently, Dynamic Stochastic General Equilibrium (DSGE) models (Christiano et al.,
2018).

Lucas and other new classical economists were especially critical of the use of large-
scale macro-econometric models to evaluate policy impacts when they were
purportedly sensitive to policy changes (Lucas, 1976). Given that the optimal decision
rules vary systematically with changes in the structure of series relevant to the decision
maker, it follows that any policy change will systematically alter the structure of
econometric models.
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Based on Sim’s (1980) framework of Vector Autoregressive models (VARS), the

motivation for this paper is to build a set of small-scale flexible models that can be
easily estimated, maintained, and change specifications when economic conditions
change, in order to capture quickly and efficiently the new dynamics of the economy.
VARs are n-equation, n-variable linear models in which each variable is in turn
explained by its own lagged values, plus current and past values of the remaining n - 1
variables. This simple framework provides a systematic way to capture rich dynamics
in multiple time series, and the statistical toolkit that came with VARs was easy to use
and interpret. As Sims (1980) and others argued in a series of influential early papers,
VARs held out the promise of providing a coherent and credible approach to data
description, forecasting, structural inference, and policy analysis.
The remainder is organized as follows. Sections 2 and 3 provide a theroritical
description of the Vector Error Correction Models (VECM) and Bayesian VAR models
(BVAR and TVP-BVAR). Section 4 deals with the data and unit roots tests and present
the main empirical findings. In Section 5, a forecast evaluation across the selected
model is provided and Section 6 summarizes the conclusions.

2. Vector Error Correction Models (VECM)

Based on the works of Granger (1981) and Engle and Granger (1987), Vector error
correction models are essentially restricted VARs, which contain a set of variables both
in differences and in levels. The differences of the variables included in the model
represent the short-run interrelations of the variables, whereas the linear combination
of the levels of the variables, commonly referred to as the cointegrating vector (or
vectors, as more than one linear combination of a set of variables can be included),
represents the long-run dynamics of the variables. Mathematically, a representative
VECM model can be written in matrix notation as follows:

Ay, =m+ Zf:ll Bidy;_i + Ay;_1 + & (1)

where m is the vector containing the constants of the equations system, B; is the
matrix that contains the coefficients that describe the short-run impact of the variables’
lag i and A is the matrix that contains the coefficients that describe the long-run
relationship between the variables. The model can also be expanded to include
exogenous variables. VECMs are very useful in modeling non-stationary time-series
without having to exclude their long-run behavior, but, like their unrestricted
counterparts (VARS), they suffer from the “curse of dimensionality”, as the addition of
a variable significantly increases the number of coefficients to be estimated.

3. Bayesian VAR models (BVAR and TVP-BVAR)
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Bayesian VARs (BVAR) are an alternative to ordinary least squares (OLS) VARs
initially proposed by Sims (1980), Doan, Sims and Litterman (1984), and others as an
attempt to improve the forecasting performance of the econometric models available at
the time. Under the Bayesian approach to econometrics, the estimated coefficients of a
model are not an attempt to estimate their true value, but instead, they are perceived as
a summary of the posterior distribution, which in its turn is proportional to the
likelihood function times the prior. Priors represent any knowledge the researcher has
beforehand about the coefficients. Following this technique results in the coefficients
being essentially a matrix weighted average between the imposed priors and a regular
OLS estimation (OQuliaris et al, 2016):

b=[V1+21Q X'V b+ (Z;1 ® X)Y] )

where b is the matrix of the estimated VAR coefficients, V is the variance matrix
of the prior distribution of model’s coefficients, X, is the variance-covariance matrix
of the residuals and b is a diagonal matrix containing the prior means of each variable’s
own first lag coefficients. X and Y are the variables included in the model.

The error variance-covariance matrix necessary for the coefficient estimation is
either estimated by fitting an AR(1) model on every variable and getting the error
variances, by estimating an AR(1) and a VAR to obtain the diagonal elements of the
variance-covariance matrix, or by estimating all variances-covariances as implied by a
full VAR (an option not commonly used, as it can lead to a singular matrix). Imposing
priors limits the parameter space that OLS would have to “search” for coefficient
estimation and results in a more parsimonious and superior model in terms of
forecasting. It must be noted that the priors imposed on the coefficient estimation do
not need to reflect a specific economic theory, but only need to be consistent with the
time-series properties of the variables included in the BVAR.

It is evident that imposing such restrictions on data that have many observations
with unusual behavior, such as the Greek GDP after the economic crisis of 2008 may
result in more accurate forecasts than those obtained by using simple OLS. In this paper
we focus on the Minnesota prior, formulated by Litterman (Litterman, 1979) and his
peers at the Minnesota University, which is a BVAR prior that formulates coefficients
that force variables in the model look as if they were random walks (Del Negro and
Schorfheide, 2010). Under this prior the researcher is required to specify a set of
hyper parameters to estimate the model’s coefficients: yu, 11, 42, and .

w1 is used as the prior mean of the coefficients in matrix b and it usually takes
the value of O (if the variables of the model are stationary) or 1 (if the variables
of the model have a unit root). 45, 42, and s are used to formulate diagonal
elements of the V matrix (with non-diagonal elements being set to 0). More
specifically, each diagonal element of V matrix for the j-th variable in the i-th
equation at lag k is formulated as follows:
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(;Tg)z fori =j,

2
<—M32°i> fori #j

A
kO’j

where g;, o; are the square roots of the corresponding elements of the X, matrix.
This way:

A1 determines how binding the restrictions are. The closer to zero the value of A4 is, the
more binding the restrictions are in the estimation of the coefficients. A value over 10
implies an uninformative prior.

A2 determines the cross-variable effects in the equations and is set between 0 and 1. The
closer the value is to 1 the more lags of variable j impact variable i (for j#i) in the
BVAR.

Finally, A3 determines the decay rate of the own lags of a variable, excluding the first
lag. As this hyper-parameter approaches zero, higher order lags decay at a slower
rate.

3.1 The TVP-BVAR

Introduced by Primiceri (2005), the time-varying parameter VAR is a tool that
allows model coefficients to change over time. This is particularly useful in capturing
nonlinear relationships in the data as any model with time-varying parameters can
successfully represent any nonlinear functional form (Swamy, 1975 and Granger,
2008). Macroeconomic variables are known to impact differently each other across the
business cycle or after structural changes, hence the TVP-VAR is an interesting
approach to econometric modeling. It must be noted that apart from time-varying
parameters, TVP-VARs include stochastic volatility. This approach makes the model
heavily parametrized but is necessary to avoid bias in the coefficients across potential
volatility clusters, that is when a change in error variance is falsely attributed to
coefficient variation (Sims, 2002).

To estimate TVP-VAR priors both Kalman filter and Gibbs Sampler are
incorporated. Priors to be decided by the researcher include scaling of the variance
matrices of the coefficients and the innovations but it is common practice to input the
priors initially reported by Primiceri. Further common practice is to use a ten-year
period as sample to formulate coefficient and error variance priors and to include two
lags per variable. For more information on how TVP-VARs are formulated and
estimated, one can look up Primiceri (2005) or Lubik and Matthes (2015).
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4. Empirical Methodology and estimations

4.1 Data and unit roots test

The variable selection for the Greek GDP forecasting follows Kazanas (2017),
where a VECM is utilized including data for real GDP (Y), unemployment rate (U),
GDP deflator (P), 10-year government bond yield (GB), and exports as a percentage of
GDP (XY). The data sample ranges from 2000Q1 to 2021Q1. All data are adjusted for
seasonality and sourced from Eurostat’s national accounts (Eurostat database code:
nal0), labour market (Eurostat database code: labour) and interest rate (Eurostat
database code: irt) databases.

Table 1. Descriptive Statistics

Mean Median Max. Min. Std. Dev.

Real GDP 5.07E+10 488E+10  6.34E+10 3.96E+10 6.89E+09
U”emf;toeyme”t 0.157 0.126 0.279 0.075 0.066690
GDP deflator 94.13 99.25 105.28 74.32 9.380585
Gov. Bond yield 0.068 0.052 0.254 0.008 0.048461
(;Xg"[;t;) 0.28 0.24 0.46 0.18 0.066456

In Table 1 the descriptive statistics of the selected variables is presented, while in
Figures 1 and 2 we can see the long run evolution of the series over time. It is evident
that the variables have increased volatility from 2009 to 2015, which reflects the impact
of the economic crisis. Furthermore, real GDP, unemployment rate, GDP deflator, and
exports (% GDP) display increased volatility during the second quarter of 2020, which
reflects the impact of the pandemic and the corresponding lockdown.
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Figure 1. Variables in levels
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Figure 2. Variables in Log Differences
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For each variable, the ADF unit root test (Dickey and Fuller, 1981) was conducted.
All variables have a unit root in levels but are stationary if they are transformed into

log differences.

Table 2. ADF test p-values

Real GDP  Unemployment GDP Gov. Bond Exports
rate deflator  vyield (% GDP)
Levels 0.5357 0.1718 0.9976 0.1124 0.1308
Log differences 0.0000 0.0273 0.0000 0.0000 0.0000

4.2 Models Estimation

Three models are estimated using the abovementioned variables. A standard VECM
model that incorporates long-run dynamics of the variables, which will serve as a
forecasting evaluation benchmark, a Bayesian VAR with Minnesota (Litterman) priors,
and a TVP-VAR. The models are estimated over a sixteen-year period (2000Q1 to
2015Q4), whereas the remaining sample (2016Q1 to 2021Q1) is to be used for

evaluating the forecasting performance of the models.

4.2.1 The VECM Model

The estimation of this model follows the Johansen procedure (Johansen, 1995). A
VAR is estimated in levels (including a constant and a trend) and by incorporating the
lag length criteria it is found that two lags are optimal. The max eigenvalue
cointegration test indicates the existence of two cointegrating vectors at the 5% level.
Hence a VECM is estimated, with 1 lag per variable and 2 cointegrating vectors.

Table 3. Maximum Eigenvalue Cointegration Test

Hypothesized _ _ Max- 506 Critical

Number of Eigenvalue Eigenvalue P-value
. . . - value
Cointegrating equations statistic

None * 0.567460 51.96106 38.33101 0.0008
At most 1 * 0.450144 37.08209 32.11832 0.0114
At most 2 0.296067 21.76650 25.82321 0.1571
At most 3 0.255644 18.30464 19.38704 0.0713
At most 4 0.123745 8.190059 12.51798 0.2366

* Denotes rejection of the hypothesis at the 0.05 level
**MacKinnon-Haug-Michelis (1999) p-values
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Hence, the model is formulated as follows:

Aye =my + ag1(cqy + ;T + c3Yp—1 + CaDeq + Csgbeq + CoU—q1 + C7XYe—1) +
+a;,(dy + dyT +d3ye—q + dye—q + dsgbe—1 + deue—q + dyxy,_1) +
+by14Yt—1 + b124pi—1 + by13Agbi_q + b1gldu_q + bisAxy_q + &4

Ape = my + azq(cq + T + c3y—1 + CaPr—1 + Csgbr—q + CeUr—g + C7xYq1) +
t+az,(dy +d,T +d3yeq + dape—q + dsgbe_q +deueq + d7xye_q) +
+b14Y¢_1 + by Apr_q + by3Agbi_1 + bygAuy_q + bysAxye_1+ep:

Agby = mg + az (¢ + ;T + C3Yp—q + C4De—q1 + Csgbeq + CoUp—q + C7XY—1) +
tazy(dy + dyT +d3yeq + dape—1 + dsgbe_q + deup_q +
+ d7xyi_1) +b314y: 1 + b3pApr_q + b33Agbe_q + b3sdus_q + b3sAxy, 1 +
+ &3¢

Aup = my + ag1(cy + T + 31 + CaPr—1 + Csgbr—q + CoUe—1 + C7xY—1) +
tasy(dy +dyT +d3yeq + dape—q + dsgbe—q + deup—q + d7xye_q1) +
+by14Ye_1 + +bypApe_1 + bazAgbi_q + bagAup_q + bysAxy_q + €4

Axy, = mg + asq(c; + T + C3Ye—q + CaPr—q + Csgbr—1 + CoUp—q1 + C7xY—1) +
tasy(dy +daT +dgye—q + dype—q + dsgbi—1 + deur—q +dyxy,_1) +
+b514Y:_1 + bsApi_q + bs3Agbe_q1 + bsadus_q + bssAxy,_q + €5t

where T denotes a deterministic trend, lowercase names of the variables denote natural
logarithms of said variables and &it ~ N (0, 62).
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Table 4.VECM estimation output

Cointegrating

- 1 2
Equation
Vi1 1.000000 0.000000
Pe-1 0.000000 1.000000
gbi_1 0.438604 0.098740
[ 6.15673] [3.67792]
Up_q 0.387905 0.125085
[ 3.75521] [ 3.21326]
XYi_1 -1.078572 -0.315739
[-4.42947] [-3.44083]
T 0.000578 -0.004727
[ 0.32659] [-7.09289]
c -24.27234 -4.300468
Variables: Ay, Ap, Agb, Au, Axy,

CointEquation 1  0.045493  0.102953  -1.060690  0.047901  0.015096
[0.90996]  [3.72949] [-3.30049] [0.43005] [ 0.10368]
CointEquation2  -0.141837  -0.318281  1.839943  0.061796  0.395072
[-1.15367]  [4.68851] [2.32813] [0.22561] [1.10337]

Ay, -0.095724  -0.143579 1821461  -0.253899  0.897779
[-0.50739]  [-1.37829] [1.50193] [-0.60406] [ 1.63396]

Ape_y 0302848  -0.111501  1.635784  -0.541680  0.410560
[1.32557]  [-0.88387] [1.11383] [-1.06419] [0.61703]

Agb,_, -0.025246  -0.007381  0.646362  0.035366  0.075213
[-1.45907]  [-0.77252] [5.81137] [0.91744] [1.49258]

Au,_, -0.147127  0.089740 1568756  0.333778  -0.333700
[-2.00657]  [2.21657] [3.32835] [2.04323] [-1.56268]

Axy,_, -0.030706  0.016100  0.006938  -0.045525  -0.058512
[-0.72875]  [0.69199] [0.02561] [-0.48496] [-0.47681]

m -0.000495  0.003948  -0.025286  0.010383  0.006950

[-0.21058] [3.03999] [-1.67230] [1.98135] [1.01453]
t-statistics in [ ]

R? 0.366886 0.370907 0.520396 0.521789 0.263906
Adjusted R? 0.284815 0.289357 0.458225 0.459798 0.168487

4.2.2 THE BVAR

Apart from ., which is set to zero as the model is estimated in log differences which
are stationary, the rest hyper-parameters necessary for obtaining coefficient estimates
based on the Minnesota-Litterman prior are chosen to reflect key macroeconomic
stylized facts, namely strong cross variable effect and the AR(1) nature of
macroeconomic data. Exact values are chosen through forecasting sensitivity checks as
suggested by Canova (2007) while ensuring that the selected model has white noise
residuals. The resulting set of hyper-parameters is the following: 1, = 5,4, = 1,45 =
0.01

To obtain an estimation of the variance-covariance matrix an AR(1) model is fitted
through each variable to estimate the variances of the residuals, while the covariances
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(the diagonal elements of the matrix) are obtained from the equivalent matrix of the

corresponding OLS VAR. Furthermore, most lag-length criteria indicate that 2 is the

optimal number of lags. Hence, the model is formulated as follows:

Ay = my + by1Aye—q + b124ye—3 + b13Ape—q + b14Ape—p + bisAgbey +
+b164gbi—s + b174U_1 + bigAuy_5+bigAxYe 1 +by10AXYe o + €1t

Apy = my + by Ay g + by Ay o + byzApr_q + bysdpi_; + bysAgbe_q +
+b6Agbe_y + by Aur_q + bygAus_5+bygAxy;_1+by10AXYe_o + Ex¢

Agby = m3 + b3 Ay, q + b34y:_5 + b3z Api_q + b3aAp_; + b3sAgbe_q +
+b3649bi_y + b3z Aus_q1 + bsgAus_5+b3oAxy;_1+b3104XY:_5 + €3¢

Auy = My + by14Ye_1 + bapAyr_o + by3dApi_q + basdpe—o + bysdgb_q +
+bseAgbe_o + bazAus_1 + bagAus_5+baolAxy;_1+bayodxye_; + €4t

Axyr = mg + bs14Yr_1 + bs4yi—3 + bs3Api—1 + bsaApe_; + bssAgbe_1 +
+bselgbt_y + bs7Aur_q + bsgAus_5+bsedxy,_1+bs104XYe_5 + €5t

where lowercase letters denote the natural logarithms of the corresponding variables
and i~ N (0, ).

Table 5. BVAR estimation output

Variables: Ay, Ap, Agb, Au, Axy,
Ay, 4 -0.034524  0.126019 0.389792  -0.331051  0.724426
[-0.21784] [1.22333] [0.35692] [-0.87277] [1.44722]
Ay, 0.298321 0.245310 0.392504  -0.496588  0.267113
[1.86716] [2.36212] [0.35650] [-1.29861] [0.52931]
Ape_q 0.242653 0.018258 1.496880 -0.625650 -0.238986
[1.12448] [0.13017] [1.00662] [-1.21138] [-0.35064]
Ape_, 0.044532 0.122010 1.866501 0.053188 0.006473
[0.19997] [0.84292] [1.21631] [0.09979] [0.00920]
Agb,_4 -0.011045  0.003975 0.676470 0.013206 0.093930
[-0.58420] [0.32346] [5.19246] [0.29184] [1.57302]
Agb,_, -0.005766  0.010653  -0.363924  0.026184  -0.060995
[-0.31098] [0.88397] [-2.84851] [0.59008] [-1.04162]
Aup_y -0.170970  0.079585 1.311978 0.449508  -0.036018
[-2.66942] [1.91170] [2.97261] [2.93236] [-0.17805]
Auy_, 0.063818 -0.037706  -0.787786  0.010723 0.547315
[0.98767] [-0.89777] [-1.76924] [0.06934] [2.68177]
Axy,_4 -0.055087  -0.006095  0.217406  -0.021990  0.006686
[-1.32978] [-0.22637] [0.76159] [-0.22179] [0.05110]
Axy,_, -0.068490  0.027163 0.539662 0.010031 0.122699

[-1.66260] [1.01445] [1.90106] [0.10174] [ 0.94302]
m -0.000407  0.003774  -0.023079  0.008447  7.96E-05
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[-0.15910] [2.27045] [-1.30977] [1.38025] [0.00986]

t-statistics in [ ]
R? 0.439684 0.232014 0.521314 0.516892 0.223831
Adjusted R? 0.327620 0.078416 0.425577 0.420271 0.068597

4.2.3 THE TVP-VAR

Unlike the two previous models, the TVP-VAR has no constant coefficients to be
reported, as there are no point estimations. It is interesting however to report coefficient
variation over time. The TVP-VAR is formulated as follows:

Ay, =mi + b Ay,_y + b2 Ay_y + b3 Ape_y + b Ap_; + b Agh,_; +
+b8Agbe_y + b7 Aup_q + bEBAU_, + b2 Axy._q + bFOAxy o + &1t

Ape = mZ + b Ay, g + bF2 Ay, + bFEApe_q + bF*Ap,_y + bEAgb,_y +
+b2%Agb,_y + b?7 Aus_q + b28Aus_y + b2 Axy,_1 + bF0Axy,_, + &3¢

Agby = m3 + b Ay,_1 + b2 Ay, + b33 Ape_y + bF* Ape_y + b Agb,_y +
+b3%Agb._, + b37 Aup_q + b38Aus_, + b3 Axy,_q + b3%Axy,_, +
+ &3¢

Aup = mf + bt Ay,_q + b2 Ay + b Ape_y + b*Ape_y + b5 Agb,_y +
+b0Aghe_y + b7 Aup_q + b8 Aue_y + b2 Axy,_1 + b0 Axy, o + £4¢

Axy, = mi + b Ay, 1 + bP? Ay, + b Ape_y + b*Ape_, + b Agb,_+
+bP%Agbe_y + b7 Aup_q + b8 Aup_y + b2 Axy,_1 + b0 Axy,_y + £t

Lowercase variable names denote natural logarithms of the variables. Time-varying
coefficients are formulated as a random walk process:
L 4 4
b = bl +n/ )
With &,~N(0,0%) and logo’ = logo?_; +u;,. Furthermore, n/and u;, are
normally distributed.

The above equations imply that there is no mechanism in the model to produce
future values of the coefficients of the model, as in the absence of new shocks,
coefficients remain the same. It is an interesting approach, however, to attempt a
forecast based on the most recent interrelations between the variables and neglect
coefficient values of the past that may not adequately represent the dynamics of the
system anymore.
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Figure 3. Ay t time varying coefficients
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Figure 4. Ap_t time varying coefficients
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Figure 5. Agb_t time-varying coefficients
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Figure 6. Au_t time-varying coefficients
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Figure 7. Axy_t time-varying coefficients
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As it can be seen in Figures 3-7, most time-varying coefficients are relatively stable
in the model. The greatest interest is drawn to the time-varying constants of the GDP
equation, which turns negative to accommodate for the economic crisis period and the
time-varying constant in the unemployment equation. In general, the unemployment
equation experiences the most significant time variations, as GDP and bond yield’s
impact on unemployment change over time according to the model.

5. Forecast evaluation

To evaluate the forecasting performance of the models the mean absolute percentage
error (MAPE) is computed, over a forecasting period of 21 quarters (2016q1-2021q1).
The MAPE is calculated as follows and the evaluation of the forecasts can be found in

table 6:
IR A AT RPN
MAPE=—Z¥=— =
nt=1 Y:

n Y,
t=1 ¢

Where n is the periods of the forecasting horizon ¥, is the forecasted value of a variable
and Y; is the actual value of the same variable.

Table 6. Mean Absolute Percentage Error of forecasts (%)

VECM BVAR TVP-VAR

Y 4.248611 2.434411 3.054219
7.697283 6.272289 1.186609

GB 56.90365 48.39754 190.3814
U 12.84760 16.76608 20.49910
XY 22.78990 19.49644 11.06880

It turns out that the Bayesian VAR estimated with Minnesota prior outperforms the
other models in terms of GDP forecasting. The reasons for this superior performance
may rely on the fact that instead of trying to capture the long-run dynamics in a sample
of macroeconomic variables which contains a significant percentage of irregular
behavior (due to the economic crisis), it may be more beneficial to restrict the parameter
space of the coefficients to be estimated, by imposing a prior and hyperparameters that
are consistent with the theorized behavior macroeconomic variables have (as the
Minnesota prior does). In addition, the TVP-VAR although is usually used for ex-post
analysis, also outperforms the VECM, but does not outperform the Bayesian VAR in
terms of GDP forecasting.
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6. Conclusions

Three VARs were estimated using a given set of variables aiming to examine
whether Bayesian estimations could provide real GDP forecasting gains. Using two
different Bayesian VAR estimation methods, namely Bayesian estimation using a
Minnesota-Litterman prior and a TVP-VAR it is found that Bayesian estimation
methods outperform the corresponding VECM. Specifically, the BVAR that was
estimated using Minnesota Litterman prior outperformed the VECM model by 42%
and the TVP-VAR by 20% in terms of forecasting error, over 21 quarters. This
forecasting exercise demonstrated that there the most basic of Bayesian priors provided
significant gains, but it is only one of the available priors a researcher has available to
choose from. One could extend this research to include more advanced Bayesian priors
such as the Sims-Zha prior (Sims and Zha, 1998) that incorporates the existence of unit
roots and cointegrating relationships in the priors (as it is found in Table 3 that
cointegration relationships exist between the variables of the given set); or the GLP
prior (Giannone et al., 2015) that treats hyperparameters not as arbitrary inputs of the
user but as parameters to be determined from an optimization procedure. Another way
this research could be extended is by using the TVP-VAR estimated above (possibly
using a larger sample if available, to account for the model’s intensive
parameterization), to compute the variation in the relations of the macroeconomic
variables, as expressed by the time-varying coefficients, and thus examine structural
changes of the Greek Economy over time. This model can also be used to perform
impulse response analysis on specific dates, which allows examining how differently
exogenous shocks would affect the Greek economy, at different points in time.

Iepiinyn

Xpnowonowdvtag £va  aEloAoyNUEVO GUVOAO  HOKPOOIKOVOIKAV UETOPANTOV Yoo TNV
KOTOGKEVT €VOG TOAVUETAPANTOD vrodeiypatog npdPfreynsg tov EAinvikov AEIT (Kalavag,
2017), 1 mapovoa epyacio e&etdlel 10 Katd 1060 EVOAMAKTIKA Ureblloavd povtéda umopody va
TAPEYOVV PEYOADTEPT TPOPAETTIKY WKAVOTNTA GE GUYKPIOT UE Eva TOAVUETAPANTO VITOdEY L
dopbwong coolpdtev. T Tov 6Komd avtd, exTimdvtor 6v0 predliovd vrodeiypota, Eva
YPNOLOTOIDVTAG TIG TapapeTpomotoelg Tov Litterman (1979) kot éva preblioavd vrodstypo
ypovikd petaforropevav cuviedeotdv (Primiceri,2005). H extdg deiypatog enidoon tmv tpidv
vrodetypdtov a&loloynke ypnoponoidvog pia mepiodo 21 tpyvov (omd o 2016:Q1 éwg
10 2021:Q1), pe to vrddelypa pe TG Topapetporom ol tov Litterman vo vmeptepei og
npoPrentikn axpifera tov EAAnvikod AEII oe oyéon pe to voroima.
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ABSTRACT
We introduce a new method for the data synthesis of time-series using Generative Adversar-

ial Networks (GANSs) that can be applied directly to data with missing observations. Unlike
previous GAN-based time-series models which use Recurrent Neural Networks (RNNs), our
approach directly models the conditional distribution of the current observation given past ob-
servations, which it does using an auxiliary GAN trained on the joint distribution of the current
and past observations. A benefit of this approach is that it allows us to use a Masked Wasserstein
GAN (MaWGAN) to train the model, which can directly accommodate missing values, unlike
existing time-series GANs. The veracity of the approach is demonstrated with a simulation
experiment, for which we get good results even with high levels of missing data.

Keywords: time-series; data synthesis; missing data; generative adversarial network.

1. INTRODUCTION

Data synthesis refers to the simulation of data while preserving privacy. Many na-
tional statistics organisations and state-owned enterprises are interested in data synthesis
as a way of distributing the analytic value of data without revealing confidential personal
details (Kaloskampis et al. 2019, Sallier 2020). A promising development for data syn-
thesis has been the advent of Generative Adversarial Networks (GANs: Goodfellow et
al. 2014); see e.g. Hitawala (2018) for a review. GANs use two neural nets, one to gen-
erate synthetic data, and the other to build a critic which is used to train the generator
(also called a discriminator). The generator and critic are trained iteratively, so that as
the generator improves the critic becomes more discerning, allowing further refinement
of the generator. GANSs are capable of reproducing complex dependencies in data, and
are amenable to privacy protection approaches such as differential privacy (Campbell
2019, Jordon et al. 2022). In what follows we will focus on using GANs to model
temporal dependencies and will not explicitly consider privacy issues, however we will
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assess the performance of our generator using distribution based measures, implicitly
judging its ability to reproduce some underlying distribution rather than a specific real-
isation from it (the data).

Traditional time-series models focus on predictive power rather than data synthesis.
Formally they model the signal but not the noise (or texture) around the signal, and
for data synthesis both are required. An advantage of a non-parametric model such as
a GAN in this setting is that it models both noise and signal simultaneously. Mogren
(2016), Esteban et al. (2017) and Yoon et al. (2019) have all previously used GANs for
time-series prediction and synthesis. Their approaches all use recurrent neural network
architectures (RNNs). RNN-GAN:S effectively model the conditional distribution of the
current observation conditioned on past observations. Information from past observa-
tions is encoded as features in one or more hidden layers that are fed back as inputs into
the generator for the current observation. Unfortunately there is no clear way to translate
missing values into features in these hidden layers, so we take a different approach.

We introduce a two-stage approach to build a model for the conditional distribution
of the current observation given past observations. Firstly we build a GAN model for
the joint distribution of present and past observations, then secondly we leverage the
generator and critic from the joint distribution to build a forecaster that directly models
the target conditional distribution.

Missing data is ubiquitous and is as much of an issue for data synthesis as elsewhere.
Until recently missing data has been a problem for GANs as existing training/fitting
algorithms require complete observations, so users have had to either first impute the
missing data or just discard incomplete observations. However in a recent paper the
authors introduced a novel GAN algorithm that can directly train a synthetic data gen-
erator from datasets with missing values, which we have called MaWGAN for Masked
Wasserstein GAN (Poudevigne-Durance et al. 2022). MaWGAN is based on a modifi-
cation of the Wasserstein distance and is easily implemented by incorporating into the
critic masks generated from the pattern of missing data in the original dataset. Moreover
we will see that this approach also works in our current setting, so that our approach to
modelling the conditional distribution of the present given the past can deal directly
with missing data.

The Wasserstein distance or Kantorovich—-Rubinstein metric (also called the Earth-
Mover distance) is a distance function defined between probability distributions. In
the context of a GAN the critic is trained to estimate the Wasserstein distance between
the distribution that the data were sampled from and the distribution represented by
the generator. Kantorovich & Rubinstein (1958) famously showed that the Wasserstein
distance can be written as a Lipschitz metric, which is the form we use (see Section
2.1).

The original GAN effectively used the Kullback-Leibler divergence to measure the
distance between data and generator (Arjovsky et al. 2017), however—unlike the Wasser-
stein distance—this approach is susceptible to the so-called vanishing gradients prob-
lem, whereby the critic rejects all samples from the generator and does not allow it to
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learn. Other approaches to measuring the distance between data and generator have
been proposed, for example Variational Divergence (Nowozin et al. 2016) and Maxi-
mum Mean Discrepancy (Li et al. 2017), the latter being a special case of scoring rule
minimisation (Pacchiardi et al. 2021).

In what follows we give some background on MaWGAN before describing our two-
stage approach for applying GANS to time series. We then provide pseudo-code show-
ing how to incorporate MaWGAN so that the method is applicable to time-series data
with missing values. We also give some preliminary test results in which we test the
method using data simulated from an auto-regressive AR(3) model. The results are
promising and show that the method can cope with missing data, though there is scope
for further tuning of the parameters and architecture of the GAN nets (generator, critic
and forecaster).

2. METHODOLOGY
2.1 MaWGAN

A basic description of the Masked Wasserstein GAN is needed for what follows. See
Poudevigne-Durance et al. (2022) for more details. In what follows our vectors are all
row vectors by default.

WGAN-GP MaWGAN builds on the WGAN-GP algorithm (Arjovsky et al. 2017,

Gulrajani et al. 2017). Let x1,...,X, € R? be an i.i.d. sample from some (unknown)

distribution P, and let G : (0,1) — RY be our generator. G takes a vector of i.i.d.

U(0,1) random variates and returns a vector with distribution Q say. The WGAN-GP

critic calculates an estimate of the Wasserstein distance, so that the generator is trained

to minimise the distance between P and Q as measured by the Wasserstein distance.
The Wasserstein distance can be written as

W(P,Q) = HfSHUP<1 (EXNPf(X) - EYNQf(Y))

where || f||z is the Lipschitz constant of f. Let C' : R? — R, be our critic, let
Y1i,-..,¥Yn be asample from the generator G, and for ¢; ~ U (0, 1) put z; = €;x; + (1 —
€;)yi, then we train the critic to maximise

3O~ 3 )~ A Y (VO — 1*.

The key idea here is that the regularisation term will restrict the critic C' to be close to a
Lipschitz function with Lipschitz constant 1. A > 0 controls the degree of regularisation
and can be tuned to improve the convergence of the critic.
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MaWGAN MaWGAN is based on a variation of the Wasserstein distance that incor-
porates a random mask to capture the effect of missing data. For our purposes a mask
m = (my,...,my) is an element of {0, 1}¢ and a random mask is just a measure M
on {0, 1}%. Given a data point x = (z1,...,z,4) and a mask m, z; is treated as missing
if and only if m; = 0. We define the M-Wasserstein distance as

Wm(P,Q) = H;‘UILIEMNM (Expf(X ©M)—Ey of (Y ©M))

where © represents pointwise multiplication. It can be shown that if the data is Missing
Completely At Random (MCAR, see Rubin (1976) for classifications of missing data)
then W and W generate the same topology on the space of measures on R?, so that
a sequence of measures Q; (representing a sequence of improving generators) will con-
verge to P w.r.t. the Wasserstein distance if and only if they converge to P w.r.t. the
M-Wasserstein distance.

We approximate the A -Wasserstein distance analogously to the WGAN-GP ap-
proach. Let m; be the mask corresponding to data point x;, then using our previous
notation, we train the critic to maximise

3l om) < 3 Clyi om) < As Y (IVC(m o m)f - 1P,

Here we interpret x; © m; as replacing the missing values in x; with zeros, and y; © m;
replaces the corresponding values of y; with zeros. It is this modified critic that defines
the MaWGAN methodology.

2.2 Two-stage GAN model for time-series data

Let..., X_1, Xg, X1,...be areal-valued stationary time-series with dependency of
lag k. That is, X; is conditionally independent of X;_j;_; for j > 1, conditioned on
(Xiz1,...,Xi—k). Let M; = 0if X; is missing and 1 if not. We will assume that the
M; are independent of each other and of the X; (so the X; are MCAR). Our target is the
conditional distribution of X;|(X;_1,..., X;—x). This is completely determined by the
joint distribution of (X, X;_1,..., X;_), and so our approach is to use MaWGAN to
fit a generator (G and critic C' to this joint distribution—which we can do in the presence
of missing values—then use them to train a model for the conditional distribution.

Let zi,...,2z, and my,...,m, be observations of Xi,..., X, and My,..., M,
respectfully, and put u; = (x;,...,2;4%) and v; = (mg,...,m;x) fori =1,...,n —
k. Given the u; and v; we use MaWGAN to train a generator G : (0,1)F1 — RF+!
and critic C : R¥1 — R, . If z is a vector of independent U (0, 1) random variables,
then the distribution of G(z) will approximate that of (X, ..., X; ). Our goal is to
train a forecaster:

F:RF x(0,1) = R.
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For Z ~ U(0,1) we want F(z1,...,25,2Z) ~ Xg1|(X1 = z1,..., Xk = x1). To
train ' we generate w = (wy, ..., wg+1) from G and z from a U(0, 1) then put

v = (wi,...,wg, F(wy,...,wg,2))

Repeat this m times to get a synthetic sample y;, ¢ = 1,...,m, where m is the batch
size. The y; should look like realisations of (X1, ..., X14x), SO we can measure the
performance of F' by comparing the sample y, ...,y to a batch of m of the u;, and
we can do this comparison using the critic C.

As is usual for GANSs, we iteratively train /" and C, but we don’t continue training G.
Continuing to train C' should encourage the critic to concentrate on the distribution of
the last element of the sample given the other k elements, because the training of F' will
have no effect on the distribution of the first k£ elements being passed to the critic. Once
F' is trained we can use it to forecast using the most recent k observations, or generate
synthetic series (starting with a single sample from G).

2.3 Pseudo-code

We suppose that for ¢ = 1,...,n — k we have data u; and masks v;, which are
contiguous subsequences of length k + 1 taken from a time-series with missing values.
We have a generator G : (0,1)*1 — RFF! critic C : RFF! — R, parameterised
by weights O, and a forecaster F' : R* x (0,1) — R parameterised by weights 0.
We assume that G and C' have already been trained with data u; and masks v; using
MaWGAN.

For any w = (w(*),w(k + 1)) € R¥*1 we will write w() for the first k& elements
and w(k + 1) for the last element.

Require: forecaster weights 8 and critic weights 8¢, learning rates oy and a¢.

Require: num. epochs ¢, forecaster batch size mp, critic iterations ¢, critic batch size m¢,
critic regularisation .

I: fors=1,...,tp do > update the forecaster
2 fort=1,...,tc do > update the critic
3 choose a batch o of size m¢ from {1,...,n — k}
4. for:=1,...,mc do > calculate critic loss
5 U <= Ugy(i) O Vo(s)
6 w; = (wi(¥),w;(k + 1)) + G(a) fora ~ U(0, 1)1
7 wi(k 4+ 1) « F(w;(x),b) forb ~ U(0,1)
8 Wi = W; O Vg(y)
9: Z; < eu; + (]. — G)Wi for € ~ U(O, ].)
10: L+ C(w;) — C(w;) = M|IVC(z4)]]2 — 1)?
11: end for
12: Lo+ 7= 30 Ly
13: update O using gradient of Lo (increasing L) and learning rate ¢
14: end for
15: fori=1,...,mpdo > calculate forecaster loss
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16: w; = (wi(x),w;(k + 1)) < G(a) fora ~ U(0,1)*+!

17: wi(k + 1) < F(w;(x),b) forb ~ U(0,1)

18: LE + C(wy)

19: end for

20: Lp + mLF e L

21: update 0 using negative gradient of L (decreasing L) and learning rate o
22: end for

3. TEST CASE

To test the method we used sequences of length 100 generated from an AR(3) model
with parameters (0.1, —0.3,0.9) and error variance 0.12. That is X,, = 0.1X,, 1 —
0.3X,,_2 + 0.9X,,_3 + €, where the ¢, are i.i.d. N(0,0.12). Some typical training
sequences are plotted in Figure 1.

Figure 1: LEFT: Samples of length 100 from an AR(3) with parameters (0.1, —0.3,0.9) and
error variance 0.12. RIGHT: Samples of length 100 from a GAN forecaster trained using the
sample to the left (with no missing data).
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In Figure 1 we also plot some synthetic data from the models trained using each sam-
ple (a separate model was trained for each sample). Qualitatively the GAN forecaster
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performs well, capturing both the high and low frequency oscillations in the data. We
also observe that a sequence of length 100 is not long enough to capture the full variety
of behaviour that the AR(3) process can exhibit. For example in Figure 1 the scale of
the output top left is clearly different to the scale of the output bottom left, even though
both are realisations of the same process. In both cases the GAN forecaster has got
the scale correct, however we only expect the GAN forecaster to synthesise output at
the scale to which it has been trained. That is, while the same AR(3) model produced
both the upper and lower output on the left, we don’t expect the GAN forecaster that
produced the top right output to be able to produce the bottom right output, and vice
versa. To get a single GAN forecaster that could reproduce both we would need to train
it on a sequence long enough that it contained both types of behaviour.

3.1 Performance measures

Quantifying the performance of the GAN forecaster is not straight-forward, as we are
not interested in its performance as a forecaster, but rather how well it captures the (tem-
poral) dependence structure of the data. We used two performance measures. The first
is the Likeness Score L introduced by Guan & Loew (2020). Suppose we have obser-
vations X1, . . . , X, from some distribution and observations y1, . .., y,, from a second
distribution, then to calculate L we first generate three auxiliary sets of information

Sx = {llxi —xjll2tizg
Sy = {llyi —yjll2}iz
Sxy = Allxi—yjll2}ij

For A,B C R let kK(A,B) € [0,1] be the Kolmogorov-Smirnov distance between
A and B, namely the maximum absolute difference between the empirical cumulative
distribution functions of A and B. The Likeness Score for our two sets of observations
is then

L =1—k(Sx,Sy) V K(Sy, Sxy),

where V indicates the maximum. Note that L € [0, 1] and the two sets of observations
have likeness one if and only if they are identical, with lower scores indicating greater
dissimilarity. To have a likeness of zero the two datasets would need to have disjoint
ranges.

In our application the x; will always be the u; defined in Section 2.2, and the y; will
be the analogous subsequences taken from a sample of synthetic data generated by a
GAN forecaster (the same length as the original sample).

Our second performance measure is more ad-hoc. Let & = (0.1, —0.3,0.9) be the
coefficients of our AR(3) process and let 6 be the usual maximum likelihood estimate of
0, calculated using a synthetic sample from the GAN forecaster, then our performance
measure is just the mean-squared error M := [|@ — 6||2/3, which we denote the AR
Coefficient Score. Clearly smaller values are better.
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To reduce the variation due to sampling from the generator we calculate L and M
100 times using different samples of synthetic data, then take the average. In what
follows we take L and M to be these averaged values. To allow for the variation in per-
formance due to the original sample used and the stochastic nature of the GAN fitting,
we generated 30 different samples from the AR(3) process and fitted a GAN to each
one.

When estimating the performance of the GAN forecaster there are three sources of
variation:

* From the sampling of the data. As this is a simulation experiment we can gauge
this by using multiple independent data samples (30 in our case).

* From the sampling of the generator. We mitigate this by comparing each data
sample with 100 independent synthetic samples and averaging the results.

* From the fitting of the generator. The process of fitting a GAN is stochastic due
to the random selection of observation batches, and for each separate data sample
we re-fit the GAN. We mitigate this by using a very large number of training
iterations, to be reasonably confident that the GAN has converged.

The variation represented by the confidence intervals in Figures 2 and 3 below is mainly
due to the sampling of the data, though is necessarily confounded with the other two
sources of variation. The length n of the data samples will also clearly effect the perfor-
mance of the GAN model, however we do not explore this here and just fix n = 100.

3.2 Results
To assess the effect of missing data, for each original AR(3) sequence we generated
six auxiliary sequences with increasing levels of missing data: 10%, 20%, ..., 60%.

Observations were removed uniformly and independently, so the data is Missing Com-
pletely At Random (MCAR). The auxiliary sequences were nested so that all the points
missing in one are also missing in those with higher levels of missing data.

For our experiments we took k£ = 3, and the critic and generator both had 1 hidden
layer with 100 nodes. For the initial training of the generator and critic we used learning
rate o = 0.0001; batch size 30; iterations t¢ = 5000 and tc = 10; and critic regulari-
sation A = 10 (using the notation of Poudevigne-Durance et al. 2022). For the training
of the forecaster we found that the same parameters worked, namely the learning rates
were ar = 0.0001 and oo = 0.0001; batch sizes were mp = 30 and m¢c = 30;
iterations were t 7 = 5000 and ¢ = 10; and the critic regularisation was A = 10. Some
optimisation of these parameters is required, as for any WGAN-GP based algorithm,
but this was not done particularly systematically.

The performance of the GAN forecaster is summarised in Figures 2 (Likeness Score)
and 3 (AR Coefficient Score). For both figures we give the average performance of the
GAN forecaster for different levels of missing data (with 95% confidence intervals). For
both measures the performance of the GAN forecaster is not much effected by levels of
missingness up to 40%.
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Figure 2: Likeness Scores. Each point is the mean of 30 calculations of the Likeness Score
L, comparing a sequence of length 100 from an AR(3) process with synthetic data generated
using a GAN forecaster, trained using the AR(3) sample. The error bars give 95% confidence
intervals. The level of missing data is the proportion of observations removed at random from
the original sample before training the GAN forecaster, though note that the Likeness Score is
always calculated using the original data with no missing observations.
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Figure 3: AR Coefficient Scores. Each point is the mean of 30 calculations of M, the average
squared distance between the true parameters of an AR(3) process and the estimated parameters
from a synthetic sample generated using a GAN forecaster, trained using a sample of size 100
from the AR(3) model. The error bars give 95% confidence intervals. The level of missing data
is the proportion of observations removed at random from the original sample before training
the GAN forecaster.
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To have a basis for comparison we fitted an AR(3) process to each of the original
samples we generated, and then calculated L and M as above. For the AR Coefficient
Score we got a mean of 0.0027 with 95% CI (0.0012,0.0042), and for the Likeness
Score we got a mean of 0.809 and 95% CI (0.751,0.867). That is, according to the AR
Coefficient Score the fitted AR(3) processes gives a better fit, which is to be expected as
we are using a correctly specified model, however according to the Likeness Score the
GAN forecaster gives a better fit. Possibly this is because the GAN forecaster fits to the
sample it is given and the Likeness Score is measuring how well you match that sample,
rather than the parameters of the original process. Formally we can interpret this as
saying the GAN forecaster is doing a good job “locally” but could do better “globally”.
As noted at the start of Section 3, a sample of length 100 is probably too short for the
GAN forecaster to learn all the possible behaviours that this AR(3) process can exhibit,
so better global performance would require a larger data sample. In future work we
will compare the performance of our GAN forecaster with the methods of Esteban et al.
(2017) and Yoon et al. (2019), in the case of no missing data.
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4. DISCUSSION

Our GAN forecaster has produced some promising results, however more testing is
required, and there is scope for generalising and tuning the method. At the time of writ-
ing our systematic experimentation has been restricted to the case presented in Section
3, however clearly of interest for further investigation is the effect on performance of
the length of the data sequence n and the lag k. Moreover our method easily generalises
to multivariate time-series, and indeed can be used to model any conditional distribu-
tion, so it would also be of interest to see how well it can capture the dependencies of
time-series models such as the Periodic Autoregressive or Spatial Autoregressive (see
e.g. Holan et al. 2010, LeSage & Pace 2009).

In practice securing the convergence of a GAN requires a balance between the speed
at which the generator and critic converge. Our methodology requires the convergence
of the generator, critic and forecaster, so we have three things balance. We simplified
the interplay of the three nets by training the generator and critic first, then switching to
the critic and forecaster, however allowing simultaneous training of all three nets could
improve the overall speed at which they converge, and improve their performance, but
at the expense of more tuning parameters. We also need to be mindful that the initial
training of the critic may mean it is too specialised for the early training of the forecaster,
causing it to focus on details rather than broad features. One way of alleviating this
problem somewhat is to pause training of the critic while the forecaster “catches up”.

It is clear that in practice the choice of lag is important and may not be as straight-
forward as for our case study. The obvious guideline is that the lag should be large
enough to encompass any features in the data, such as seasonal effects or irregular cy-
cles, however the larger the lag the more complicated the forecaster has to be, which
translates into more and larger internal layers for all the GAN nets (generator, critic and
forecaster), making the fitting slower and more temperamental.

Finally we note that the effect of the dependencies between the u; on the convergence
of the GAN nets is something that warrants investigation, as is the question of how we
use the architecture of these nets to exploit the temporal structure of the u;. For example
dimension-reducing feature layers have proved effective in recurrent neural networks,
and may do so here as well (Yoon et al. 2019).

[TEPIAHVH

Yy napoloa epyacio mpotelvetan pior Véo uédodog cUVIESTC YOVOTERWY UE
™ yeron twv Generative Adversarial Networks (GANSs) n omolo unopel vo a&lomoun-
Vel xou oty meplntwon ehketnovody nopatneioewy. H pédodog povteronotel tny
OECUEVUEVT) XATAVOUT| TNG TEEYOUCIS TapaTeNnong 00EVTIDY Twv TapeAdovTnyY mo-
PUTNENOEWY, XJTL TOL ETTUYYAVEL PE €va Bonintixd GAN exnoudeuvyévo otny omod
%000 xaTovouy| TNG TEEYOLoUS XAl TwY TUREAVOVTKLY Topatneoewy. Eva mheo-
véxTnua tne pedodou etvon 1 yenon evoc Masked Wasserstein GAN (MaWGAN) yio
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TNV EXTUOEUCT] TOU HOVTEAOU TO 0TOl0 UTOREl Vor GUVEXTUHACEL Xal TI¢ EAAElTOUCES
rapatnenoelc. H anoteheopotindtnto g pedddou axduo xon yio UeYEAd 0G0 Td
EAMMTOUCHY ToRUTNEYOEWY, emBeBatmveTtal Ue Eva elpaua Tpocouolnong.
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ABSTRACT

The Regression Tree (RT) sorts the samples using a specific feature and finds the split point that
produces the maximum variance reduction from a node to its children. Our key observation is
that the best factor to use (in terms of MSE drop) is always the target itself, as this most clearly
separates the target. Thus, using the target as the splitting factor provides an upper bound on
MSE drop (or lower bound on the residual children MSE). Based on this observation, we define
the k-bit lepto-variance Ak? of a target variable (or equivalently the lepto-variance at a specific
depth k) as the variance that cannot be removed by any regression tree of a depth equal to k. As
the upper bound performance for any feature, we believe Ak? to be an interesting statistical
concept related to the underlying structure of the sample as it quantifies the resolving power of
the RT for the sample. The max variance that may be explained using RTs of depth up to Kk is
called the sample k-bit macro-variance. At any depth, total sample variance is thus decomposed
into lepto-variance A? and macro-variance p?. We demonstrate the concept, by performing 1-
and 2-bit RT based lepto-structure analysis for daily IBM stock returns.

Keywords: regression tree, stock returns, financial factors, idiosyncratic variance, lepto-
variance, macro-variance

1. INTRODUCTION

In many machine learning applications, from biostatistics, to feature selection there is
an interest in finding features that explain a large fraction of the total variance of a
target outcome.

In regression analysis, the residual sum of squares (RSS) or the idiosyncratic variance
depend on the factors used in the regression. In general, we can get lower residual
variance by adding an extra factor. Thus, idiosyncratic (or unexplained) variance
depends on the factors used to explain the dependent variable.

Here, by using the Regression Tree (RT) methodology, we define a new type of
idiosyncratic variance, the lepto-variance that is uniquely defined for a sample
regardless of the set of factors used to explain the variable. We define the macro-
variance of a sample as the upper bound of the sample variability that may be explained
by any attribute. Lepto- and macro-variance are features that depend solely on sample
structure. Similar to the resolving power of an optical system (such as a microscope or
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telescope) that places a limit on its ability to distinguish images or reproduce fine detail,
the lepto-variance of a target places a limit on the ability of a k-bit RT in explaining
fine structure in the sample.

In financial analysis, there is an interest in finding the financial factors that explain a
large fraction of the total stock price variability. Stock return variance that cannot be
explained by broad market factors is considered idiosyncratic for the specific stock. As
the concept of lepto-variance offers a new statistical approach to measuring
idiosyncratic volatility, it can have many significant machine learning and statistical
applications. In financial analysis, it may help to better understand the relation of
idiosyncratic volatility to prices. In this paper, the concept is demonstrated by
performing 1- and 2-bit RT based lepto-structure analysis for daily IBM stock returns.

2. THE RESOLVING POWER OF A REGRESSION TREE

Usually, Regression Trees (RT) provide a binary splitting of the sample space with
minimization criterion the Residual Sum of Squares Xj (yj - ¥j)?, with §j the average y
for the subspace that includes yj. Finding the best binary partition of the feature space
for a regression tree is computationally infeasible. Hence, a recursive greedy algorithm
is used. When splitting a categorical predictor that takes ¢ possible unordered values,
2971 — 1 possible partitions of the g values into two groups need to be evaluated. Such
computation becomes prohibitive for large q. There are various “concavity” theorems
that simplify the problem (see [Ripley (1996)] and [Hastie et al. (2009)]). Even before
the publication of the first RT algorithms, [Fisher (1958)] showed that for a continuous-
valued target Y the least squares partition of a set is contiguous. [Breiman et al. (1984)]
extended for a decision tree with binary (2-class) target Y.

Instead of performing a search in an exponential number of possible binary partitions,
a simplified linear search of only g-1 partitions where attribute values are sorted based
on their strength of correlation with the target outcome suffices. Starting at the root
node of the tree (#0) which includes all samples, the algorithm will consider all possible
splitting factors (x) and split points (c) that define a pair of half-planes. For each factor
X, the best split point ¢ can be very quickly determined and hence by scanning through
all factors, the best pair (X, ¢) can be feasibly determined, and the algorithm recursively
repeats the splitting process for each of the two children nodes.

Effectively, at each node #j the RT sorts the sub-sample of this node Sj using the chosen
split factor xj and finds the split point cj that produces the maximum MSE drop from
the node to its children Lj and Rj. We may think of this MSE drop (variance' reduction)
as an (informational or impurity) gain from splitting via this factor. With no loss of
generality, assume that the left child L contains the small y values (i.e. assume yL =
mean(y | in L sub-sample) < §r = mean(y | in R sub-sample)). Generally, sorting a
sample based on a factor xj will not produce a sorted target y.

Definition 1. A binary split of S into L and R is sorted if all target values y in L are
smaller than all target values in R.
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Equivalently, a split is sorted if the maximum target value in L is smaller than the
minimum target value in R.

We provide an extension of the [Fisher (1958)] theorem on grouping, with the
following lemma for Regression Trees.

Lemma 1. In a Regression Tree, using the target itself as the predictor provides an
upper bound on the MSE reduction.

Proof. We first show that any unsorted split is strictly dominated by a sorted split. Let
us assume an unsorted split of a sample S into L and R (with no loss of generality,
assume yL < yr). Then the maximum value of the left sub-tree ul is larger than the
minimum value of the right sub-tree u0

ul = max(L) > u0=min(R)

But then, we can get a better split by swapping u0 with ul into L and R respectively.
Because moving u0 into L and ul into R, will move the center of the L sub-sample
farther to the left and the center of the right sub-sample farther to the right, thus
producing a larger separation between the left and right sub-samples without changing
the relative sample sizes. By the law of total variance, a larger between-group
variability means a smaller within-group variability and thus a better split.

Since for any unsorted split there exists a strictly better sorted split, the best binary split
is always a sorted split. Using the target on itself would most clearly separate the target,
as it can generate all sorted splits. Thus, no predictor can ever perform better (in terms
of MSE drop) than the target itself.

2.1 The 1-bit Lepto-structure of a sample

To clarify the ideas an example is presented below. On Table 1 we see the values for
two financial factors f1 and f2 and a hypothetical stock y for 8 days. There is an outlier
return for the stock at t=3.

When returns are simply sorted by the date they occur, the best split is a group of the
first 5 samples. Table 2a depicts MSE for the left and right children for all possible
splits from position 1 to 8 and the total weighted children MSE in the last column.’
Figure 1a shows the optimal resulting depth 1 tree.

In this case the weighted MSE drops from 3.172 to 1.896 with an MSE drop of 40.23%
=100% - 1.896 / 3.172. In terms of outcome values, the split is {-0.5, -2.0, 0.0} and
{15, -1.0, 4.0, 2.0, 1.0} - an unsorted split strictly inferior to the one we would get by
swapping 0.0 with -1.0.

Table 1. Hypothetical returns of two factors f1 and f2 and a stock y for 8 days (in
percentages)
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t 1 f2 y

1 2.0 2.0 1.5

2 1.8 6.2 -1.0

3 5.0 1.8 4.0 _" outlier
4 7.0 4.0 2.0

5 6.0 6.0 1.0

6 4.8 5.8 -0.5

7 22 5.0 -2.0

8 1.0 1.0 0.0

When the 1st factor f1 is used (see Table 2b), the split point is f1<4.9 (i.e. the middle
point between 4.8 and 5.0). The 5 samples t=1, 2, 6, 7, 8 belong to the left branch, while
t=3, 4, 5 are put in the right branch. In this case the minimum weighted children MSE
becomes 1.421 with a 55.21% MSE drop. Figure 1b shows the optimal RT. When the
2nd factor f2 is used, the split point is f2 < 4.5 (i.e. the middle point between 4.0 and
5.0). The 4 samples t=1, 3, 4, 8 belong to the left branch, while t=2, 5, 6, 7 are put in
the right branch. In this case the weighted MSE becomes 1.609 with a 49.26% MSE
drop. Figure 1c shows the optimal RT.

As proven in Lemma 1, regressing a series on itself achieves the upper bound of MSE
drop and the lowest children MSE. In particular, here when the factor used is y, the
optimal split point is y < 0 (i.e. equivalently y < .5, the middle point between 0 and
1.0). The 4 samples t=2, 6, 7, 8 belong to the left branch, while t=1, 3, 4, 5 are put in
the right branch (see Table 2d). In this case, the lowest possible MSE becomes A12 =
.922 with a 70.94% MSE drop. The symbol A1? is used for depth 1 lepto-variance. For
obvious reasons, 112 is also called the 1-bit lepto-variance of the sample.

Definition 2. The 1-bit sample lepto-variance 112 of a target variable is defined as the
MSE of a depth 1 RT of the target on itself.

Effectively one may think of the remaining variance fraction 29.06% as structure
beyond the resolving power of depth 1 trees; no factor may ever explain more than
70.94% of the y variability with a binary depth 1 RT. Thus, the ability of a factor to
explain the target via a depth 1 RT should be compared against the benchmark of the
ability of the target to explain itself (i.e. 70.94% in this case). The remaining 29.06%
is variance due to the lepto-structure of the target (the terms lepto-variance and lepto-
structure are used interchangeably). Figure 1d shows the optimal resulting tree.
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Figure 1a. Split for the optimal depth=1 RT when simple time (t) is used as a factor
at t<5.5 (5.5 is the mid-point between t=5 and 6)

node #0
t<=5.5
mse = 3.172
samples = 8
value = 0.625

node #1 node #2
mse = 2.6 mse = 0.722
samples = 5 samples = 3
value = 1.5 value = -0.833

Table 2a. Optimal depth=1 RT when simple time (t) is used as the splitting factor; i.e.
samples are sorted based on their t values.

1 f2 ¥ mseL mseR L+R
2.0 20 1.5 0.000 3.500 3.063
1.8 6.2 -1.0 1.563 3.646 3.125
5.0 1.8 40 4.167 1.840 2.713
7.0 4.0 20 3172 1172 2172
6.0 6.0 1.0 2.600 0.722 1 .896_
4.8 58 -05 2722 1.000 2.292
2.2 50 -2.0 3.561 0.000 3.116
1.0 1.0 0.0 3.172

MSE 1.896
info gain  40.23%

Figure 1b. Split for the optimal depth=1 RT when the first factor is used at f1<4.9 (4.9
is used as the mid-value between 4.8 and 5.0).

—_

o ~N o g bk w N =

node #0
fl <= 4.9
mse = 3.172
samples = 8
value = 0.625

node #1 node #2
mse = 1.34 mse = 1.556
samples =5 samples = 3
value = -0.4 value = 2.333
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Table 2b. Optimal depth=1 RT when the first factor f1 is used; i.e. samples are sorted
based on their f1 values.

—

1 2 y mseL mseR L+R
1.0 1.0 0.0 0.000 3.561 3.116
1.8 6.2 -1.0 0250 3.583 2750
2.0 2.0 1.5 1.056 4.240 3.046
22 50 -2.0 1672 2672 2172
4.8 58 -0.5 1.340 1.556 1421
5.0 1.8 40 3.806 0250 2917
6.0 6.0 1.0 3.316 0.000 2.902
7.0 4.0 20 3172

MSE 1.421
info gain  55.21%

A O W o N = N

Figure 1c. Split for the optimal depth=1 RT when the second factor is used at f2<4.5

node #0
f2 <=4.5
mse = 3.172
samples = 8
value = 0.625

node #1 node #2
mse = 2.047 mse = 1.172
samples = 4 samples = 4
value = 1.875 value = -0.625

Table 2c. Optimal depth=1 RT when the 2nd factor is used; i.e. samples are sorted
based on their f2 values.

-~

1 f2 y mseL mseR L+R
1.0 1.0 0.0 0.000 3.561 3.116
5.0 1.8 40 4.000 2056 2542
2.0 2.0 1.5 2722 2040 2.296
7.0 4.0 2.0 2047 1172 1.609I
2.2 5.0 -2.0 4.040 0722 2796
4.8 58 -05 3.722 1.000 3.042
6.0 6.0 1.0 3.194 0.000 2.795
1.8 6.2 -1.0 3172

MSE 1.609
info gain  49.26%

N OO N R =2 W
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Figure 1d. Split for the optimal depth=1 RT when the target outcome is also used as
the predictor (i.e. factor is y).

node #0

y <= 0.5
mse = 3.172
samples = 8
value = 0.625

node #1 node #2
mse = 0.547 mse = 1.297
samples = 4 samples = 4

value = -0.875 value = 2.125

Table 2d. Optimal depth=1 RT when the stock return vector is regressed on itself (i.e.
factor isy); i.e. samples are sorted based on their y values.

-

f1 f2 y mseL mseR L+R
2.2 50 -2.0 0.000 2.500 2.188
1.8 6.2 -1.0 0250 2139 1.667
4.8 58 -05 0.389 1.760 1.246
1.0 1.0 0.0 0.547 1.297 0.922I
6.0 6.0 1.0 1.000 1.167 1.063
2.0 20 1.5 1.389 1.000 1.292
7.0 4.0 20 1.765 0.000 1.545
5.0 1.8 40 3.172
MSE 0.922
info gain  70.94%

W =2 100NN

2.2 The 2-bit Lepto-structure of a sample

The concept of lepto-variance of a sample may also be defined for trees of a maximum
depth larger than 1. As we move deeper down on a RT there will always be less residual
variance. The argument of Lemma 1 will still be valid; at any node, the best split is
always a sorted split. But the greediness of the RT may generate a situation where
sorting in a split is sub-optimal (by not using the entire allowed max depth in some
branches). Thus, although highly unlikely for realistic samples and relatively small
depths, utilizing the target itself as the splitting variable may not always achieve the
lowest residual error for an allowed max depth. For example, sorting the initial sample
{0,-2,4,1} will isolate 4 prematurely. Thus, the RT will not be allowed to grow a full
2-bit tree structure that would explain the entire variability. But it will still achieve the
lowest RSS at any average depth (1.75 bits for the example).

Definition 3. For any depth k, the k-bit sample lepto-variance Ak? of a target variable
is defined as the MSE of an (average) depth k RT of the target on itself.

The notation p1? is used to denote the max variance drop (1-bit macro-variance) on a
root node; i.e. the MSE drop when the target vector is regressed on itself. Similarly, we
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use p22 to denote the max variance drop when using a 2-bit (depth 2) RT instead of a
1-bit RT etc. Total sample variance then equals

62 =002 = n12 + A12 = P22 A2% =... = pj? + A2 (1)

Thus, the k-bit lepto-variance is the minimum residual variance of any RT with depth
k. The concept is made clear for 2-bit RTs with the hypothetical 8 sample stock returns
of Table 1. On Figure 2a the optimal depth 2 RT split when the stock return vector is
regressed on f2 twice is shown (i.e. the RT is restricted to use only 2 as a predictor at
both levels). As before, the 1st split is based on f2 < 4.5, and then in internal nodes #1
and #4, split criteria f2 < 1.4 and f2 < 5.4 are respectively used. Residual MSE at depth
2 for the RT equals % - 1.167 + 3% - .722 = .70833. Similarly, on Figure 2b the optimal
depth 2 RT split when the stock return vector is regressed on f1 twice is shown. In
nodes #1 and #4, f1 < 2.1 and f1 < 5.5 are the splitting criteria. Residual MSE for the
RT equals % - 1.056 + Y4 - .562 + Y4 - .25 = .60. On Figure 2c the optimal depth 2 RT
split when the stock return vector is freely regressed on both factors (i.e. f1, and f2) is
shown. Initially, factor f1 provides more information so the split on the 1st level is
based as before on f1<=4.9. Then, in nodes #1 and #4, f2 is used.

Figure 2a. Split for the optimal depth 2 RT when the target vector is regressed on 2
twice (only f2 at both levels).
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f2 <=45
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value = 0.625

node #1 node #4
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value = 1.875 value = -0.625

mse = 0.722
samples = 3
value = -0.167

mse = 0.0 mse = 1.167
samples =1 samples = 3
value = 0.0 value = 2.5

mse = 0.0
samples =1
value = -2.0

node #2 J l node #3

l node #5

node #6 j

Residual MSE for the RT equals %4 - .562 + % - .389 + 4 - .25 = .348875 which is better
than . 71 for f2 and .6 for f1, and even below the benchmark .92 1-bit RT with y
regressed on itself (i.e., 1-bit lepto-variance). The 2-bit lepto-variance is calculated on
Figure 2d via the optimal 2-bit benchmark RT when y is the predictor. Using y to sort,
both extreme target values y = -2 and y = 4 are isolated. Residual MSE for the RT
equals A22 =% - .167 + % - .167 = .125 which is lower than the .35 residual MSE for
f1+f2 combined. The 2-bit macro-variance of y equals u2?=3.172 - .125 = 3.047.
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Figure 2b. Split for the optimal depth=2 RT when the stock return vector is regressed
on f1 twice (only f1 at both levels).

node #0
fl<==49
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Figure 2c. Split for the optimal depth=2 RT when the stock return vector is freely
regressed on both factors (i.e., f1, and 2).
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175



Figure 2d. Splits for the benchmark depth=2 RT when the stock return vector is twice
regressed on itself. Residual MSE is the 2-bit lepto-variance of y.
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4 ™ ¢ \
node #2 node £3 node #5 node #6
mse = 0.0 mse = 0.167 mse = 0.167 mse = 0.0
samples = 1 samples = 3 samples = 3 samples = 1
value = -2.0 value = -0.5 value = 1.5 value = 4.0

3. EXAMPLE LEPTO-VARIANCE ESTIMATION FOR A STOCK

The concepts of lepto- and macro-variance may be of interest for a host of machine
learning applications from biostatistics to genomics. In finance, understanding the
sources of stock volatility and how idiosyncratic volatility affects stock prices is a
question of major significance for investors and portfolio managers and therefore it has
been investigated empirically since virtually the inception of classical asset pricing
theory. A well-known puzzle in finance is that stocks with greater idiosyncratic
volatility are producing lower than expected returns. This is an anomaly because,
according to economic theory, idiosyncratic volatility does not constitute a risk factor.
See [Stambaugh et al. (2015)] for a discussion of the phenomenon and possible
explanation.

Here, to further demonstrate the concept of lepto-variance an example from financial
analysis, a 3-factor analysis with real stock return data, is performed. Specifically, 5
years of daily return data for a major US corporation, International Business Machines
Corp. (IBM), for the period from 1/5/2015 to 30/4/2020 are analyzed. The sample
comprises 1259 daily returns."

In financial asset pricing, a well-known set of features is the three-factor model of
[Fama and French (1993)]. The three-factor model expands the simpler Capital Asset
Pricing Model by [Sharpe (1964)] and [Lintner (1965)] based on a time-series linear
regression of excess portfolio returns of the type

y(t) = a + b-MEx(t) + s'SMB(t) + h-HML(t) + e(t) 2

y(t) is the excess return on a security for period t above the risk-free return. Factor MEXx
is the excess return on the value-weight (VW) market portfolio above the risk-free
asset. Factor SMB is the return on a diversified portfolio of small stocks minus the
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return on a diversified portfolio of big stocks for the period. Factor HML is the
difference between the returns on diversified portfolios of high and low book-to-market
(B/M) ratio stocks. [Fama and French (1996)] argue that the sensitivities b, s and h in
(2) capture most variation in expected returns, so the true value of the intercept in (2)
should be zero for all well -priced securities or portfolios.

Basic descriptive statistics for the daily returns of the 3 Fama-French factors and IBM
stock for this 5-year period are shown in Table 1b. We utilize the lepto-variance
framework developed here to demonstrate the relative power of the Fama and French
three factors in explaining IBM return variability. Table 1c presents the correlation
matrix of the three factors and IBM.

Table 1b. Descriptive statistics for the daily returns of the 3 Fama-French factors and
IBM stock for the 5-year period from 1/5/2015 to 30/4/2020 (in percentages)

MEX SMB HML IBM

count 1259

mean 0.037 -0.018 -0.035 0.005
std 1.20 0.59 0.67 1.56
min -12.00 -4.58 -4.71 -12.85
25% -0.33 -0.34 -0.39 -0.62
50% 0.05 -0.04 -0.06 0.05
75% 0.52 0.31 0.30 0.67
max 9.34 5.73 3.19 11.30

Table 1c. Correlation matrix of the 3 factors and IBM returns.

MEXx SMB HML IBM
MEXx 1
SMB 0.145 1
HML 0.137 0.219 1
IBM 0.734 0.046 0.147 1

The 1-bit lepto-structure of IBM is recovered via a depth 1 RT of IBM returns on IBM
itself. The optimal depth 1 RT when IBM is regressed on itself is shown in Figure 3a.
At the root of the tree (node #0) the entire sample is included with mean return .005,
and total MSE of 2.444. Optimal split is for IBM < -.365 which is valid for 32.6% of
the sample. The remaining 67.4% of the samples belong to the right child. Remaining
depth 1 lepto-variance equals A12 = .326 x 1.894 + .674 x 1.234 = 1.449. The 1-bit
macro-variance of IBM equals the MSE drop from the original 2.444 total sample
MSE, nul? = 2.444 — 1.449 = 995,
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Next we run a depth 1 RT where the IBM return vector is regressed on all 3 Fama-
French factors (i.e., the market excess return MEx and the SMB and HML factors). The
optimal depth 1 RT is shown on Figure 3b. The MEX factor dominates with a residual
MSE =.137 x 2.984 + .863 x 1.771 = 1.937. Thus, MEXx explains 2.444 - 1.937= .507
of IBM variance which represents .507/.995 = 51% of the total IBM 1-bit macro-
variance.

Figure 3a. The optimal depth 1 RT when the IBM return vector (IBM) is regressed on
itself.
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value = 0.005
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mse = 1.234
samples = 67.4%
value = 0.699

mse = 1.894
samples = 32.6%
value = -1.428
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Figure 3b. Optimal depth 1 RT when the IBM return vector is regressed on all 3 factors
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N\
node #2
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node #1
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Figure 3c. Optimal depth 1 RT for IBM regressed only on the Fama-French SMB and
HML factors.

node #0
HML <= 2.29
mse = 2.444
samples = 100.0%
value = 0.005

node #1 node #2
mse = 2.32 mse = 11.946
samples = 99.3% samples = 0.7%
value = -0.015 value = 2.766

Next, we run a depth 1 RT where the IBM return vector is regressed on the Fama-
French SMB and HML factors (i.e., the MEXx feature is excluded from the RT to force
the use of SMB or HML). The optimal depth 1 RT is shown on Figure 3c. Between the
2 features, HML dominates SMB and has a residual MSE of .993 x 2.32 + .007 x 11.946
= 2.389. Thus, HML explains .055 of the total MSE which represents .055/.995 = 5.5%
of IBMs 1-bit macro-structure. Finally, we run a depth 1 RT where the IBM return
vector is regressed only on the SMB factor (i.e., both MEx and HML features are
excluded from the RT to force the use of SMB). The optimal depth 1 RT is shown on
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Figure 3d. Use of the SMB factor generates a residual MSE of .033 x 11.224 + .967 X
2.117 = 2.413. Thus, SMB only explains 3.12% of the 1-bit macro-variance for IBM.

Figure 3d. Optimal depth 1 RT when the IBM return vector is regressed only on the
SMB factor

node #0
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mse = 2.444
samples = 100.0%
value = 0.005

pd N
node #1 node #2
mse = 11.224 mse = 2.117
samples = 3.3% samples = 96.7%
value = -0.954 value = 0.037

3.1 The 2-bit Lepto-structure for IBM

We now focus on the 2-bit lepto-variance for IBM. On Figure 4a, the split for the
optimal depth 2 RT when the IBM return vector is regressed on itself is shown. The 2-
bit lepto-variance is the residual MSE 222 = .04 x 3.328 + .287 x .295 + .628 x .339 +
.045 x 3.642 = .594. This means that a 2.444 - .594 = 1.85 has been explained using a
2-bit RT. The first bit explained p1% =.995, and the 2nd level explained an extra p22 -
ul?=1.85-.995 = .855. In total, 75.7% = 1.85/2.444 of total IBM variability is macro-
structure at the 2-bits level, while the remainder 24.3% is the 2-bit lepto-structure.

Figure 4a. Split for the optimal depth 2 RT when the IBM return vector is regressed on
itself.

node #0
IBM == -0.365
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node £1 node #£4
IBM == -2.725 IBM == 2.125
mse = 1.804 mse = 1.234
samples = 32 6% samples = 67_4%
value = -1 428 value = 0.699
node #2 node #3 node #3 node #6
mse = 3,328 mse = 0.205 mse = 0.330 mse = 3.642
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On Figure 4b, the split for the optimal depth 2 RT when the IBM return vector is
regressed on the 3 factors is shown. The Market return factor dominates with a depth 2
residual MSE = 1.466, implying a total explained variance .978/1.85 = 52.86% of the
full 2-bit IBM macro-structure.

On Figure 4c, the split for the optimal depth 2 RT when the IBM return vector is
regressed on the Fama-French SMB and HML factors is shown. Residual variance
equals 2.325, implying a total explained variance at level 2 of only .119/1.85 = 6.43%
of the 2-bit macro-variance. Finally, the optimal split (not shown) for the 2-bit RT when
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the IBM return vector is regressed only on the SMB factor (the lowest correlation
feature) has residual MSE = 2.380, implying a total explained variance at level 2 of
only .064/1.85 = 3.46% of the 2-bit macro-variance.

Figure 4b. Split for the optimal depth 2 RT when the IBM return vector is regressed on
the 3 factors.
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Figure 4c. Split for the optimal depth 2 RT when the IBM return vector is regressed on
the Fama-French SMB and HML factors.
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4. CONCLUSION

It is shown here that since in a Regression Tree (RT) it is always beneficial to generate
a sorted split of a sample S, using the target itself as predictor provides an upper bound
in terms of the sample variability that can be explained. The k-bit lepto-variance of a
sample is defined as the residual MSE after the sample has been regressed on itself up
to k times. The k-bit macro-variance is the variance captured by the target itself, and
thus represents the maximum variance that can be captured by any combination of
features. Total sample variance is decomposed in macro- and lepto-variability. The
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existence of lepto-variance in a sample places a limit on the resolving power of a k-bit
RT in explaining its fine structure. As a demonstration, the lepto-structure analysis of
5-years of daily IBM stock returns is performed. It is shown that while market
movements may explain slightly more than 50% of the return macro-structure, the SMB
and HML factors can only explain negligible amounts of the 1-bit and 2-bit macro-
structure of IBM returns. As the concept lepto-variance offers a new statistical
approach to analyzing variance, in financial analysis, it may help to better understand
the relation of idiosyncratic volatility to prices and further investigate the well-known
idiosyncratic volatility puzzle in finance.

IHEPIAHYH

To &évipo maiwdpounong (RT) ta&vouel to delypoto YpNOYOTOIOVTIOS £Vl
GUYKEKPLUEVO YOPAKTNPLOTIKO Ko fpickel To onpeio dwaipeong mov mapdyet T HEYIOT
peimon draxvpaveng amod Evay KouPo ota moudid tov. H Bactkn pog mapatipnon givar
0Tl 0 KOAVTEPOG TTopdyovtog (amd v amoyn ¢ peioong tov MSE) sivon mdvta o
id10g 0 atoy0g, Kabdg avtds drywpilel capmg Tov eavtd Tov. ‘Etot, n yprion tov
GTOYOV MG TAPAYOVTO TAPEYEL Eva avAdTaTo Oplo Ttdcems tov MSE (1 To KatdToto
op1o ywo. o evomouévov MSE). Me Bdon avtr v mapoatipnon, opiovue t K-bit
Aemrodacdpavon AK? piog petafAntic otoxov (AETTOSIAKOUOVOT GE GUYKEKPIUEVO
Baboc K) wg ™ dakdpoven mov dev umopei vo agopedel amd koavéva dEvipo
moAvdpounong Pabovg k. Q¢ 10 Bsmpnrikd O6plo amddOoNE Y OTMOLOONTOTE
YOPOKTNPIGTIKO, TIGTEVOVE OTL TO AK? glval [0l eVE10(pEPOVGH GTATIGTIKY EVVOL0, TTOV
oyetileton pe v vtokeipevn doun Tov SelyaTog, KaBMG TOGOTIKOTOIEL TNV O10KPLTIKY
wavomta tov RT yio to deiypa. H péylotm dwokduaven mov pmopel vo e€nyndel
ypnowonoidvtag RT Babovg k ovopdaleton k-bit paxpodiaxduaven tov deiypatoc. Te
omolodnmote PdBog, M ovvolkr] OlokOHOVOY TOV  OElYHOTOG OVOAVETOL GOE
Aemrododpavon A? kot pokpodtaxvpaven p?. Emdeikviovue v 1840 ekTeEAOVTOC
avaivon g 1- kot 2-bit Aertodounc tov nuepioiov amoddcemv g petoyng g IBM.
KaBmg 1 évvota g AemTod10KOUOVOT G TPOCPEPEL IO VEQ GTOTIOTIKT TPOGEYYION Y1d,
™MV avaAvon G HETAPANTOTNTOG, OTN YPNUOTOOIKOVOMIKY OvAALGY, UTopel vo
BonBnoetl oty KeAVTEPT KaTAVONOT TNG GYEOTS TNG WOLOCVYKPOTIKNAG LETOPANTOTNTOC
HE TIGC TWEG Kol otV Olgpevvnon Tov opmdvouov moalA petafAntdémrag ota
PN LLOTOOTKOVOLIKGL.
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" The term variance in this paper implies a population variance (simple sum of squared error
division by sample size n) and not the variance estimate which corrects for degrees of freedom.
" when the split is after position 8 all samples belong in the same child and the MSE is the
total variance for the sample 3.172 (exactly 3.171875).

i This conjecture seems intuitive but is not obvious and needs to be formally shown.

v NYSE Price data were downloaded from https://finance.yahoo.com (Currency in USD)
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ABSTRACT

The aim of this project is to support the Greek Statistical Institute (G.S.l.) with insights
regarding all the conferences that have happened from 2005 through 2019. For the first time,
the dataset has been digitalized and advanced analytics methods have been used in order to
extract useful insights about the conferences. We were able to identify information about where
the majority of its publications come from and who its strongest contributors are. Last but not
least, by using machine learning methods we were able to generate meaningful clusters in order
to identify a group of loyal participants who have been consistently engaging in the Institute’s
activities.

Keywords: Feature Engineering, Principal Components Analysis, Hierarchical Clustering, K-
Means

1. INTRODUCTION

All of these years, a large amount of data pertaining to the Greek Statistical Institute
conferences was only available in text format. For the first time, we have converted
these data into a tabular format that can be used to harvest meaningful information
about the activities of the Institute using machine learning techniques. This effort lays
the groundwork for continuing to update this dataset with material from future
conferences. The project was implemented in Python 3.7 using Jupyter notebook,
pandas, numpy, scikit learn, matplotlib and seaborn.

The first phase of the project involved the creation of the dataset from scratch. All data
were in an unprocessed form. Therefore, the data were transformed to a format suitable
for statistical analysis. After creating the dataset we continued with the pre-processing
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of the data. The pre-processing involved checking for any remaining mistakes, dealing
with missing values, checking for duplicates and making the appropriate changes and
improvements in order to have the dataset ready for analysis. Standard statistical
methods were used to produce appropriate descriptive measures. The second phase of
the project involved the analysis of the dataset. The analysis included two steps: feature
engineering and modelling. In the feature engineering step, we created new features by
combining the original available features. By creating new features, we could provide
a richer input to the clustering algorithms used. For example the average number of
coauthors per participant was calculated for our analysis. The final goal of this work is
to identify clusters of participants with similar characteristics concerning their
behaviour in G.S.I conferences and come up with a group of loyal participants who
have been consistently engaging in and supporting the Institute's activities. In this final
step, we used machine learning methods such as clustering techniques (K-means,
Agglomerative hierarchical clustering etc.) by taking into account the number of
publications in the last 15 years, the average number of publications per year, the topics
of the publications and the average number of coauthors.

2. DATASET

Regarding the dataset, we collected information from raw data extracted from the
digital documents of the Greek Statistical Institute proceedings. The raw data contained
information about the conferences from 2005 to 2019 which were organized by G.S.1..

2.1 Detailed Description of the Dataset Features

We came up with a dataset which contained 1361 rows and 41 features. Each row
represents one project/speech and provides the information about the following
characteristics.

e Event: (int) Identification number of the conference.
Year: (int) Year the conference took place.
Location: (str) Location the conference took place.
Author: (str) First author name.
Co-authorl ~ Co-author6: (str) Names of the co-authors.
University: (str) University/institution of the author.
Department: (str) Department of the university/institution the author is
affiliated to.
Universtityl ~ University6: (str) Universities/institutions of the co-authors.
Departmentl~Department6: (str) Departments of the
universities/institutions that the co-authors are affiliated to.
e Language: (str: gr or eng) Language that the project was written in.
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Occupation: (str) Occupation of the author/speaker. See page 5 for more
details.

Occupationl- Occupation6: (str) Occupation of the co-authors.

Published: (str: yes or no) Binary indicates whenever the project was
published in the Greek Statistical Institute proceedings.

Student: (str: yes or no) Binary indicates whenever a student joined the
project.

Awards: (str: yes or no) Binary indicates whenever the project won an award.
Duration: (int) Scheduled duration of the talk in minutes.

Topics: (str) Topic of the project.

Abroad_cooperation: (str: yes or no) Binary indicates whenever a co-author
belonged to a university/institution abroad.

Non_university_cooperation: (str: yes or no) Binary indicates whenever a co-
author belonged to a nonacademic affiliation.

Chairman: (str) Chairman of the presentation.

Invited: (str: yes or no) Binary indicates whenever the author was invited to
the conference.

2.2 Clarifications for some Features

Topics: Initially the presentations were classified to 51 different topics based on the
section title of the conferences programs that the presentation belonged to. In order to
facilitate the analysis we decided to merge them into 6 different new but brooder topics
based on 2020 Mathematics Subject Classification [Dunne E. and Hulek K., 2020]. For
more information about the topics, see Section 2.2.

Occupation variables: This feature has 21 different values and it refers only to projects
that have been published in the proceedings of the Greek Statistical Institute. The
encoding is the following:

0. Unknown

1. Professor

2. Associate Professor
3. Assistant Professor
4. Docent

5a. PhD Graduate

5b. PhD Student

6. Postgraduate Student
7. Undergraduate

8. Research Contributor
9. Colleague
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10. Emeritus Professor
11. Economist

12. Statistician

13. Part-time Professor
14. Doctor

15. Researcher

16. Analyst

17. University employee
18. Contractor

19. Teacher

University/ Department variables: This information was available only for the
presentations that have been published at the proceedings of the Greek Statistical
Institute.

2.2 Dataset Insight

In this section we will refer to some statistics that provide useful information about the
conferences, the talks and the participating authors.

One of the Institute's operations is the organising of conferences around Greece and
Cyprus, as well as the establishment of competitions to award young statisticians for
their success in Probability and Statistics and other scientific activities. The first figure
depicts a map of the locations where the conferences were held throughout Greece and
Cyprus. The size of the marks corresponds to the number of talks during the conference.
In addition the lineplot in Figure 2 depicts the per year number of presentations given
in the conferences. The black line represents the actual values of the presentations made
each year and the red dashed line represents a forecast for each year. The forecast for
each year in fact is the mean value of presentations for each previous year. The years
are shown on the x-axis, while the number of talks is shown on the y-axis. furthermore
a 95% confidence interval has been calculated for the forecast, which appears in the
diagram as a shaded area around the red line.

We can observe that the conference in 2006, held in Kastoria, had the highest number
of talks (137), while the conference in 2017, held in Larnaca, had the fewest talks (45).
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Figure 1. Map of the conferences locations
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Figure 3 investigates the project's publications in the proceedings of the Greek
Statistical Institute. The lineplot, in particular, illustrates the number of projects that
were published (blue line) and the number of projects that were not published (orange
line) from 2005 to 2019. As in the previous diagram there are two dashed lines that
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represent an estimate of the actual values. More specifically the light blue dashed line
despite the forecast of the projects that were published each year and the shadowed area
is the 95% confidence interval. While the light orange dashed line despite the forecast
of the projects that were not published and correspondingly the area around the line is
the 95% confidence interval of this estimation. As we see, in 2006 the publications
were the most (82) and the projects that weren't published in the proceedings were 55.
On the other hand, the fewest publications were in 2017 with only 7 and that year the
projects that weren't published were 38. We can also observe that each year after 2010
the number of the published projects in the proceedings is much smaller than the
number of projects that were not published, so we can come up with the conclusion that
the committee examining these projects became stricter after 2010.

Figure 3. Publications per Year
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As indicated in the dataset description, initially the presentations were classified in 50
different topics which were combined into six final categories based on the 2020
Mathematics Subject Classification, as shown in Table 1. It is worth mentioning that
the statistical topics were divided into two categories: "Statistics in Applications" and
"Statistics" and that there is an additional (seventh) "topic" called "Other" that refers to
general interest, invited speakers, awards, and posters.
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Table 1 provides the details of this new classification. New categories and the coding
of the 2020 Mathematics Subject Classification are shown in the left part and at the
right part we can see the old topics.

Table 1. Description of the Topics Based on 2020 Mathematics Subject Classification

History of Probabilities And Statistics'
Probability Theory'

Probability Theory "Probability Theory and Statistics’

(AMS 60) 'Applied Probabilities'

Stochastic Processes

(AMS 60_GH.J) Stochastic Process', 'Stochastic Reviews'
Statistics in Economics'

'Statistics and Education’

'Educational - Social Statistics'
'Environmental Statistics'

Newral Network - Data Mining’

'Health Statistics'

'Statistics and Finance'

'Statistics in Business’

'Statistical Methods in Applied Geographical Analysis
'Statistics in Seismology'

Statistics in Applications Modeling, Mechanical Systems Design And Analysis'
(AMS 62) 'Statistics and Internet’

Statistics'

'Applied Statistics'

'Bayesian Statistics'

'Experimental Designs'

'Sampling’

'Biometrics'

'Biostatistics'

Data Analysis'

Multivariate Analysis'

Linear Models, Regression, Computational Statistics'
'Computational Statistics'

Statistics 'Statistical Models and Applications'
(AMS 62 b) 'Time Series’

Operations Research

(AMS 90) Operational Research', 'Reliability Theory'

Actuarial'

Demography And Actoarial
'Actuarial-Insurance and Financial Mathematics’
Game Theory, Economics, Finance Finance and Economic Applications'

(AMS 91) 'Econometrics'

General Interest'

Tnvited Speakers'

'Awards'

Young Statistician’s Prize'
'Posters'

Figure 4 presents the total number of talks for each topic based on the merge of the
Mathematics Subject Classification. As expected, the topic of Statistics is the most
popular topic, with over 650 talks (48%), while the less popular topic is the Operations
Research with less than 50 talks (2%).
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Figure 4. Presentations per topic

Statistics
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Figure 5, shows the topics that were featured in conferences from 2005 to 2019 and
which ones were the most popular. The x-axis represents the years, while the y-axis
represents the number of talks for each topic. Each line represents a different topic.
Statistics has been the most dominant topic year after year, however it is interesting to
note that after 2004, there was an increasing interest in the field of "Statistics in
Applications". Several topics were also excluded for certain years, for example, in 2016
in Thessaloniki, the topics “Probability Theory”, “Operations Research,” and “Game
Theory, Economics, Finance” were absent, at this point, the lines that counterbalance
each of these topics overlap the zero. The years with the biggest variety topic-wise were
2006 in Kastoria, 2008 in Samos, 2009 in Chania and 2010 in Veria.
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Figure 5. Presentations for each topic per year
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3. FEATURE ENGINEERING

The dataset we had at first did not provide us with a lot of information about authors
and co-authors as it had no numerical data. Therefore we decided to use the existing
features of the old dataset and combine them with each other in order to create a new
dataset that would be more informative about the participants. The term “participants”
refers to the authors/speakers and the co-authors of project contributors.

3.1 Description of the New Participants Dataset

The new dataset has 1145 cases and 13 new features. Each case refers to one participant
and give us the following information:
e Names: Name of the participant.
e Author_Counts: Number of presentations/ projects the participant appears as
first author.
e Total_Counts: Number of presentations/ projects the participant appears as
first author or co-author in the last 15 years.
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e Average Co-authors: Mean of the number of co-authors. If someone is
systematically working alone then the mean will be equal to zero.

e Published: Number of times a participant appeared as author or co-author in
an article published at the proceedings.

e AMS60: Number of times a participant joined a project with the topic AMS60
( “Probability Theory™).

e AMS60_GH: Number of times a participant joined a project with the topic
AMS60_GH (“Stochastic Processes”).

e AMS62: Number of times a participant joined a project with the topic AMS62
( “Statistics in Applications”).

e AMS62 b: Number of times a participant joined a project with the topic
AMS62_Db (“Statistics”).

e  AMS90: Number of times a participant joined a project with the topic AMS90(
“Operation Research”).

e AMS91: Number of times a participant joined a project with the topic AMS91(
“Game Theory™).
General: Number of times a participant joined a project with the “topic” Other.
Last5: Number of times a participant appeared as an author or co-author in the
last 5 years (from 2015 to 2019)

4. CLUSTERING

Clustering algorithms look for similarities or differences between data points in order

to group together similar observations. The final goal is the clustering of the new
dataset so that we could discover clusters that include participants with similar
characteristics concerning their behaviour in G.S.l conferences and come up with a
group of loyal participants.

4.1 Principal Component Analysis

We used Principal Component Analysis (PCA), in order to decide which features of the
new dataset should be used and also to visualize the clustering. PCA is a
dimensionality-reduction approach for reducing the dimensionality of big data sets by
converting a large collection of variables into a smaller one that retains most of the
information in the large set. Naturally, reducing the number of variables in a data set
reduces accuracy. Nevertheless, the aim of dimensionality reduction is to simplify the
data at the price of some accuracy loss. Smaller data sets are easier to examine and
visualize, and machine learning algorithms can analyze data much more easily and
quickly without having to deal with unnecessary variables. A simplified explanation is
that at first we had to normalize the range of variables such that they all contribute
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equally to the analysis. Second, we computed the covariance matrix, which is used to
determine how the variables in the input dataset differ from the mean in relation to each
other, or to check whether there is any link between them. Eigenvectors and
eigenvalues must be computed from the covariance matrix in order to discover the
data’'s major components. Principal components are new variables that are created by
linearly combining variables. These combinations are made in such a way that the new
variables (principal components) are uncorrelated, and the majority of the information
contained in the starting variables is squeezed into the first components. Next, we had
to decide whether to preserve all of these components or to eliminate those with less
significance (low eigenvalues) and combine the remaining ones to produce a matrix of
vectors known as the Feature vector. In the final stage, we utilized the feature vector
constructed from the covariance matrix's eigenvectors to reorient the data from the
original axis to the ones indicated by the principal components (hence the name
Principal Components Analysis). This is accomplished by multiplying the original data
set's transpose by the feature vector's transpose [Wold, et al., 1987].

In our case the starting features are Author_Counts, Total Counts, Published,
Average _Co-authors and Last5 as the other features do not provide as much
information in total. It turns out that in PCA space, the variance is maximized along the
first two components. PC1 (explaining 73% of the variance) and PC2 (explaining 22%
of the variance). Together, they explain 95%.These components are derived from linear
weighted combinations of strongly correlated features in the dataset. The importance
of each feature is reflected by the magnitude of the corresponding values in the
eigenvectors (higher magnitude means higher importance). Therefore, the most
important features for the first component are Total Counts, Published and last5.
Similarly Author_Counts and Average_Co-authors are most important for the second
feature.

As we mentioned before, our final goal was the clustering of the new dataset so that we
could come up with clusters that include participants with similar characteristics.
Clustering was performed using the components identified by PCA. So that takes the
label of the cluster to which each participant belongs. The algorithms that we tried on
our new dataset to find participants with similar characteristics were K-Means
[Hartigan and Wong, 1979] and Hierarchical Clustering [Day and Edelsbrunner, 1984].
We determined the optimal number of clusters with the Elbow method for K-Means
algorithm and the dendrograms for the different methods of Agglomerative hierarchical
clustering. The elbow method performs K-means clustering on the dataset for a range
of K values (for example, 1 to 10), then computes an average score for all clusters for
each value of K. The frequently used score is the sum of the square distances from each
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location to its assigned centre, then computes an average score for all clusters for each
value of K. The frequently used score is the sum of the square distances from each
location to its assigned centre. When the total metrics for each model are displayed, the
optimal value for K may be visually determined and it is the point of inflection on the
curve [Syakur, M.A., Khotimah, 2018]. On the other hand in a dendrogram if we locate
the largest vertical difference between nodes, and in the middle pass an horizontal line.
The number of vertical lines intersecting it is the optimal number of clusters (when
affinity is calculated using the method set in linkage). We came up to create 3 or 4
clusters with the best results given by the 3 clusters as shown from the silhouette score
of the clustering. We will go into further detail on the clustering in the next section.

4.2 Comparison of Different Methods

In order to compare the clustering that was implemented with the algorithms we used
intra metrics, which evaluate how similar are the elements belonging to the same cluster
and how dissimilar are elements belonging to different clusters. More specifically, we
used the Silhouette score [K. R. Shahapure and C. Nicholas, 2020]. This measure
compares the mean distance of a data point to all of the data points belonging to the
same cluster and the average of minimum distances to all other clusters. Silhouette
score for a datapoint i is given as:

5; = —i-d L)
L max( b;j,a;)
where,

b, is the inter cluster distance defined as the average distance to the closest cluster of
datapoint i except for that it’s a part of.

. 1 ..
by = mingy; mz:jeck a(i,j)

()

Q; :is the intra cluster distance defined as the average distance to all other points in

the cluster to which it’s a part of.

1 ..
G = o1 Yjec;izj A )) 3)

Overall Silhouette Score for the complete dataset can be calculated as the mean of
Silhouette Score for all data points in the dataset. As can be seen from the formula
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Silhouette Score always lies between -1 to 1. The value 1 represents the best clustering
while -1 means that the clustering is not successful.
The Silhouette Scores, for all the different techniques we used and for the 3 clusters,
are:

®  Agglomerative Hierarchical Clustering

O  Euclidean distance Methods [Day and Edelsbrunner, 1984]:
> Ward (Silhouette Score = 0.7359)
> Average (Silhouette Score = 0.8178)
> Complete (Silhouette Score = 0.8332)

> Single (Silhouette Score = 0.9023)

O  Manhattan distance Methods [Day and Edelsbrunner, 1984]:
> Average (Silhouette Score = 0.8207 )
» Complete (Silhouette Score = 0.8079)
> Single (Silhouette Score = 0.9036)

®  K-Means Clustering [Hartigan and Wong, 1979]
O  Euclidean distance (Silhouette Score = 0.6917)
O  Manhattan distance (Silhouette Score = 0.7589)

The method that provides the best clustering according to Silhouette Score is the
Hierarchical Agglomerative Clustering after using it with the Average method and
Manhattan distance. The Silhouette Score for this method is 0.8207. It is good to
mention that some methods provide better Silhouette scores, however the two of three
clusters for these methods contain only one or two participants, which is undesirable
because we want as many evenly distributed clusters as possible.

4.3 PCA Visualization of the Clustering

We can see the PCA visualization of the clustering in the following plot and the names
of participants with similar characteristics that belong to the same cluster. In Figure 6
the axes represent the two independent principal components (2 dimensions) of PCA.
The principal components are linear weighted combinations of strongly correlated
features in order to cram the majority of the information contained in the initial
variables into the first two components and minimize the dimensions so that the clusters
may be visualized. In Table 2, the 29 names displayed in the green box have been
chosen randomly from the total of the participants that belong to cluster 2 and are placed
in alphabetical order. The other two boxes represent the total number of participants in
each respective cluster, again in alphabetical order.
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Figure 6. Clustering Visualization

PC2

4.4 Clusters Characteristics

Bersimis 8.
Chalikias M.
Charalambides Ch.
Chatzopoulos StA.
Dimitriou L
lNicpoulos G.
Kakoullos Th.
Karagrigoriou A.
Karlis D.

Kolyva Machaira F.
Malefaki S.
Moysiadis Ch.
Oikonomou P.
Panagiotakos D.
Papadimitriou E.
Papaicannou T.
Rakitzis A.

Rigas A.

Skiadas Ch.
Triantafyllou 1.S.
Tzavelas G.
Vamvakari M.
Vasilaladis G.

196

® TCavg =18, (n=23)
® TCavg. =35(=5)
® TCavg=2(n=1117)

0

Farmakis N
Kougioumtzis D.



We came up with 3 clusters: low attendance cluster (Green), medium attendance cluster
(Blue), high attendance cluster (Red) and the size of each cluster is 23, 5 and 1117
respectively.

As already mentioned, the clustering is implemented by taking into account the two
components that came up from PCA. After taking the labels for each participant we
integrate it with the starting information of the dataset. We can use these labels in order
to calculate the average values of each feature for the clusters. In this way we can
describe the characteristics of the clusters and observe the differences between them.
Table 3 presents the average values of each variable for the clusters rounded.

Table 3. Average Value of each Cluster Rounded for all of the Features

High attendance Medium attendance  Low attendance
Total Counts 35 18 2
Publications 27 9 1
Average Co-authors |1 1 2
Total Counts for last
5 years 13 6 1
Author counts 10 8 1

In figure 7, we will be seeing the polar line plot, in which each feature of our dataset is
represented as a vertex of a polygon mark in polar coordinates. In the polar line plot
there are three polygons each one representing one of our clusters. So in this way we
can visualize the differences of the clusters. It would be useful to mention that for the
feature Average Co-Authors there is not a big difference because of the range of the
feature.
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Figure 7. Polar Line Plot for the Visualization of the Characteristics of the Clusters
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4.5 Conclusion of the Clustering

To conclude we implemented Agglomerative Hierarchical Clustering by using the
Average method and Manhattan distance. We took into account the first two
components from PCA that we used on the new dataset. We came up with 3 clusters:
low attendance cluster (Green), medium attendance cluster (Blue), high attendance
cluster (Red), the size of each cluster is 23, 5 and 1117 respectively and the
characteristics of each cluster are as we described above. The authors and co-authors
of medium attendance cluster (Blue) and high attendance cluster (Red) reflect a small
group of 28 academic members of the Greek Statistical Institute who have been
consistently engaging in and supporting the Institute's activities. These professionals
appear to have a significant effect on the Institute's character, work, and continuity but
without disregarding of course the contribution of other participants. Despite the fact
that it relates to more ephemeral and transitory partnerships, the huge number of
participants in the low attendance cluster (Green) reflects the Institute's variety and the
Greek and foreign scientific community's strong interest in the Institute's activities. The
features that had the biggest impact on the clustering were the Total Counts and
Publications.
IMEPIAHYH
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) ABSTRACT o
In the big data era researchers face a series of problems. Even standard approaches, like linear

regression, can be difficult or problematic with huge volumes of data. Traditional approaches for
regression in big datasets may suffer due to the large sample size, since they involve inverting
huge data matrices or even because the data cannot fit to the memory. Proposed approaches
are based on selecting representative subdata to run the regression. Existing approaches select
the subdata using information criteria and/or properties from orthogonal arrays. In the present
paper we improve existing algorithms providing a new algorithm that is based on D-optimality
approach. A simulation experiment as well as a real data application are also provided.

Keywords: Experimental designs; D-optimality; Information matrix; Linear regression;
Subsampling.

1. INTRODUCTION

Recent research in various disciplines is characterized by the unprecedented demand
of big data analysis. Typically, the scale of the datasets increases, so does the demand
of computational resources for the statistical analysis and modeling process. Although
the availability of computational power increases rapidly, it still falls far behind under
the explosive increase in data volume.

This creates new challenges to data storage and analysis. A standard approach is
based on data reduction, or subsampling, where one selects a portion of the data to ex-
tract useful information. This is a crucial step in big data analysis. For massive data,
subsampling techniques are popular to mitigate computational burden by reducing the
data size considerably and bringing it back to a doable size. Consider the problem of re-
gression where the sample size n is quite large and one needs to fit a model with standard
least squares approach. In many circumstances, this can create a lot of computational
issues, since the standard least square approach involves big matrices that perhaps do
not fit in the memory. Working with less data is an option as far as the reduced dataset
can keep as much information as possible. In most problems, while picking the neces-
sary data with pure randomness is an option, improved approaches can be used to select
subdata in an optimal way.
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As a first attempt Drineas et al. (2011) proposed the idea of selecting part of the data
with a random selection. In particular, they proposed to make a randomized Hadamard
transform on data and then use uniform subsampling to take random subdata to approx-
imate ordinary least squares estimators in linear regression models. Such an approach,
based on the idea and theory of random matrices, has found a lot of applications. On the
other hand, they suffer from the inherent randomness of the procedure. In recent years,
an alternative approach attempts to use deterministic rather than random selection of
data points based on certain criteria. Such approaches share significant relationship
with optimal-design problems, traditionally known in statistics for many years. Meth-
ods of optimal design of experiments might also be applicable to the setting of big data
by providing the methodology for selecting data points to create the optimal subdata.

The paper of Wang et al. (2019) is central to such approaches bringing ideas from
optimal designs to the selection of data points proposing the information-based optimal
subdata selection (IBOSS) approach. A recent extension is given by Wang et al. (2021)
with the orthogonal subsampling (OSS) approach. Details about the aforementioned
approaches will follow in Section 3.

To motivate the problem, consider the data in Figure 1. We have used two covariates
and 50 data points. The shadowed area, in each subplot, is the convex hull generated by
the selected subdata. Suppose that we want to select 8 observations. A plausible idea
for selecting subdata, is to select data points in some sense with large convex hull as
close as possible to the one generated by the full data (first panel). In such a case, the
selected data points can have a large volume and hence the determinant of the informa-
tion matrix will be large. Recall that the inverse of the information matrix appears in
the variance of the estimated coefficient vector. The IBOSS approach (second panel)
tries to select points at the extreme of the two covariates, whereas the OSS approach
(third panel), using a different loss function, attempts to select data points at the corners
of the two-dimensional space. A detailed description of the aforementioned approaches
is given in Section 3. Our aim and contribution of the present paper, is to improve and
create an approach (last panel) that balances the two ideas and with a few steps can
improve a lot by selecting data points by the D-optimality criterion, namely to increase
the determinant of the information matrix. In this selected motivating example, our ap-
proach succeeds in approximating the convex hull of the full data. Note that we present
a main algorithm that starts from the one of the OSS approach and with a few additional
considerations, it improves with respect to the generalized variance of the selected sub-
data. We also propose some extensions which at the cost of additional execution time
can further improve the D-optimality criterion under the selected data points.
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Figure 1: An example for the different approaches. Data with two covariates and full data size
of 50 data points were generated. The different approaches were used to select 8 data points.
The full data can be seen in the first panel and then the IBOSS approach, the OSS approach and
our new approach.
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The remaining of the paper proceeds as follows. Section 2 provides some theoretical
arguments that will be the basis of the newly developed approach. Section 3 describes
approaches already existing in the current literature. The algorithm and its variants
are described in detail in Section 4. Simulation evidence to support the new approach
is provided in Section 5. A real dataset is used for illustration in Section 6, while
concluding remarks can be found in Section 7.
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2. THEORETICAL CONSIDERATIONS

We assume that the full data are denoted by (x;,¥;), 2 = 1,...,n. Let the following
linear regression model:

yi=Po+xB1+e, i=1,2,...,n, (1)

where y; is a response, 3y is the intercept parameter, X; = (1, %2, . .., xip)T is a
covariate vector, 3; = (81, 32,...,B,)" is a p-dimensional vector of unknown slope
parameters, and ¢;’s are the error terms that are uncorrelated satisfying E(e;) = 0 and
Ve;) = o

We take into consideration the full data under model (1), and so the least-square
estimator of 3 = (S, BI)T, which is its best linear unbiased estimator as well, is

n -1 n

P T

Bran = E 2,7, E Z,Y;,
i=1 i=1

where z; = (1,x])T.
The covariance matrix of Bgy is equal to the inverse of

n

1 T

Qrun = po) E ZiZ;
=1

where Qg is the observed Fisher information matrix of 3 for the full data if ¢; are
normally distributed. Even though we do not require the normality assumption, Qg
will be still called the information matrix.

However, it is not always feasible to fully analyze the whole data, since the sample
size n of the full data can be too large. Thus, an approach is to gain useful information
from the full data given that computational resources are limited. An effective investi-
gation can be focused on selecting a subset of the full data.

Let 9; be a variable that indicates whether (X;, ;) is included in the subdata. There-
fore, §; = 1 if (x;,%;) is included in the subdata and J; = 0 otherwise. In case of
selecting subdata of size k, the least-square estimator of 3 remains the best linear unbi-
ased estimator based on the subdata, that is,

n -1 n
By = (z a) S st
i=1 =1

where Y "' | §; = k.
The information matrix with subdata of size k£ can be written as

1 n
Qsup = 3 > iz 2
=1
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The selected subdata should be optimal is some way. According to the theory of the
optimal design of experiments, this is assessed with respect to a criterion, which is
related to the covariance matrix of the estimated parameters. Such a popular criterion is
the D-optimality criterion which seeks to maximize the determinant of the information
matrix. Thus, as Wang et al. (2019) proposed, we are interested in maximizing the
determinant of Qgy, subject to >~ | 0; = k.

However, the information matrix Qg in (2) can be written in another way, and so
the problem of maximizing its determinant can be finally redefined. The information
matrix Qg in (2) can be written as

_ n n -
1 L D D R I
nSr n k5. 2 n gj ey
i Dim1 OiTin )iy 0ity) D i1 0iin Tip
Qsuwp = — k k k
o : : .. .
n 2
D i 0iTip D oiq OiTilTip . > ie1 0iTy,
L k k k i
In order to discriminate between the covariate vectors X;, ¢ = 1,2,...,n and the
covariates, let x;‘f, 7 =1,2,...,pbe the jth covariate under the selected subdata. After
some calculations, we get that:
k-1
Qs = po) (u'u+0U),
[0 0 0 - 0]
2
0 Sxf 3x£x; TS Zn Sois
where u = (1¢i>{ai§a'--7i;)’U: 0 SXTXS SXS SX;X; ’i;f - l:}g : ZJ’
0 sxix sax Sk
n _
 6i(xi — X5)? S S
2 21:1 1\ b1y j . —1 01Ty Lt ke
Sgr = »J = 1,2,.,p, and sgeyr = ZT — XpX7,

i k
o£j=1,2,...,p.

Based on the matrix determinant lemma (for more information, see Harville (1997)),
since det(U) = 0, that is U is not invertible, we get that:
kp—l—l ) T
det (Qgyp) = 7D (det(U) + wadj(U)u'),

where adj(U) is the adjugate matrix of U, or

2
SioSxixg U Sxixg
2

fpt+1 Sxrxt Sy Tt Sxaxy
det (Qgyp) = ———~det 2 . 3
( Sub) o2(p+1) . (3)

e — T — LA 82*

X}x3 X5X5 X%
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The expression (3) is the generalized variance (Wilks, 1932) of covariates X;k-, j =
1,2,...,p. Therefore, the problem of maximizing the determinant of the information
matrix in (2) can be addressed as a problem of maximizing the generalized variance of
covariates under the selected subdata.

Sxpo Sxixg T Sxixg
Sxixy  Sxy T Sxixg . .
Let A = . Applying Cholesky decomposition to A =
Sxixy Sxpxy 5;2(;
(Ajo), j,o=1,2,...,p, we get that:
A=LL",
where L = (Lj,), j,0=1,2,...,pis areal lower triangular matrix such that:
Jj—1 o—1
Ajo = D h=1 LjnLon
Ljj=|4j;— Y L2, and Lj, = i’ ,j > o.
o=1 00
Therefore, we get that:
P
2
det(A) = H L% (4)
Theorem 2.1 The generalized variance of covariates under the subdata is maximized
by the selection of data points for which sif is maximized for any j = 1,2,...,p, and
J
Sxzxt = Oforany 7 >o0=1,2,...,5 — 1, simultaneously.

Proof According to (4), the generahzed variance of covariates under the subdata

is maximized when LH, or Aj; — Z] ! L?O, are maximized for any 7 = 1,2,...,p.
Therefore, the maximization of A;; forany j = 1,2,...,p and L?o =0,0r Lj, =0,
foranyo =1,2,...,7 — 1 are required, simultaneously.

Forj =1we get that L%, = Aj1, and so the maximization of s2. is derived. For j =
2 we get that Loy = Ag1/Lq1, and so Ag; = 0 is required. Therefore the maximization
of 53; and sxix; = 0 are derived.

Forany j = 3,4,...,pwegetthat Lj; = A;1/L; and so Aj; = 0isrequired. Also,
forany j = 3,4,...,pandforanyo =2,3,...,7 — 1 wegetthatzz;llehLoh =0,
since both L, = 0and L., = 0 for anyh=1,2,...,0—1,and so AJO = 0is required.
Therefore, the maximization of s « and syx X = =0 for any j = 3,4,...,p and for any
o=1,2,...,5 — 1 are derived. This concludes the proof.

According to Theorem 2.1, the determinant of the information matrix in (2) is maxi-
mized collecting data points for which si,f ’s are maximized forany j = 1,2,...,p, and
Sxzxt = Oforany 7 >0 =1,2,...,3 -’ 1, simultaneously. Even though such a case
may not be feasible, in order to maximize the determinant of the information matrix in
(2), one should be interested in collecting data points for which 3,2(;, 73 =12,...,p
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are getting as maximum as possible and Sxzx?s j>o=12...,5—1 tends to zero,
simultaneously.

3. EXISTING APPROACHES

We describe briefly existing approaches upon which we want to improve.

3.1 The IBOSS algorithm

Wang et al. (2019) proposed the IBOSS approach in order to select subdata. The
scope of their approach is to obtain, given the size of the subdata, data points that pro-
vide most of the information contained in the full data. Their idea was motivated by the
concept of optimal experimental designs, which aims at organizing, conducting, and in-
terpreting results of experiments in an efficient manner in order to obtain as much useful
information as possible, given a budget. More specifically, their idea was to apply the
“maximization” of an information matrix, that takes place in optimal experimental de-
signs, to recognize data points that provide most of the information contained in the full
data. Therefore, they concluded that an optimal estimator of the unknown parameters
of a linear regression model, based on the subdata, can be obtained by “maximizing”
the inverse of the covariance matrix of the unknown parameters. They were interested
in maximizing a matrix, and so the choice of an optimality criterion function of the ma-
trix was needed. They preferred the popular D-optimality criterion that maximizes the
determinant of the inverse of the covariance matrix of the unknown parameters given
the subdata.

Furthermore, Wang et al. (2019) developed an algorithm that was based on their
information-based optimal subdata selection framework. Their algorithm actually was
motivated by their result for an upper bound of the determinant of the inverse of the
covariance matrix of the unknown parameters given the subdata. The approach is based
on collecting subdata with extreme covariate values, both small and large, occurring
with the same frequency. Therefore, the algorithm of the IBOSS approach selects data
points with the smallest as well as largest values of all covariates sequentially, given that
previous selected data points are excluded. The time complexity of the algorithm of the
IBOSS approach is O(np + kp?).

The IBOSS algorithm outperforms the uniform and the leverage-based subsampling
approaches in selecting informative subdata from big data. Also, the IBOSS algorithm
compares favorably to the leverage-based subsampling approach in terms of the execu-
tion time, both being more efficient than modeling on the full data. The basic approach
in Wang et al. (2019) has found several extensions to other cases like Cheng et al. (2020)
for logistic regression, Yao and Wang (2019) for multinomial logistic regression, Wang
and Ma (2021) for quantile regression. Algorithmic extensions can be found in Wang
(2019) and Lee et al. (2021). For further work on the topic see Yao and Wang (2021)
and Deldossi and Tommasi (2022).
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3.2 The OSS algorithm

Wang et al. (2021), motivated by Wang et al. (2019), proposed a method to select
subdata, with a focus on linear regression models, based on an orthogonal array (OA).
Their purpose was to obtain subdata that approach an OA. The approach is driven by
the fact that a two-level OA represents an optimal design for linear regression, since it
minimizes the average variance of the estimated parameters as well as provides the best
predictions (Dey and Mukerjee, 1999). An OA represents an optimal design because
of its combinatorial orthogonality, and so the OSS approach selects data points with
maximum combinatorial orthogonality.

Based on the combinatorial orthogonality of an OA, Wang et al. (2021) developed a
sequential addition algorithm that selects data points from the full data focusing on the
maximization of the subdata’s orthogonality. Also, some data points are deleted in each
step of the algorithm in order to reduce the number of candidate data points, and so to
speed up the algorithm. All covariates are scaled to [—1, 1]. The OSS approach, and so
the developed algorithm, is based on a discrepancy function that was defined by Wang
et al. (2021) in order to measure the distortion of data points on keeping two features si-
multaneously. The two features are connected with the optimality of orthogonal arrays.
The first feature is that data points are located at the corners of the data domain [—1, 1]?
and have large distances from the center. Thus, extreme data points provide more infor-
mation about the model. The second feature is the combinatorial orthogonality, that is
data points (their signs) are as dissimilar as possible. The computational complexity of
the algorithm of the OSS approach is O(nplogk).

A design is A-optimal when the trace of the inverse of its information matrix is
minimized in the class of all designs. Wang et al. (2021) evaluated their approach
by calculating, among others, the D- and A-efficiencies of the selected subdata, since
a two-level OA represents a D-, A-optimal design for linear regression. The D- and
A-efficiencies of the subdata can be calculated using:

det(Qgyp) L/ P+Y
Desr = A
and
A p+1
eff = —,
kY P N (Qgh)

respectively, where \; (QS_ulb) denotes the jth eigenvalue of QS_ulb'

The OSS approach outperforms the uniform subsampling and the IBOSS approach
in selecting informative subdata from big data. Also, the OSS approach is faster than
the IBOSS one, and they are both faster than modeling on the full data. It is important
to mention that the IBOSS approach selects data points with only the first aforemen-
tioned feature without taking into any consideration of the second feature. Therefore,
the consideration of the second feature is an important improvement of the OSS ap-
proach compared with the IBOSS one.
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Theorem 2.1 shows that the perfect case is achieved under orthogonality taking the
extreme points. The OSS algorithm, since the covariates are continuous, cannot achieve
this. Since it is too difficult in practice to achieve zero covariance between the co-
variates, Theorem 2.1 implies that a good strategy in practice towards a better subdata
selection is to select observations that maximize the generalized variance.

4. THE NEW PROPOSED ALGORITHMS

In this section, we develop an algorithm with a primary focus on improving the
algorithm of the OSS approach, such that a reselection of subdata leads to an increase
of the generalized variance.

The input of our algorithm is the subdata obtained by the OSS algorithm, and so
the implementation of our algorithm requires the implementation of the OSS algorithm.
Our goal is to identify and interchange selected data points by the OSS algorithm with
those that were not selected. The criterion that allows the aforementioned interchange is
the increase of the generalized variance, denoted as V. We do not take into consideration
all data points that were not selected by the OSS algorithm as candidate data points, but
some of them. The candidate data points are obtained in the same way that the IBOSS
algorithm includes data points for all covariates. The difference is that the candidate data
points in our approach are simultaneously selected for all covariates, and so previously
selected data points are not excluded. Such a method of selection can lead to at least
duplicated data points, and so only one of them is kept. Therefore, we are not able
to know the final size of the candidate data points, since it is not feasible to know in
advance the existence of at least duplicated data points. However, the maximum final
size of the candidate data points is equal Kp, where K is an even number of candidate
data points selected for each covariate.

Our first algorithm (Algl) aims at improving the OSS algorithm.

Remark 4.1 In Algl, the data points f,,, w = 1,2,..., N that are interchanged
with the data points s;, ¢ = 1,2, ..., k, are selected in the order in which F = (f,,) is
constructed in Step 2.

A consequence of Remark 4.1 is that the interchange of a data point s; with a later
data point of F could possibly lead to a greater generalized variance V.. However, it is
not feasible to determine if such a case can occur, since Algl interchanges a data point
s; with the first data point that locates in F given that Ve, > V.

The aforementioned consequence of Remark 4.1 proposes a variation on Alg1, and so
a new algorithm (VAlgl) seeks to improve the generalized variance of the final subdata.
VAlgl makes a change as to which data point of F is chosen to be interchanged with
a data point of S. Therefore, a data point s; is interchanged with that data point of F,
among all remaining ones, for which V., is the largest possible. The interchanging
between data points in VAlgl is applied to all data points of S.
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Algorithm 1 Algl

Input: subdata S = (s;),7 = 1,2,...,k of the OSS approach, initial full data Dy,
subdata size k, candidate data points K from each covariate

Output: new obtained subdata S
Step 1: Preperation

S = convert(S) > convert subdata S to their initial values
V = det (Qgyp) > generalized variance of S
D = Drui — S = (d;j) > remaining data points d,. = (dy1,...,drp) €S
Ng = nrow(D) > number of data points d,. € D
F=0 > initialize the index set of candidate data points

Step 2: Find candidate data points

forjinl,...,pdo
d.j = sort(d.j) > sort d.j = (dlj, R ,dNFj)
D = sort(D) > sort D based on d.;
F=FuUd;. U Udg).
F=FUdy._g/241. U Udn;

end for
F = unique(F) > keep unique data points of F = (f,,)
Ng = nrow(F) > number of data points f,, € F

Step 3: Main algorithm
foriinl,... kdo
for winl,..., Ngdo
s; <> > interchange data points s; and f,,
Vaew = det (Qgyp) > generalized variance of new S
if View > V then
V= ‘/new
break
else
S; <> fw
end if
end for
end for
return S
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Algorithm 2 VAlgl
Steps 1 and 2: Same as in Algl
Step 3: Main algorithm
foriinl,... , kdo

for winl,..., Npdo
s; & £, > interchange data points s; and £,
View = det (Qsyp) > generalized variance of new S
if View > V then
V= %CW
else
S; <> fw
end if
end for
end for
return S

The time complexity to construct F is O((n — k)p). The procedure of interchanging
data points between S and F has time complexity O(kNg). Thus, the time complexity
of Algl is O(nplogk + (n — k)p+ kNg). VAlgl has the same time complexity as Algl.
In the remaining of this paper, in the cases that Algl is executed with more than one
iteration, only Step 3 is repeated.

Note that both Algl and VAlgl are, in fact, an attempt to implement what Theorem
2.1 indicates. Attempting to increase the variance of covariates under the subdata we
collect as candidate data points, data points close to the extreme ones, i.e. data points
that are considered as more probable to lead us close to orthogonality.

5. SIMULATION EXPERIMENT

In this section, we use simulated data in order to evaluate the performance of both
Algl and VAlgl.

The observations x;’s follow a multivariate normal distribution, that is, x; ~ N (0, X),
where ¥ = (X;5), 4,7 = 1,2,...,p is a covariance matrix. Also, X;; = 1 for
i=j=12,...,pand X;; =0.5fori #j=1,2,...,p.

The response data are generated from the linear model in (1) with the true value
of 3 being a 11 dimensional vector with all elements equal to 1. The error terms ¢;’s
are normally distributed with E(¢;) = 0 and V(¢;) = 3. An intercept is included, so
p=10.

The simulation is repeated 1000 times. We calculate the D-, A-efficiencies and the
mean squared error (MSE) of the subdata selected by our approach as well as the ap-
proaches of IBOSS and OSS. As shown in Wang et al. (2019) and Wang et al. (2021),

. . . . . A _ _72Sub _ .
we estimate the intercept with the adjusted estimator 5y = § — xT,Blu , where ¥ is the
mean of the response full data, X is the vector of means of all covariates in the full data,
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~ Sub
and 3, “is the ordinary least squares estimate of ﬁf ub hased on the subdata. Therefore,
we consider (3" — 8y)? and || BY) — 3;||? the MSE for intercept and slope estimators

in the rth repetition, where B(()T) and B Y) are Bo and Bfub in the rth repetition.

We are interested in investigating the case when the full data size is n = 5 x 10%,
and the subdata size is fixed at £ = 100. Also, the maximum final size of the candidate
data points is fixed at K'p = 250, that is K = 25. Algl is executed with 5 iterations,
and VAlgl is executed once.

Figure 2 shows the MSEs, D-efficiency, and A-efficiency for the subdata selected by
different approaches. The mean values (4) are also provided.

Figure 2: The MSEs, D- and A-efficiencies for the subdata selected by different approaches,
when the full data size is n = 5 x 10%, the subdata size is k = 100, and the number of candidate

data points is K = 25. Algl is executed with 5 iterations, and VAlgl is executed once.
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Both Algl and VAlg1 outperform the IBOSS and OSS algorithms in each of the D-,
A-optimality criteria, and provide more accurate estimates for the model parameters as
one can see in Figure 2. The important finding is the magnitude of progress in the D-,
A-optimality criteria rather the absolute improvement which is sure since we start from
the OSS algorithm and we proceed by improving the generalized variance. MSE for
intercept is immutable among the three approaches. Also, VAlgl can be considered to
be more effective than Algl. Such a result can find justification in the interchanging of
data points between S and F. One could argue that our approach is more effective when
each data point of S is interchanged with a data point of F for which V. is the largest
possible. However, Algl may be more effective than VAlg1l under other circumstances.
Such a result could be achieved either executing Algl with more than 5 iterations or
applying it under another set of n, p, k and K.

It is worth mentioning that our approach performs well under the A-optimality cri-
terion, even though both Algl and VAlgl are developed based on the increasing of the
determinant of the information matrix of the subdata. Therefore, our approach could
provide some insights on how to obtain subdata that approach an OA.
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6. REAL DATA APPLICATION

We evaluate the performance of our approach on a real data example, in which the
accuracy of the ordinary least squares estimates of slope parameters in model (1) is
examined, based on the subdata obtained by our approach.

The dataset of this example is related to power consumption of three different dis-
tribution networks of Tetouan city which is located in north Morocco. The full data
contains n = 52,416 data points and contains five measurements: temperature, humid-
ity, wind speed, diffuse flows and general diffuse flows, so the number of covariates
in the model is p = 5. The response variable is the power consumption of the second
zone of Tetouan city. Further information about the dataset can be found in Salam and
Hibaoui (2018).

We are interested in comparing the performance of our algorithms with the algo-
rithms of the approaches of IBOSS and OSS, and so we consider the MSE for the
vector of slope parameters for each algorithm by using 1000 bootstrap samples, as in
Wang et al. (2019) and Wang et al. (2021). Each bootstrap sample is a random sample
of size n from the full data using sampling with replacement. For a bootstrap sample,
we implement each algorithm in order to obtain the subdata and then from the selected
subdata we estimate the parameters of the model.

We consider £ = 30,50,75,125, and K = 10. Algl is executed with 5 itera-
tions, and VAlgl1 is executed once. Figure 3 shows the bootstrap MSEs by different ap-
proaches. The mean values (4) are also provided. Our approach, that is both Algl and
VAlgl, outperforms the IBOSS and OSS algorithms in minimizing the bootstrap MSEs.
We notice that Algl and VAlg1 have a similar behavior, but VAlgl being slightly better
in this case. Also note that the improvement we get from our algorithms is much larger
when the subdata size is smaller.

Figure 3: The bootstrap MSEs for the subdata selected by different approaches, when the sub-
data size is k = 30,50, 75,125, and the number of candidate data points is K = 10. Algl is
executed with b iterations, and VAlgl is executed once.
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In Table 1, we present the mean execution time (in seconds) of Algl and VAlgl in
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the aforementioned real data application. All computations are carried out on a PC with
3.6 GHz Intel 8-Core 17 processor and 16GB memory.

Table 1: The mean execution time (in seconds) of Algl and VAlgl for the real data application,
which is related to power consumption of three different distribution networks of Tetouan city.
Algl is executed with 5 iterations, and VAlgl is executed once. The subdata size is k = 30, 50,
75, 125, and the number of candidate data points is K = 10.

Mean execution

time (in seconds)

Algorithm &

30 0.115
50 0.283
Algl 75 0.433
125 0.619
30 0.039
50 0.077
VAlgl g 0.131
125 0.183

VAlgl1 is executed once, since it searches among all data points of F. The implemen-
tation of VAlg1 with more than one execution may result to a time-consuming algorithm
without any improved results. As in Algl, the mean execution time of VAlgl is getting
slower as the number of k£ increases. Both Algl and VAlgl start from the OSS ap-
proach. Even though the execution times of both Algl and VAlgl are added to the
execution time of the OSS approach in order to obtain an optimal subdata, the results in
Figure 2 and Table 1 indicate that our approach is worth implementing.

7. CONCLUDING REMARKS

We have presented algorithms to select data points in an optimal way from a big
dataset so as to be able to run regression and derive coefficients that share as much
information as possible. The newly developed algorithms were compared with existing
ones to show the kind of improvement that we can take back.

The theoretical results in Section 2 indicate the working direction of Wang et al.
(2019) and Wang et al. (2021). However, as Wang et al. (2021) stated, finding subdata
that exactly approach an OA may be impossible in many cases. Theorem 2.1 shows that
an orthogonal array provides the best result but in practice this is not feasible with real
data. The results in Sections 5 and 6 show that neither the selection of only extreme
data points nor the approach of an OA can always lead to the most informative subdata.
Therefore, our approach is generally based on the maximization of the generalized vari-
ance, without being interested in directly obtaining specific data points according to
Theorem 2.1. However Theorem 2.1 implies that searching towards the maximization
is a good strategy for practical purposes.

Also, Wang et al. (2021) discussed that the OSS approach could be improved by a
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greedy modification of their algorithm, that is to interchange data points between the
selected subdata and the remaining data points based on the minimization of a discrep-
ancy function. Our approach is an updated version of what Wang et al. (2021) discussed,
since we obtain some candidate data points in advance, and so a very time-consuming
algorithm is avoided. Moreover, two features of our approach that can be modified are
the number of iterations of Algl and which data points are interchanged. While here
we pursue D-optimality the presented approach satisfies good properties with respect
to A-optimality. Also, extensions to other models are straightforward, as for example
GLM type of models.

We would like to mention that our R code was not optimized in anyway and thus
perhaps further time savings are possible.

I[TEPIAHVH

Yy emoyr| TwV UEYIAWY BeBOPEVWV OL EPEUVNTES AVTIHETOTLOUV Lol OEWRd oo
TeoBAAUaTa.  AXOUN %ot Ol XAAOWKES TPOCEYYIOEIS, OTWS 1 YEUUUIXT TOAVOPOUTN-
o1, umopel vau elvon 50o%0AES 1 TEOBANUATIXES, OTAY O OYXOG TV OEQOUEVWY Elvor
TepdoTiog. O mopadootaxés mpoceyYloels yior Takvdpounon o ueydio oOvoha Oe-
OOUEVLY EVOEYETOL VOL UMV EVOL ATOTEASOUATIXES AOYW TOU UEYIAOU UeYEVOUS TOU
oelypatog, xadde TepLAoBAvVoOuUY TNV AVTICTEOPT TERAOTILV TIVAXWY 1) AXOUA XoU
EMEWDY) ToL OEBOPEVA BEV UTOPOUY VAL YwEEGoLY 6T uvAuT. Ot tpotewvdueveg tpocey-
vioewg Poacilovtar TNy EMAOYT AVTITPOCWTEVTIXGY UTOOEOOUEVEV YL TNV EXTEAEDT)
g mohvdpounong. Ot untdpyouceg TEOCEYYIGELS ETAEYOUV ToL UTOBEGOUEVL YN Ot
pomoLVTaG Xdmota xpLthpto BeAtiotonoinong /ot WdtnTeS and toug opdoymvioug
oYMUaTiIogols. XTnv mopoloo epyacio BEATIOVOUUE TOUS UTERYOVTES ohydptiuoug
Tapéyovtog évay VEo alyoprduo Tou Basctleton oTto xpitrpto tne D-Beitiotonoinong.
Eniong, mapéyovtar éva Telpapol TeoGOUOIwaTE XS Xo Lo EQUPUOYY| O TEOYUo-
TIXd OeBOUEVaL.
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